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Abstract

In this work, we focus on the link between orthogonal polynomials and Painlevé
equations. We investigate the orthogonal polynomials with respect to the deformed
Laguerre weight function w(z,t) = 2%z + 1)Pe ™, z € [0,00, a > —1, B €
R, ¢t > 0. By applying the Ladder operators approach to our weight function,
we show that the recurrence coefficients of monic polynomial with respect to this
weight are in terms of auxiliary quantities R, (t) and r,(t) that satisfy the coupled
Ricatti equations from which we find that R, (t), up to a certain linear fractional
transformation, satisfies a particular fifth Painlevé equation PV(%Q, —%2, 2n+1+
a+ B, —%) This is the main contribution of our work and is contained in the
Theorem 3.6.

Keywords: Orthogonal polynomials, Painlevé equations, Laguerre polynomials,

Ladder operators.
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Résumeé

Dans ce travail, nous nous focalisons sur le lien entre les polynomes orthogonaux
et les équations de Painlevé. Nous étudions les polynomes orthogonaux par rap-
port & la fonction poids de Laguerre déformée w(w,t) = x%(z + 1)%e ™, = €
[0,00[, « > —1, € R, t > 0. En appliquant ’approche des opérateurs d’échelle
a notre fonction de poids, nous montrons que les coefficients de récurrence pour
les polynomes moniques par rapport a cette fonction de poids sont en fonction
des quantités auxiliaires R, (t) et r,(t) qui satisfont un couple des équations de
Ricatti a partir desquelles nous trouvons que R, (t), a une certaine transformation
fractionnaire linéaire, satisfait une cinquieme équation particuliere de Painlevé
PV(%Q, —%, 2n+1+a+p, —%) Ceci constitue la contribution principale de notre
travail et est contenue dans le Théoreme 3.6.

Mots clés: Polynomes orthogonaux, équations de Painlevé, Polynomes de La-

guerre, opérateurs d’échelle.



Condensé en Francais

Polynémes orthogonaux sur ’axe réel
Les polynomes orthogonaux p,,(x) sur l'intervalle (a, b) satisfont la relation suivante

b
< Py P >= / P (2)pn(x)w(x)de = hypmpn, m,n > 0.

Ces polynomes satisfont aussi la relation de récurrence a trois termes

CCpn(x) = an—i—lpn—i-l(x) + bnpn<x) + Cnpn—l(l')-

Pour les polyndmes orthogonaux moniques P, (z) = p,/k, (ou p,(z) = k2™ + ...)

la relation précédente devient
zP,(x) = Poi1(z) + by Po(x) + ¢ Pri(x), n>1.

Les polynomes orthogonaux peuvent avoir une représentation matricielle. Les

polyndomes moniques sont représentés par

i mq Mo MMy —1 my,
my mo ms my mMp+1
] Mo ms3 iy “ Mpt1 Mpy2
P,(x) = —det
( ) Dn )
Mp—1 My Mp41 Mop—2 Man—1
1 x x? ! "
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ou D, est le déterminant de Hankel défini par

D,

= det

my ma
mo ms
ms My
mpy Mp4+1

mp—2
mp—

My

mop—3

pourvu que les moments my, := ff rhw(x)dr, k=0,1,2,..

Vil

mp—1
mp,

7nn+1

Mmop—2

existent.

Nous résumons les polynomes orthogonaux classiques dans le tableau suivant

Name () w(x) (a,b) Condition sur les parametres
Hermite H,(z) e (—00,00) -
Laguerre LY (z) %" (0, 00) a>-—1
Jacobi PP () (1—z)1+2)° | (=1,1) a,8>-1
Legendre P,(z) 1 (—1,1) -
Tchebychev | T,,(z) or U, (x) (1—a2) 2 (—1,1) —
Gegenbauer P (z) (1 — 22?2 (—1,1) A>—Zand A — 3 #1

Les polynomes orthogonaux classiques et semi-classiques satisfont une propriété

connue sous le nom de relation de structure

n+s—1

o(@)p,(x) = > Anipi(),

k=n—t

ou o(x) satisfait I’équation de Pearson

et s = dego(x),

t = max{degr(z), dego(zx) — 1}.

La relation de récurrence a trois termes et la relation de structure sont toujours

compatibles.
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Quelques propriétés des polynomes de Laguerre

Les polynomes de Laguerre peuvent étre définis au moyen de la formule de Ro-

drigues par
@(p) — T € A" s nta
L)Y (z) = o dx"(e x ), n € N.

D’une facon explicite, ils sont donnés par

o & n+ a\ ¥
L (z) = Z(—Uk(n_ k)H’ n € N.

k=0
La condition d’orthogonalité pour les polynomes de Laguerre est donnée par

o r 1
/ L(z) L) (z) 2% dx = Mémm, m,n > 0.

