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Abstract

The objective of this work is the development of a control and optimiza-
tion flight paths model minimizing fuel consuption and noise perceived on the
ground for two aircraft when flight constraints are considered. Flight dynam-
1cs, combined with the criterion to minimize noise levels generates an optimal
control problem governed by nonlinear differential equations . This problem
1s solved using an indirect method applying the minimum principle of Pon-
tryagin and a dynamic programming method. Obtained optimal results showed
significant reductions of fuel consumption and noise levels. This model shows
and confirm environmental Approach impact around airport by reduction of the
gene for neighbors due to noise. Reduction of Economic cost to airlines and
for builders are also confirmed. An optimal approach path when compared to
standard flight path is confirmed. This model can be generalized for any type of
aircraft when considering real case for airport trafic and air traffic.

Keywords: Aircraft, Mathematical Modeling, Control Theory, Optimisa-
tion, Noise, Fuel Consumption, SPRK4 Algorithm, AMPL, KNITRO Solver.

1 Introduction

Considering the current strong growth of air transportation [1, 2], economic
and environmental considerations related to the increase in oil prices and the
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need to preserve the environment impose strong constraints for the design of
future generations of aircraft. These constraints are based on the ACARE
objectives, which suggest a 50% reduction perceived noise in 2020 [3]. Reach-
ing this goal is a real scientific and technical challenge when considering the
aerodynamic, acoustic optimization and mathematical modeling side. Some
existing models in the literature deal with minimizing the noise of a commer-
cial airplane in physical and aerodynamic constraints [4, 5]. Others treat the
optimization of operational procedures reducing noise, stochastic conflict de-
tection for air traffic and the performance and optimization of the movement
of planes on an airport [5, 6, 7]. However, in this work, the noise optimization
is limited to the case of a single flight. The objectives in this work concerning
the development of a theoretical model of noise optimization taking into ac-
count the evolution of flight procedures of two commercial aircraft approach.
Numerically considerations for solving a mathematical model of a nonlinear
optimization problem are applied. This model is a nonlinear optimal control
and non-convex [8] as governed by a system of ordinary differential equations.
The numerical considerations used have no limitations except the introduction
of the costate-variables without physical interpretation in order to facilitate
the resolution of the dynamic system of two airplanes. The reason is the com-
plexity of this system, which greatly affects the nature of the Solver to use. In
this paper, the solver was chosen in consideration of all these parameters.
This model can be generalized for any type of aircraft when considering real
case for airport trafic.

2 Mathematical modeling

The motion of each plane A;,7 := 1,2 is three dimensional analyzed with 3
frames : the landmark (O, X, Y, 7;1), the plane frame (G, ?Gi, 7@, 7@)
and the aerodynamic one (G;, X 4i, Y aiy Z4i) - The transition between these
three frames is shown easily with three successive rotations. In general, the
equations of motion of each aircraft are summarized in two basic relations of
mechanics and the fundamental relationship of kinematics: [9]:

Z Femti _ dmi? _ midvi

e,
ZMextGi :1 J(GzaAZ)d_tL (]')

—dg = —dg +QIO X Y

In the system above, F,,;represent the external forces acting on the aircraft,
m;(t) the mass of the aircraft, V; the airspeed of aircraft, M., the outside
moments of each aircraft, J(G;, A;) the inertia matrix and 2; the angular
rotation.
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The mathematical modelisation considerations show the following system

(® — pi — 21)VE pi M2
Poby;— (1 — M; + —),

T
[5m (1 + nip, N4 G +02M§%)\7(17)\)Mi Po 2
k2

dm; i
u; —mi;AAL L
t

h; = —2.01 X 107°

. 1 ‘ 1 R ) )
Va, = K[fmigszn'yai - Episv‘li CDi + (casaai cosﬁai + sznﬂai + sinag; cosﬂai)in —
k2

- ) 1 2 ) . .
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Xci = Va, c0sYa; co0sXa,; + tw,

Yg,; = Va;c087a; $inXa,; + vw,

Zg; = —Va;sinva; + wuw,

$i = pi + aisingitand; + ricosp;tanb;,
0; = gjcosp; — rising,;,

sing; cosd;

i qi
cosb; cosb;

(2)