0 n!

La relation de recurrence a trois termes pour les polynomes moniques de Laguerre
peut étre obtenue en utilisant la compatibilité entre la formule de récurrence a

trois termes et la relation de structure. Elle est donnée par
zP,(x) = Popi(z) + 2n+ a+1)Py(z) + n(n + )P, (2),

olt P,(z) = LY [k, avec k, = (—1)"/nl.

Equations de Painlevé

Découvertes par Painlevé [47, 48]et Gambier [21] entre la fin du 19° et le début du
20° siecles, les équations de Painlevé sont des équations différentielles non linéaires

du second ordre de la forme
y" = R(y,y,x), R rationnelle,

qui possedent la propriété de Painlevé.
Propriété de Painlevé : La solution générale de I’équation précédente ne dépend

pas d'une branche mobile de points.
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Painlevé et Gambier ont trouvé 50 types d’équations qui possedent la propriété de
Painlevé dont 44 qui peuvent étre réduites aux équations déja connues et les six

nouvelles équations connues sous le nom des équations de Painlevé.

Ces six équations de Painlevé sont :
Py =6y* +z,

Py =2y + 2y + a,

N2 / 2
+ 1)
Prir y”:@—y—‘f‘ay—ﬁ‘FYUS‘i‘—,
y T T y
N2
3
Py’ = W) + Sy +dzy® +2(2 — a)y + é,
2y 2 y
1 1 Yy (y—1) B, vy
P I/: i - AV N ) ~ R
dy(y + 1)
y—1 "~
11 1 1 1 1 1
P, "n_ (= - AV !
vi Y 2(y+y_1+y_x)(y) (x+x_1+y_$)y
Dy — 1) Sx(z—1
+y(y2 )(y 293) (aJrﬁ_erv(a? 2}+ z(x 2))7
vz — 1) vy (y—1) (y — )

ou «, 3, 7, 0 sont des constantes.
Les solutions des équations de Painlevé sont appelées des transcendantes de Painlevé.

Dans notre travail, nous allons nous intéressé sur la cinquieme équation Py .

Equations discretes de Painlevé

Les équations discretes de Painlevé sont des équations de récurrence non linéaires
du second ordre dont la limite continue donne 'une des six équations différentielles
de Painlevé.

La liste partielle de ces équations est :

Zn +a(—=1)"
Tn

d-Pr Tptl + Tp + Tp—1 = + b>

Tnln + a

d-Prr Tpy1 + 21 = 5
11—z



(” — )3~ 1)

(xn + 2,)%? — 2

d-Pry ($n+1 + -rn)(xn + xnfl) =

)
(anrl +z, — Zn+1)<'rn +Tp1— 2n — znfl)
($n+1 + l'n)

. (2, — zn)2 — CLQH(Q;H - Zn>2 — b2]
(x, — ) (2, — d?) ’

ou z, = an + f et a,b, c,d des constantes.

d—PV (-Tn + xn—l)

Dans ces équations de la liste précédente, z, et z,,; apparaissent sous forme
additive. Il existe d’autres équations discretes connues sous le nom d’équations
g-discretes de Painlevé ou z,, et x,,1 apparaissent sous forme multipicative.

Comme exemples, nous avons:

(n — agn)(@n — bgn)
(1 —cx,)(1 —axn/c)’

¢-Prrr Tpp1Tp— =

(#n = a)(xn = 1/a)(xn = b)(2n = 1/b)

q—PV ($n+1l'n — ].)(xn-f—lmn—l - 1) = (1 — CTpq )(1 — Tnq /C)

(ajnwn—i-l - QnQn-l-l)(xn:En—l - ann—l)
(xnxn+1 - 1)(xnxn—1 - 1)

_ (@0 = agn)(@n = gn/a) (20 = bgn) (0 — Gn/b)
(xn — ) (xp — 1/0) (2, — d) (2, — 1/d)

ol ¢, = qoq"™ et a, b, c,d sont des constantes.

q-Pyr

I1 existe aussi d’autres formes d’équations discretes de Painlevé. Pour plus d’exemples,

voir notre annexe.
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Fonction de poids de Laguerre deformée et Py

Nous considérons la fonction de poids de Laguerre déformée
w(z,t) =%z + 1)’ 20,00, a>—1, BER, t>0.

En appliquant la technique des opérateurs d’échelle, nous obtenons deux quantités
auxiliaires R, (t) et 7,(t) en lesquelles sont exprimé les coefficients de récurrence
pour les polynomes moniques orthogonaux par rapport a cette fonction de poids en
haut et nous montrons que R, (t) et r,(t) satisfont un couple de deux équations de
Ricatti, a partir desquelles nous trouvons que R, (t) satisfait ’équation de Painlevé
Po(%,~2 204 1+a+8,-1).

Nous signalons que Basor et Chen [7] ont étudié une autre fonction de poids de

T

Laguerre déformée w(z,t) = 2%(x +t) e ®, a > —1, t > 0, x > 0 qui est proche

de la notre. Ils ont aussi trouvé une équation de Painlevé V mais en utilisant une

transformation de R,,(t) qui est différente de la notre.

Pour notre fonction de poids, la condition d’orthogonalité devient

hn(t) >0,

/ P, £) P, £)2%(z + 1)Peda = ha(t)3, .
0
et la relation de récurrence & trois termes devient

xPy(z,t) = Poyq(x,t) + by (t) Pu(z, t) + ¢, (t) Poq (2, 1),

ol
Pu(z,t) = 2"+ p(n, t)a" 1 + ...

avec Py(z,t) =1, co(t)P-1(z,t) = 0.

Nous avons aussi le déterminant de Hankel qui est donné par
D, : = det (/ Tz + l)ﬁe_mda:)
0

= [Jn.

=0
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Opérateurs d’échelle et ses conditions supplémentaires

L’approche par opérateurs d’échelle est I'une des techniques la plus utilisée pour
trouver les coefficients de récurrence pour les polynomes orthogonaux et dans
I’étude des déterminant de Hankel qui jouent un role fondamental dans la théorie
des matrices aléatoires.

Nous résumons ces opérateurs d’échelle et ses conditions supplémentaires par les

trois théoremes suivants:

Theorem 0.1. Soit w(z) une fonction de poids lisse définie sur (a,b) telle que
w(a) = w(b) = 0. Les polynémes orthogonaux moniques par rapport a w(zx) satis-

font l’équation d’opérateur d’abaissement

(i + Bn(z)> Pa(2) = eaAn(2) P s (2),

dz
A(z) = hin/ Wﬁ(m)w(mx, (1)
bu(z) =V (z
Bo(z) = hnll / (i_x( ) B (2) Py () w(a) ()
et v(z) = —lnw(z).

Theorem 0.2. Les fonctions A, (z) et B,(z) définies comme dans (1) et (2) sat-

1sfont les équations suivantes:

Boy1(2) + Bu(z) = (2 — bp) An(z) — V'(2), (S1)
Cr1Ant1 — nAn1 = 14 (2 = by)[Braa(2) — Ba(2)], (52)
B2E) +(2)B(z) + 3 A1(2) = cnn(2) du (2 (55,

Theorem 0.3. Les polynomes orthogonaur moniques P,(z) satisfont [’équation

de l'opérateur de relevement

<diz — B,(2) — v’(z)) Poi(z) = —An(2) Pu(2),

ot A,(z) et B,(2) sont définies comme dans (1) et (2).
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Nous appliquons ces théoremes a notre fonction de poids et nous produisons

d’abord les deux propositions suivantes:

Proposition 0.1 Pour notre probleme, nous avons

R, t—R,
An(z):7+ 2417

Tn n-+r,

Bn(z) = — —

z 241"
«
R, =2
hn/()

Ty 1= a /OO Ful Pn_1<x>w<x)da:.
hn,1 0 X

Proposition 0.2 Les quantités R, et r, satisfont les équations discrétes de

" PAayuia)
)

Painlevé sutvantes:

t(rpp1 +10) = —R2—2n+1+a+ 3 —t)R, + at,

t t? t
n(n+B8)+ 2n+a+ B)r, =ry(r, —a) (R——R = 1+R 1).

Puis, en tenant compte de la dépendance du parametre ¢, nous obtenons le lemme

sulvant:

Lemma 0.4. Les coefficients de récurrence b, et ¢, satisfont les équations différentielles

suivantes
dey,
dt
db,,

7 = Cn — Cny1-
dt "

- Cn(bn—l - bn)a

Ensuite, avec l'aide du lemme précédent et le déterminant de Hankel défini en

haut, nous obtenons le lemme suivant:

Lemma 0.5. Les quantités auziliaires R, et r, satisfont les équations de Riccati

couplées suivantes :

dR,

tz =—at+(2n+1+a+ B —t)R, + R2 + 2tr,,
dr r2 —ar R t
— == = = 2 n —(r? - n
7 3 - R n(n+p)+ 2n+a+ B)r —|—Rn(rn ar,)|

ot R, etr, sont définies en (1) et (2), respectivement.