J € {1,2} means i aircraft engines, A = I,,,B = I,C = [,,,E = I,
are are the inertia moments of the 2 aircrafts, p; is air density, S aircraft
reference aria, 1 is the aircraft reference length, g acceleration due to gravity,
Cp, = Cpo+kC?%, is the drag coefficient, C,; = C’ygﬁ—l—Cyp%l +C’y,~%l +Cys,00+
Cys,0ni is the lateral forces coefficient, Cr; = Cpra(aq — o) + Crs,, Omi +
CruM; + C’Lq%‘tl is the lifft forces coefficient,, C;; = Cizf + C’lp%l + Clr%l +
Cis,01i + Cls,, 0n; 1s the rolling moment coefficient, C,; = Cpo + Ca (@ — ag) +
Cins,Omi 1s the pitching moment coeflicient, C,;, = C,38 + C’np%l + CWTVZ +
Chs01i + Chs,, Oni is the yawing moment coefficient, (z%,;, 4,;, 2%;;) is engine
position, Py is the full thrust, py is the atmospheric density at the ground,
F = (Fyi, Fy;, F.;) is the propulsive force, V,; = (u;, v;, w;) is the aerodynamic
speed, (AA', AAL AA') is complementary acceleration, (ty, vy, wy,) is wind
speed, (3,,; is engine yaw control, a,,;; engine picth control. The mass variation
is reflected in the fuel consumption of the aircraft as described by E. Torenbeek
where specific consumption is

(P — pi — %)\/@
V(1 + ntfiA)\/Gi +0.2M7 4N — (1= XM

Csgr, =2.01 x 107° (3)
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K; 1.01 v—1 -1
Gi = (B-") (1 )K= e 1), = 14 A

T (Ki ) (1= 550 "
4

is the power function gas generator. Nomenclature engine performance vari-
ables is given by G;. GO power function gas generator (static, at sea level), K
temperature function for compression process, M; Mach Number of flight, T4
Total temperature at turbine entry, T0 real temperature at the level of the sea.

T flight temperature, the nomenclature engine performances is 7, = 0.85 isen-
0.05.,,0.5 ,L

DG
efficiency of the fan inlet duct, L the length of the duct D input diameter, Re
the Reynolds number at the entrance to the nozzle, ny = 0.86 —3.13 x 10~ 2]\4Z
1+ ﬁdWT_le?

1+ M2
nation pressure ratio, n,, = 0.97 the isentropic efficiency of the expansion pro-
cess in the nozzle, 7, = 0.88 the efficiency of the isentropic turbine. 1.y, = n:ny,
€. the overall pressure ratio (compressor). v the ratio of specific heats v = 1.4,
A dilution ratio, u; the ratio of the stagnation in the static temperature of the
ambient air. ® the temperature at the inlet of the non-dimensional turbine
P = T4 and © = f the relative ambient temperature .

The expressions a(t), Bui(t), 0i(t), ¥i(t), ¢i(t), Va, (1), X, (1), Ya, (1), Za, (1),
pi(t), qi(t), ;i (t), m;(t) are respectively the attack angle, the aerodynamic sideslip
angle, the inclination angle, the cup, the roll angle, the airspeed, the position
vectors, the roll velocity of the aircraft relative to the earth, the pitch velocity
of the aircraft relative to the earth, the yaw velocity of the aircraft relative to
the earth and the aircraft mass.

Mathematical modelisation of equations system (2) show

dy;(t)
t
yz'(t) = (aai@)’ ﬁaz(t)v 0 ( ) ¢az( )7 Qsi(t)’ Vai (t)v XGi (t)a YGi(t>’ ZGi (t),pi(t),

W(t) = (60,(8). Gy 6 (1), 82, (1)),

tropic efficiency of the compressor, 74, = 1 —1.3( the isentropic

Performance isentropic fan. n; = the gas Generator intake stag-

()
where y; is called state function and expressions d;, (), 6, (), On, (1), 0, (t) are
respectively roll control, pitch control, yaw control and thrust control of each
aircraft. The dynamics relationship can be written as: y;(t) = £;(y;, w;, t),Vt €
[0, 77, %:(0) = yao-

The objective function model
Let use the Sound Exposure Level ( SEL )or the fuel consumption Toren-
beek model as cost functions. The Sound Exposure Level:
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1 P;
SEL = 10l0g [t_/( ;;ff) dt/] , (6)
oJt ref

where ¢ the noise event interval and ¢, = 1 s the time reference , P3,,;, P2,
are effective pression and reference pression.

1 t20
SEL1 = 10[09 [—/ 100'1LA1‘dt(t)dt:| T e [tl(],tgo]
o0 Jtig

SEL12 = SELll @ SEL21
1 t1f 1 tiy
— 10 log {t_/ 100.1LA1,dt(t)dt + t_/ 100.1LA2,dt(t)dt:| RS [t20;t1f]
2o

o o t20

1 [t
SEL, =10log L— / 100-1“2,““)0&],te[tlf,tgf]

0 Jtap

(tao — t10) SEL1 @ (t1f — tao) SEL12 @ (tay — tip) SE Ly
SEL; =
tay — t1o
1 t20
=10 log{—[(tgg — tm)/ 100'1LA1(t)dt
toy — t10 to t
1f
+(t1y — tao) ftilof 100-1La1(®) g (try — tzo)/ 100-1La2() g¢
t20
F(tay —tag) [P1 100124200t T} ¢ € [y, tay]

1303
(7)
where SFE L¢ is the global noise of two aircraft and & is sound adding operator.
Expression L1 (t) is first aircraft jet noise given by the formula [4] :

w Vve 7.5 2
Lai(t) =1414101log (%) +10log <?) +10log s1 +3log <i + 0.5) +

2
mdy

2
T v\ ™ <1 N 2223)
510g—1+1010g (1——2> —1—1.2—113 —20log R+ AV
T2 Uy ( S9
1+ —=
S1
2/ o \4
+101log [( ) < ) , where vy is the jet speed at the entrance of the
PISA CISsA

nozzle, vy the jet speed at the nozzle exit, 7 the inlet temperature of the
nozzle, 7, the temperature at the nozzle exit, p the density of air, p; the
atmospheric density at the entrance of the nozzle, p;s4 the atmospheric den-
sity at ground, s; the en- trance area of the nozzle hydraulic engine, s, the
emitting surface of the nozzle hydraulic engine, d; the inlet diameter of the
nozzle hydraulic engine, V, = v[1 — (V/v1) cos(a,,)]¥? the effective speed ,
o, is the angle between the axis of the motor and the axis of the aircraft, R
3(Ve/c)*?
0.6 + (V./c)3®
able, ¢ is the sound velocity (m/s), me the exhibiting variable depending on

the source observer distance, w = — 1 is the exponent vari-
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the type of aircraft, me = 1.1 ﬁ; %2 < 29.7 , me = 6.0; 52 > 29.7,
S1 S1 S1

AV = —15log(Cp(M.,0)) — 10log(1 — M cosf) means the Doppler convection

when Cp(M,,0) = [(1 + M.cosf)* + 0.04M?], M the aircraft Mac Number,

M. = 0.62(v; — Veos(ay,)),/c the convection Mac Number, 6 is the Beam an-

gle.

The cost function: Considering the formula (7), the cost function be-

come: Jip(y(t),u(t),i = 1, 2) = [, g(y(t),u(t),t)dt ou Jio(y(t),u(t),t) =
SELg is the global noise of the two aircraft.

Constraints: Constraints are the security constraints, speed, altitude,
angle of attack, roll angle, yaw angle, the position of the throttle, the energy
constraint, longitudinal and vertical separation of aircraft. Some constraints
are shared by the two aircraft, others are individual. Shared constraints are
vertical separation his = hy — hy where hy, hy are respectively altitude of
the first and the second aircraft, The horizontal separation x5 = 71 — 2o
[10, 11, 12] where x4, x are aircraft horizontal separation. The time separa-
tion tyg — t1g = tay — t1 varies from 45 s to 90 s where ¢y is the start time
of the approach of the first plane and t5y for the second aircraft. These are
reflected in the boundary conditions.

Both aircraft are landing on one track [13]. The aircraft speeds V; are bound
as 1.13V, < V; < Vy where V; is stall speed, V; the maximum speed of the
aircraft A; during approach phase[14, 15].

During approch phase, The slope required by OACI is 7; € [yo,7y]. For flight
angles, the angle of attack is o; € [, ay], the roll angle p; € [, 7] and
the yaw angle x; € [Xo, xs|. The throttle d,; oscillates between positions d,,
and d,¢. The A; aircraft mass is m; € [m,, my] when considering aircraft fuel
consumption [16, 17].

Functional all constraints is written:

a < Clyi(t), ui(t),t) < b
Ct): R"xR*x R — R0, (8)
(1), ui(t), 1) — Cyi(t), ua(t), 1).