Xiv
Enfin, grace a ce lemme nous arrivons au résultat principal de notre travail que

nous présentons au moyen du théoréeme suivant:

Theorem 0.6. La quantité R, satisfait [’équation différentielle non linéaire d’ordre

2 suivante

1 1 (R.)? t R R?
"o - n _ - -n
R"_<Rn t—Rn> 5 +( 1+t—Rn) ; +(Rn+2n—|—1+0¢—|—ﬁ)t2

R, B2 -1 a? a? - 5241
-+ - .

2i—Ry) 2R, 2

—-3R, Ry
+{ 5 —(2n+1+0z+ﬁ)]7+

Soity(t) == 1— #(t), alors y(t) satisfait une équation différentielle du second ordre
1 1 y (y—1?(a® )2 y yly+1)
1" /N2
y (2y+y_1>(y) Tt 2V, +(2n+ +a+ﬁ)t 2y —1)

qui est une équation particuliére de Painlevé V, c’est-a-dire, PV(O‘;, —’%2, 2n+1+

a+6a_%)

Conclusion

Nous rappelons que notre travail s’intéresse sur le lien entre les polynomes or-
thogonaux et les équations de Painlevé. Plus précisément, notre objectif principal
était de trouver une équation de Painlevé a partir d’une fonction de poids donnée.
Nous revenons sur quelques propriétés des polynomes orthogonaux sur la ’axe
réel et aussi sur les équations de Painlevé. Nous atteignons notre objectif princi-
pal en étudiant les polynomes orthogonaux par rapport a la fonction de Laguerre
deformée et nous montrons dans le Théoreme 0.6 que cette fonction de poids sat-

isfait la cinquieme équation de Painlevé qui est le résultat principal de ce travail.
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Preface

This thesis is realized within the framework of the obtaining of the Diploma of

Master in Fundamental and Applied Mathematics.

The idea for this research was born when I met Professor Walter Van Assche at the
University of Burundi in 2019 while he was teaching me the course of Theoretical
Physics and Mathematics in Master I. I was inspired by the way he introduced me
to orthogonal polynomials and their applications. I then became interested in his

research works, especially in orthogonal polynomials and Painlevé equations.

This work is a continuation of the works of researchers interested in relationship
between orthogonal polynomials and Painlevé equations. In this work, the problem
of finding a Painlevé equation from a deformed Laguerre weight function is solved

by using the Ladder operators approach.



Introduction

The investigation of relationship between orthogonal polynomials and Painlevé
equations is very recent. On one hand, we find many topics dealing with orthog-
onal polynomials showing that the latter have been widely investigated by many
mathematicians since the late of 19th century [12, 27, 51]. Orthogonal polynomials
appear very useful in practice in various domains of mathematics (numerical anal-
ysis, probability theory, theory of random matrices, representation theory of Lie
groups, number theory, etc), engineering, physics. Furthermore, with the advent
of computers, they have become tools of approximation and encoding-decoding
[56, 57]. That is why their investigation stays interesting to deepen until today.
On the other hand, we find some topics dealing with Painlevé equations. How-
ever, there are few works showing the link between orthogonal polynomials and
Painlevé equations. In [54], one meets some cases which show how some systems
of orthogonal polynomials can be described by Painlevé equations. In addition,
we find some papers showing how Painlevé equation can be found from a given
weight function [6-8, 58] and until today many researchers are working on this

topic.

The main contribution of this work is to find a system of orthogonal polynomials
that can be described by a Painlevé equation, more precisely, to find a Painlevé
equation from a given weight function for orthogonal polynomials. This result is

contained in the Theorem 3.6.

In Chapter 1 , we talk about orthogonal polynomials on the real line. As more
information on this topic is widely available in the literature, we will only return

to some facts that will be very necessary for understanding of our work.

Chapter 2 concerns the Painlevé equations. We start by giving a little history
of Painlevé equations, their definition and some of their mathematical properties

especially for the fifth Painlevé equation Py .
1



Chapter 3 is devoted to the main results of our work. We will first describe the
Ladder operators approach that we will use to solve our problem. Next, we get
the heart of the matter and we show that from a given deformed Laguerre weight
function, the system of orthogonal polynomials with respect to this weight function
can be described by a particular Painlevé equation which is Py .

Finally, we end with the conclusion.



Chapter 1

Orthogonal polynomials on the

real line

In this chapter, we will return to some facts about orthogonal polynomials on the
real line but not in exhaustive way because here, we will mainly limit ourselves to
what we will need to use in this work.

Although we wanted to work a lot more on orthogonal polynomials on the real
line in this chapter, let us note that orthogonal polynomials can also be defined
on the unit circle [51, Chap.XI],[50] or on the arbitrary curve[51, Chap.XVI].