The exact values of these constraints are contained in Table 1 in the Ap-
pendix. The index 1 means the 1°¢ plane and index 2 the 2"¢ plane.

Considering equations equations (5), (7), (8), the optimisation problem
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becomes :

( MmNy )Y xU Jia(y(t),ut) = [ gl(ylg ), ur(t), t)dt+
Siod g2y (), un (), y2(8), ua(t), )t + [i27 ga(ya(t), ua(t), t)dt + d(y(ty))
y(t) = f(u),y(t)), ut) = (ui(t), ua(t)), y(t) = (1(t), y2(t)),
YVt € [tlo,tgf] th 0,
y(0) = vo,y(ty) = yr, u(0) = uo,
L a < C(y(t),u(t) <0

(9)
Constraints equations can be modelized as:
o< o) <v={ - EH =0 (10)

In the following we apply the Pontryagin minimum principe.

3 Solving Algorithm Development

The system (9) is an optimal control problem with mixed constraints on the
state and control. In order to apply the formulation of Pontryagin, we rewrite
directly this system as follows:

y(t) = (y ), u(t))
ki(y,u,t) <0, (11)
kQ(y7u t) Z Oa
where
kii(yi,wi) <0, koi(yi,ui) >0
kii(yi,wi) = (cu(t) — aup, 0i(t) — Oip, 0i(t) — i, ¢i(t) — @iy, Va, (t) — Vaiy,
Xe,(t) = Xaig, Ya,(t) — Yais, Za,(t) — Zaig, pi(t) — pig, () — aiy,
(()) Tifs 51) ( ) 5l7,f7 5m¢ (t) - 6mif7 5711‘ (t) - 5nif> (5%' (t) - 535if7
t
koi(yi, w;) = (04(t) — cvo, 0:(t) — Oio, Yi(t) — Vio, $i(t) — bio, Va, (t) — Viaio,
X, (t) = Xaio, Ya,(t) — Yaio, Za,(t) — Zaio, pi(t) — pio, ¢i(t) — Gio,

( ) 70, 5l ( ) 5ll07 5m1 (t) - 5mi07 5ni (t) - 5ni07 5% (t) - 5:1:7207
t

) sz)

t
m
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The Runge-Kutta discretization of this system gives

( min JlQ(yTw Unk)
Uny,

Yn+1 = Yn + hz bkF(ynka unk)? y<t0) = %Yo

k=1
s

Yy, = Yn + hzakjF(ynj,unj), k=1,..s

J=1

(12)

kl (ym unk)
\ k2 (yna unk)

where h is the integration step.
On the other hand, let us consider the pseudo-Hamiltonian system (11)
given by

H<y7 U, P, Po, t) = pTF(y7 u, t) - pog(y7 u, t) - ulkl (y7 u, t) - M2k2(ly7 u, t)
(13)
with p = (p1,p2), pi = (pu,p%paup4i,P5i,pﬁi,p7i7P8i,P9i,P10i,P1u,p12i>P13i)T
the adjoint state. With this new formulation of Pontryagin, the necessary op-
timality conditions are given by

Hu(y7u7p7p07t> =0

y = Hp(y’uvpap()at) = F(y(t),U(t))

p = _Hy<yauapap07t)

kl(!/ﬂht) S O7k2(y7u7t) 2 Oat S [t07tf]7,u2 Z 07

(14)

where H is pseudo-hamiltonon system. Considering equation Hy, (y, u, p, po,t) =
0, Under certain regularity assumptions, we have:

u(t) = (y(t), p(t)). (15)

Hamimitonon system is

H(y7uap7p07t) = H(w(y7p)7y7p) (16)
That’s why

y = Hp<y7uap7p07t)v y(tO) = %Yo
p=—Hy(y,u,p,po, 1), p(ts) = ¢ (y(ts)) (17)
kl(y7u7t) S 07 k?(y>u7t) 2 Oat € [t07tf]7

The above system is a Hamiltonian system. The conservation of the Hamil-
tonian is not guaranteed along digital solutions like the digital stream is not
symplectic. Using Lagrange, a curve y,, py, Un,, gn, i an optimal solution of
the problem
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min Jyo(Yn, Un, )
Uny,

Y1 = Yn + 1 Y 0F (Yn, s tn,), y(to) = to
k=1

Yny, = Yn + hZakjF(ynj,unj),k =1,...,s
j=1

kl(ymunk) S 07

kQ(ymunk) Z 07

when the following conditions are verified:

Ly, =Vy,(Ln+ Lys1) =0

Ly, =V, Lyt =0k=1,..s

Ly, =V, Ly =10k=1,..;s (18)
L, =V, L,=0n=0,..,N

Ly, =V, Lny1=0k=1 .3

The Lagrangian L is given by the following formula:

N-1
L :g<yn7unk)+L0+ZLn+17
n=0
Lo =pj (yto) — o)
y 1
Ly = p:£+1 (yn — Y1+ Z bjF(unj,ynj)> + ( 9)
j=1
> an, (yn — Ypy, + hZakjF(unj,ynj)> n=0,...N—1.
k=1 j=1

Applying a symplectic partitioned Runge-Kutta method M = (A,b), M =
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(A, 5), we have:
Yn+1 = Yn + hz bk% unky ynk> y(tO) = Yo,
—yn—i-hZak] (Un;  Yn, ) E=1,..,s

Pn+1 = DPn — hzkay pnkaynk>7pN = (bl(tf)

k 1
= Pn — hz ak] pnjayn]) (20)
H(ynk’pnk) - H(dj(ynmpnk> ynk7pnk>7
Zlkj = bj bka]k,b = b

kl(ymunk) S 07
Considering the numerical stream

& : R™ — R

(pnayn) — (pn—&-l»yn—H) (21)

If the stream 1is selected such that the relation

T
A(p,y) O(p,y)

is verified , the Runge-Kutta method is called symplectic for all regular Hamil-

tonian H and any integration step h. The characterization of the Runge-Kutta

symplectic method is also done using the matrix R = BA+ ATB —bbT de R?®
when B = diag(by, ..., bs) and B = diag(by, ..., by).

Partitioned symplectic Algorithm of Runge-Kutta (SPRK) .

1. Subdividing the interval time [to, ] in N step h = t,,41 — t, tf N is
the maximum number of iteration.

2. For0<n <N,
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H,(uki, Yri, pri) = 0

Yn+1 = Yn + h Z kap(unkv ynk)v y(tO) = Yo,
k=1
Ynp = Yn + hZaijp(unj,ynj), k=1,..s
j=1

Pn+1 = Pn — h Z BkHy(pnka ynk>apN = ¢/(tf)
= (23)
Pny, = Pn — h Z dijy(pnﬁynj)a
j=1

H(Ynis Pry.) = HWYnis P ), Yni> Py )

_ h
by

kl(yn7unk) S 07

kQ(yTwunk) 2 07

Ecrire tn—‘rl) Yn+1, Pn+1-

dkj = bj ajk, bj = bj

3. Stop.

3.1 Calculation of order conditions of the SPRK algo-
rithm.

The calculation of the order conditions of Runge-Kutta symplectic method is
based on the graphs theory G; (see annex) as shown by Julien Laurent-Varin
in [18]. We first consider order conditions s=4, s=5. The table of the 91
conditions of order s = 6 [see annex].

Suppose that d; = >, bia;j,¢; = Zj aij,l;i =b;,y b= 1,2]. dj =1, .¢d;
6k 3 di = 5,0, bic} = 3 the order conditions take the following form:
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Table 1: SPRK order conditions equations, calculating the coefficients
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Table of 8 order conditions when s=4
Graph | Order Condition Graph | Order Condition
1 1
1 1 1
Gl Z b_kalkdkdl = g G2 ' Z ajkdjck = ﬂ
1=1,k=1 =T k=1
LY 5 - 1
Gg A Z aazkczdk = ﬂ G4 ‘ Z biaz’jcj = g
i=1,k=1 i=1,7=1
1 1
2 _ 3 __
]:1 =1
1 1
1 1 1 1
G —cpdi = — G — B ==
7 T s ZZI 2T
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Table 2: SPRK order conditions equations, calculating the coefficients