1.1 Definition of orthogonal polynomials

Let a,b € R and f(z),g(x) be two functions in the Hilbert space L?[a, b].

We recall that the Hilbert space is the inner product space which is complete.

Consider the inner product in L?[a,b] defined by

b
< fgs= / f(@)g(x)w(z)d |

where w(z) is a positive function, called weight function.

This is a special case of the inner product

< fig>= / £(@)g(@)dp(),



where p is a positive measure on R, namely the case du(x) = w(x)dz on an inter-

val (a,b).

Definition 1.1. A sequence of polynomials {p,(x)}° with degree [p,(z)] = n
for each n is called orthogonal with respect to the weight function w(z) on the

interval (a,b) with a < b if

b
< Py P >= / P (@) pn(2)w(x)dr = hyop o, (1.1)

where

h,, # 0 is normalization constant and

1 fm=n

0 ifm#n.

The interval (a,b) is called the interval of orthogonality and it may be finite or
not. Furthermore, the weight function w(z) must be positive on the interval (a, b)

such that moments
b
my 1= / *w(r)de, k=0,1,2,.. . (1.2)

exist [12, 51].

Definition 1.2.

e If h, in (1.1) equals to one for each n € {0,1,2, ...}, the sequence of polyno-

mials is called orthonormal.

o If the leading coefficient of p,, is equal to one, i.e p,(x) = 2"+ lower order

terms, for each n € {0, 1,2, ...}, the polynomials are called monic.

In what follows, to distinguish monic from orthogonal polynomials p, () in general

case, we will denote monic orhogonal polynomials by P,(z).



1.2 Three-term recurrence relation

It is important to know that any sequence of orthogonal polynomials can be ob-
tained using a three-term recurrence relation, especially when one wants to do

numerical computation.

Theorem 1.3. [31] A sequence of orthogonal polynomials {p, }5°, always satisfies

TPn () = Api1Pns1(T) + bupn(T) + cupni1(x), (1.3)

with cop_1 = 0 and a,, b,, c, real constants,

where ap 1 = kfil’ Cp = an%, anC, > 0 and k, is the leading coefficient of
().
Proof. Let a,1 = kkzl'

This implies that the terms in 2" of the polynomial a,,11pn41(x) — zp,(2) vanish
so that a4 1pne1(x) — xp,(2) is a polynomial of degree < n.

Hence,

an+1pn+1(95) - xpn(x) = Z Oéz‘pi@)-
i=0

The orthogonality property yields
< An1Pntr (T) — 2P (), pr >= Zai < pi(@), pu(x) >= aghy,
i=0
that is

arhy = < ani1Pni1(r) — xpu(), pr >
= —< l’pn(f),pk(l') >

= — < pu(z),zpK(x) > .
For k < n — 1, the polynomial zpx(z) is of degree < n and this implies
< pu(x), xpR(x) >= 0.

Hence,
ap =0 for k<n—1.

Therefore,

Un+1Pn41(7) — TPp(T) = anpn(®) + o, Pr—1(2).



Moreover, from azhy, = — < p,(z), pp(z) >, for kK =n — 1, we have
On-1hn1 = — <pul@), 2pp-1(z) >
= _anhna

which implies

which again implies

anCn = a2hy/hp_1 > 0;
and similarly for k = n, we have

< Pn(), 2pp () > :

= —b,.
hy,

oy =

This ends the proof. O

Remark 1.4.

1. For orthonormal polynomials, the three-term recurrence relation (1.3) takes

the form

TP () = apy1Pns1(2) + bupn(x) + anpp_1(z), n>1 (1.4)

with Cop—1 = 0.

2. For monic orthogonal polynomials, the three-term recurrence relation in (1.3)

becomes
2Py (7) = Poy1(2) + bpPu(z) + cnPoa(x), n>1 (1.5)

with C(]P,l =0

Furthermore, the Fourier coefficients b, and ¢, in the equation (1.5) can

be expressed as
1 b
b, = h_/ v P?(z)w(z)dx (1.6)
b

1
hn—l

Cp =

/ P, (z) Py (x)w(x)dx (1.7)



or

Cp — hn/hn—l- (18)

3. If orthonormal polynomials p, () satisfy (1.4), then the corresponding monic

polynomials P, = p,,/k, satisy (1.5) with ¢, = a?. That is

1P, (x) = Poy1(2) + b, Po(2) + a2 Py (). (1.9)

4. If the weight function w(x) is even (w(—x) = w(z)) on a symmetric interval
(—a,a), then b, = 0.

The converse of the previous theorem is also true and it is known as spectral
theorem of orthogonal polynomials [54] or Favard theorem [12, Th.4.4]. Hence,

this rise to two important problems:

Problem 1: It is known as direct problem for orthogonal polynomials and consists, from
a known measure p, in knowing what can be said about the recurrence

coefficients (a,)n>1, (bn)n>0 and (¢;)n>1.

Problem 2: It is known as the inverse problem for orthogonal polynomials and con-
sists, from recurrence coefficients (a,)n>1, (by)n>0 and (¢,),>1 assumed to

be known, in knowing what can be said about the orthogonality measure .

It is also important to end this section by pointing out that the three-term recur-
rence relation for monic orthogonal polynomials will be fundamental to arrive at

the main result of this thesis.



1.3 Hankel determinant and matrix representa-

tion of orthogonal polynomials

The monic orthogonal polynomials can be expressed in terms of moments and this
can leads to the partial solution of problem 1 cited in the previous section.

When the moments in (1.2) are all positive, the Hankel determinant defined by

_ n—1
D, = det ((mss)55 . (1.10)
which is explicitly
mo mq meo my,_2 my—1
my mo ms mp—1 my,
mo ms my my, Mp+1
D,, = det ) . . ) . )
Mp—1 My Mpt Mon—-3 Map—2

is positive, and then the monic orthogonal polynomial P, (z) is given by [17, 55],

myo ma mo mp— mpy
m1 ma ms3 mp My
] mao ms3 my Mp+1 Mpy2
P,(x) = —det : : : : : ) (1.11)
D,
mp—1 mp Mp+1 Mop—2 Map—1
1 x x? ik x"

Furthermore, the recurrence coefficients in (1.4) are expressed as follows

b~ Do Dy
" Dn+1 Dn7

(1.12)

where Dy, is obtained from D,, by replacing the last column (my,_1, My, ..., May_oyr

T
by (mn7 Mp41; - m2n71) and

Dn—an+1

5o >0, (1.13)

Cp =



Even if the formulas (1.12) and (1.13) show that recurrence coefficients can be
computed in terms of Hankel determinant, they do not really show how properties
of the measure p can be transferred to properties of the recurrence coefficients.
One needs more tools to solve this direct problem for orthogonal polynomials. For
the inverse problem for orthogonal polynomials, it can be solved by passing by
a so-called Jacobi matrix or Jacobi operator and if this matrix is self-adjoint, its
spectral measure is precisely the orthogonality measure g [54]. In this work, we
will solve this direct problem for orthogonal polynomials for a special case from a
particular given weight function. We will see that the Hankel determinant defined

in (1.10) will also play a very important role in this thesis.

1.4 Classical orthogonal polynomials

The classical orthogonal polynomials are named after the ones who discovered
them [12, 55]. Those are Hermite, Laguerre and Jacobi (including the special cases
named after Tchebychev, Legendre and Gegenbauer (or Ultraspherical)) polyno-

mials. We collect them in the following table:

Name () w(x) (a,b) Condition on parameters
Hermite H,(x) e (—00, 00) -
Laguerre LY (z) %" (0, 00) a>—1
Jacobi PPy (-2 +2)P | (-1,1) a,f>—1
Legendre P,(z 1 (—1,1) -
Tchebychev | T,,(z) or U, (x) (1—a2)2 (—1,1) -
Gegenbauer Pf(L)‘)(x) (1— 22> 2 (—1,1) A>—sand A— 3 #1

TABLE 1.1: Classical orthogonal polynomials

All the classical orthogonal polynomials satisfy the orthogonality condition in
(1.1), the three-term recurrence relation in (1.3), a second differential order linear
differential equation, a so-called Rodrigues formula and a structure relation to

which we will return in the next section.
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1.5 Structure relation of classical and semi-classical

orthogonal polynomials

The weights of classical orthogonal polynomials on the real line satisfy a first order

differential equation known as the Pearson equation:
[o(z)w(z)] = 7(z)w(x), (1.14)

where o(x) is a polynomial of degree at most 2 and 7(x) is a polynomial with
degree 1 [54].

For Hermite polynomials o(x) =1 and 7(z) = —2x,

for Laguerre polynomials o(x) = z and 7(z) = a4+ 1 — z,

and for Jacobi polynomials o(z) = 2? — 1 and 7(2) = (o + 8+ 2)x + a — .

The semi-classical orthogonal polynomials satisfy the Pearson equation in (1.14)

but with deg[o(x)] > 2 or degr(z) # 1. We need positive solution w(x) such that
o(a)w(a) = o(b)w(d) =0 for a, beRU{—o0,+o0}. (1.15)

A very important property which is satisfied by classical and semi-classical orthog-
onal polynomials known as structure relation has been established in [54], where
the property is proved using the orthonormal polynomials but here we give the

proof using the orthogonal polynomials on the real line in the general case.