Table of 27 order conditions, s=5

Gs | Order Condition Gs | Order Condition
5 5
i 3 1
G Z b_aikaildkcl = 10 Go Z biaikaijcjcr, = 20
i=1k=1,=1 " i=1,k=1,j=1
° 1 ° 1
G3 Z alkaijjdl = EO G4 Z biaikaijiCj = %
1=1,k=1,j=1 i=1,k=1,j=1
5 4 11 5 4
G — acCidy = —— G — kCidp = —
i i:lglzl bkalkalc ERET i l=1;k=1 bkalka T
5 5
G~ ‘ Z ALk CiCj = 1—5 G ‘ Z maimaildldm = 1—5
i=1,j=1,k=1 i=1,m=1,l=1
5 5
1 1 1 1
G — iy = — | G410 — G dydy, = —
’ k:lmzzllzl bka e 30 1 k:lmzzllzl bka e 20
5 5
1 1
2 _ 2.
Gy g tmdidn = 75 G| Y, prandia = o
I=1,m=1 k=1,l=1
5 5
1 9 1 b; 9 3
G Z Eamldl dp, = E G4 ' Eailcidl = 2—0
I=1m=1 i=1,l=1
5 5
1 7
Gis Z aalkdkcldl = 120 G Z ajkCid;icy = 10
1=1,k=1 1=1,j=1,k=1
5 5
1 b; 7
Gz Z aalkckzdkdl = = Gis ’ Z Eaikzcickdk = ﬁ
Lk=1 i=1,k=1
5 5
b; 3 1
G19 Z b—azkcl dk == 2—0 G20 Z biaijc?cj = E
=1 k=1 F i=1,j=1
° 1 ° 1
G arcidy = g5 Gor | Y biagjeic] = 15
k=1,j=1 i=1,j=1
° 1 ° 1
37 _ A
G23 : dej 2—0 G24 ZbZCi == 60
7=1 =1
5 5
1 55, 1 1 o 1
G25 Z Eckdl 30 G26 Z b—20ldl = 2—0
k=1,l=1 =1 !
5
Ly
G27 Z adm - g
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4 Results and Discussion

Considering the 4 th order conditions for the practice of the SPRK algorithm,
coefficients used and the numerically calculated are:

[ 1.3751
—0.0871
0.5710
| 1.0398

0.3171  0.5825
—0.4950 0.0221
0.3226  0.1438
—0.0127 0.1040

—0.0241
—0.0303
0.2943

—0.0516

(24)

0.2131 0.5315 0.0698  0.1856 ]
0.4996 0.4161 —0.1896 1.0000
0.1065 0.3105 0.0830  0.0000

(25)

o o

—0.2595 —0.1210 0.2066
0.0669  0.1962
—0.0740 —0.5973 |’

0.0307  0.2372

—1.1621
0.2480  1.0266
—1.5306 —1.9258
—0.9805 0.5678

A= (26)

Table 3: Convergence order

Convergence order

1.0e-06 *-0.0309
1.0e-06 *-0.0000
1.0e-06 * 0.0092
1.0e-06 * 0.0220
1.0e-06 * 0.0000
1.0e-06 *0.0502

1.0e-06*-0.0148
1.0e-06*-0.0000
1.0e-06 *-0.0335
1.0e-06 *0.0030
1.0e-06 *0.0002

1.0e-06 *-0.0350
1.0e-06 *-0.0000
1.0e-06 *-0.0346
1.0e-06 *0.0463
1.0e-06 *0.0006

1.0e-06 *-0.0142
1.0e-06 * 0.0000
1.0e-06 *-0.1473
1.0e-06 *0.0826
1.0e-06 *-0.0376

Where f,, means the precision of the obtained results.

5 Numeric Results

The following result are obtained with AMPL” A Mathematical Programming
Modeling Language” and KNITRO.The final result precision is: Locally opti-
mal solution found with final feasibility error (abs / rel) = 1.20e-07 / 2.19e-09
and final optimality error (abs / rel) = 1.69e-14 / 1.69¢-14.
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Figure 1: Two Aircraft flight paths and speeds

The above figure shows the continuous descent aircraft paths. When the
first plane hit the ground, the second is six hundred m hight with a strike
length of 3300 m. This result is therefore of constraints separation when
the planes are landing successively on a single track. At the end of approach,
both paths coincide and follow the standard Evolution of the path constructors
data by the A300 aircraft. This figure also shows the evolution of the two
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aircraft speeds and prove a landing because the speeds decrease from 200m/s
up to 69 m/s as certified by ICAO and manufacturers of aircraft. Note that
the touching ground speed is 69 m/s. These trajectories obtained are similar
to the standard approach values as confirmed by Suzuki [19]
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Figure 2: Evolutionary comparison of the trajectory and speed of each aircraft.