Property 1.1. : If the weight function w(z) satisfies the Pearson equation (1.14)
and the conditions (1.15) satisfied, then

n+s—1

o(@)p)(x) = > Anipi(), (1.16)

k=n—t
where s = dego(z) and t = max{degr(x), dego(x) — 1}.
Proof. Since dego(x) = s and deg p,(x) = n, we have deglop),(z)] =n+s— 1.

Then, the expansion of the polynomial o(x)p/,(x) in terms of the orthogonal poly-

nomials pg(x) with 0 < k <n+ s — 1 yields

n+s—1

o(x)p,(z) = Z Ankpi()
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where A, ;, are Fourier coefficients which can be expressed as

Ang = L o(z)pl,(x)pr(z)w(x)dz.

a

Applying the integration by parts with the boundary conditions (1.15), we have

Anr = hi o(z)p, (z)pe(z)w(x)dx
k Ja
b
_ —hik @)l @p()p(@)da
S pn<x>pk<x>[o<x>w<x>pk1’dx—hik Pul(@)Ph(2)0 (2 )w(z)da

b

hy,
— o [ m@n@r@uEds - o [ p@k @)

By orthogonality, for k < n — degr(z), we get

1 /b
i | plopsl@)r(@)wz)de =0,

and for k <n — (s — 1), we still get

1 b
i | pol@rh@o @@z =o.

That is A,y =0forall k <n —t

with
t = maz(degr(z),s — 1).
Hence,
n+s—1
o(x)ph(x) = Y Anipi(o).
k=n—t

]

Thus, as we have already seen, every sequence of orthogonal polynomials on the
real line satisfies the three-term recurrence relation (1.3). Furthermore, classical
and semi-classical orthogonal polynomials also satisfy the structure relation (1.16).
Note that both relations should be compatible. Expressing the compatibility rela-
tions in terms of recurrence coefficients and the coefficients in the structure rela-

tion, we obtain a non linear recurrence relations for these coefficients. Therefore,
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when we get the expressions of recurrence coefficients, the sequence of orthogonal
polynomials becomes completely determined. In what follows, we illustrate this

using the Laguerre polynomials.

1.6 Some properties of Laguerre polynomials

In this section, we are interested in some properties which will be used in the last
Chapter.

The Laguerre polynomials L' (x) with non-negative integer n and real a > —1
are widely used in many problems of mathematical physics, quantum mechanics

and chemistry. For examples:

e The radial part of the wave function of an electron in a coulomb potential
is the product of Laguerre polynomial and an exponential with the variable

scaled by a factor depending on the degree [19];

e the eigenfunctions for the Schrodinger operator associated with the hydrogen

atom are described in terms of Laguerre polynomials [36].

etc.

1.6.1 Definition and first examples

Laguerre polynomials Lq(za)(:v) are orthogonal on [0, co[ with respect to the weight
function w(z) = z%* (a > —1).

They can be defined by means of their Rodrigues formula [55]

% d"

n' % <€_w$n+a) , ne N. (117)

Using the Leibniz’s rule

n n n k n—k
T @] =3 () 42 (0) mgo(o)

dz™
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the formula (1.17) yields

dk -z Jn— k
(o) _ n+a
L (@) ! ( > dzF dznk "
= (Z) “la+n)(at+n—1(a+n—2)..(a+k+1)z*F
1 n\ (n+a)l
- = <—1>’f( ) o
n! ; k) (k+ a)!
so that . .
o n+a\r
L (z) = Z(—nk(n B k) - nEN (1.18)
k=0 '

This proves that L;a) (x) is a polynomial of degree n with the leading coefficient
b = 510

n!

Using the formula (1.18), the first five Laguerre polynomials are :
L) =1,

L) =a+1-a,

Lga)(l‘) _ (Oz+2)2(05+1) _ (Oz+2)1‘+%2,
L) () = (“3)(0‘22)(“ Y arar2? @i - Z,

L (2) = (at4)(at 3;510‘ T2t]) —(a+4)(a—|—3)(a—|—2)%+(a+4)(a+3)%—%+§—4.
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By plotting the first five polynomials on the interval (0,5) for « = 0 we obtained
the following graph

4 T
Lo(x)
3 L,
L,(x)
2} Ly(x)
L)
1
F O
At
_2 L
a3t
4 1
0 1 2 3 4 5

X

FIGURE 1.1: The first five Laguerre polynomials on (0,5) for a =0

1.6.2 Orthogonality

Theorem 1.5. [5, 55] The Laguerre polynomials Lff)(x) ( > —1) orthogonal

x

on (0,00) with respect to weight w(x) = x%e~* satisfy the following orthogonality

property

Fn+a+1)

o Smms m,n > 0. (1.19)