Figure 2 shows correlation between aircraft flight paths and speeds. The
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maximum time of the approach is 600 seconds for the first aircraft and 690
seconds for the second, giving a separation time of 90 seconds.
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Figure 3: Noise emitted by the two-aircraft

Figure 3 shows the noise levels around airport when optimization is ap-
plied . This explains the importance of the acoustic optimization of ap-
proaching aircraft and gains brought by this model when compared with what
is done daily. The observation position is considered on the ground below
the path of the following way: (—20000 m,—20000 m,0 m) for AON L,
(—19800 m, —19800 m,0 m) for AON Ly, ..., (— 3200 m,—3200 m,0 m) to
AON Lg. The touchdown point on the ground is (0 m,0 m,0 m) while the
temporal separation of aircraft is 90 s. On each observation point, there is a
vector of N noise levels as shown in discretization. It is important to consider
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the maximum value among the N values, which value shows the shortest dis-
tance between the noise source and the observation point. This result shows
that the maximum noise level varies depending on observation points and de-
creases when the plane moves away. By comparison, This result is close to the
standard jet noise values approach as shown by Harvey[20, 21, 22, 23, 24, 25].
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Figure 4: Comparing changes in thrust and speed of each aircraft

The figure 4 shows a simultaneous evolution of thrust and speed for each
aircraft. It is noted that the speed decreases from 200 m / s to 69 m / s.
Similarly, the thrust general trend is downward during landing. A correlation
between the thrust and the speed of the two aircraft is very clarified.
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Figure 5: Aircraft Thrust and Roll control

700

The figure 5 shows the thrust control and the control roll caracteristics
during landing. The main control of the aircraft varies from 0.6 to 0.2. The
roll control remains zero, which proves stability of the aircraft and passengers
comfort.
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Figure 6: Evolution of aerodynamic angles of the two Aircrafts

This figure shows the evolution of the main aerodynamic angles of the
two planes. It is clear that the roll is zero while the flight angle is negative
throughout the landing as recommanded by ICAO in the approach procedures.
The angle of attack varies between 2 and 12 degrees and the yaw angle is low
because the plane is aligned to the runway.
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Figure 7: Evolution of kerosene usage of each Aircraft

The figure 7 shows the evolution of the consumption of kerosene by aircraft
over time. It ranges from 1.5 kg / s to 1 kg / s on the ground. This result
is already proven by Roux[15] and confirm the standars of the manufacturers
of the A300 aircraft. Note that the base model operated in consumption is
the Torenbeek one which has already proved its efficiency compared to other
models.
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Figure 8: Evolution of the optimal mass and non optimal mass of each aircraft

The figure 8 shows the evolution of optimal and non optimal aircraft mass
over time. In the first plane, the optimum mass varies from 108,000 kg to
107723.79176 kg on the ground while non optimal mass varies 108,000 kg
107714.15755 kg. For the second plane, the optimum mass varies from 110,000
kg to 109734.50191 kg on the ground when the non-optimal mass varies 110,000
kg to 109723.53824 kg. So it clears a weight saving between 9 kg and 11 kg.
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6 Comparison of optimal procedures and stan-
dards
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Figure 9: Comparison of optimal procedures and standards

The figure 9 shows the comparison of aircraft optimal procedures and stan-
dards. This is mainly the altitude and speed of the two approaching aircraft.
It is clear that the continuous descent procedure well characterizes the opti-
mal solution and that confirms the difference between the landing standard
procedure and the landing optimal procedure. The optimal solution of the
discrete problem found through a local convergence confirms the requirements
of manufacturers and ICAQO. Speed on the ground remains the same regardless
of the particular proceedings and the slope of the path does not change.
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7 Conclusion

In this paper, it was developed a numerical solution of optimal control problem
in the case of two approaching aircraft. Theoretical and practical considera-
tions of the SPRK algorithm are used for the establishment of a non-linear
program, implementing the considered problem. The algorithm is based on
the pontryaguin minimum principle to generate a search direction for all vari-
ables. An optimal solution of the discretized problem is found through a local
convergence. The results show a reduction in noise and fuel consuption during
the approach of two aircraft by considering several ground observers. The tra-
jectories obtained have optimal characteristics and are acoustically effective.
The numerical considerations used have no limitations except the introduction
of the costate-variables without physical interpretation in order to facilitate
the resolution of the dynamic system of two airplanes. The reason is the com-
plexity of this system, which greatly affects the nature of the Solver to use. In
this paper, the solver was chosen in consideration of all these parameters.
This model can be generalized for any type of aircraft when considering real
case for air traffic and airport trafic.
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