/ L(2) L (z)z%e ™ dx =
0
Proof. In view of (1.17), the orthogonality condition (1.1) implies

/ L(2) L) (x)2%e "de = — L9 (x) (—e_“"x’”o‘) dx.
0 n! Jo dx™

By applying the integration by parts n times, the previous relation yields

> =" [ dn
/ L)L) (2)a%e da = (—)/ (—L(o‘) (x)) e *a"dx = 0, for all m < n.
0

0 n! dxm ™
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Furthermore for m = n, we have

oo 1 [e.@]
(L) (2)] ‘e tdy = — e " dx
0 " nl Jo
F'n+a+1)
B n! '

1.6.3 Three-term recurrence relation

Now, to illustrate how the compatibility between the relations (1.3) and (1.16)
can lead to the explicit expressions of the recurrence coefficients (an)n>1, (bn)n>o0
and (c,)n>1, we take as example the case of Laguerre polynomials. Alternative

way involving the generating function to find these coefficients can be found in [51].
Since for Laguerre polynomials we have w(z) = z%™* (a > —1), (a,b) = (0, 00)
and o(z) = z, the corresponding Pearson equation is

[zw(z)] = (a + 1 — 2)w(x). (1.20)

Let us take the monic Laguerre polynomials. From (1.16), the corresponding

structure relation is
xP!(z) = A,P,(z) + B,P,_1(x), n>1 (1.21)
and taking derivatives in the three-term recurrence relation (1.5) yields
P,(z) + 2P (x) =P, _(x) +b,P,(x) + ¢, P,_1(z), n>1. (1.22)

Multiplying this expression (1.22) by = and using the structure relation (1.21) to

eliminate all derivatives, we get

I’Pn(l') +x (Anpn(x) + BnPn—l(x)) =
An+1Pn+1(fL’) + Bn+1Pn(x) + bn (AnPn(x) + BnPn_1<l’>>
+cp (Ap_1Po1(z) + Boo1 Pra(2)).
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Now, we use the three-term recurrence relation (1.5) to replace P, and zP,_; in

the previous relation. Then, we get
(14+A,) (Posa1(z) + by Po(x) + cnPr1(2))+ By (Po(x) + b1 Pro1(x) + o1 Pr—a())

= An+1Pn+1 ($)+Bn+1pn($)+bn (Anpn(x) + BnPn—l(x))_l'cn (An—lpn—l(x) + Bn—lpn—2(x)) .

Since the polynomials {P, 1, P,, P,_1, P,_2} are linearly independent, the previ-
ous relation can be true if and only if the coefficients in front of similar polynomials
on both sides of the previous equality are equal.

Therefore, equating the coefficients in front of P, 1, P,, P,_1 and P, 5, we obtain

Pn+]_ = 1 + An — An+1 (123)
P,=b,(1+ A,) + B, = Bpy1 + b, A, (1.24)
P,_i= Cn(l + An) +b,_1B, =b,B, + CnAn,1 (125)
P,s=c,1B,=c,B,_1. (126)

Now, we are going to solve for b, and ¢, the above system.
Thus, from (1.23), we get that 4,1 — A, =1 so that

A, =n. (1.27)
From (1.26), we then we have
Bn - Bn—l
Cn B Cn—I,

so that this ratio is constant. Hence,
B, = dc,, (1.28)

where d is a constant.
From (1.24), in view of (1.27) and (1.28), we obtain

(n+ 1)b, + dc, = depyq + nby,

so that
by, = d(cni1 — ¢n), (1.29)
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and from (1.25), again in view of (1.27) and (1.28), we get
(n+ 1)e, + db,_1¢, = dbye, + (0 — 1)cy,
so that
d(b, — by—1) = 2.

Summing this equation from 1 to n gives

2
b, = 7” + by, (1.30)

Substituting this in (1.29), we obtain the following equation

2
d<0n+1 — Cn) = —n + bo,
d
which after a telescopic sum of it gives
-1
doy = M= Ly (1.31)

d

To find the explicit expressions of b, and c¢,, we still have to determine the con-
stants by and d which appear in (1.30) and (1.31).

For this, let us begin by computing by.
From (1.6), we get

and from (1.1), we get

Hence,

(a+ 1D+ 1)
['(a+1)
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so that
bo =+ 1,

where we have used the gamma function defined by I'(k) = [ zF e "dx.

Now, to determine the constant d, we start by computing the Fourier coefficient
By in (1.21). Then,

1o
B, = A xP[(x) Py(x)w(x)dx
1 oo
= T i Pi(x)(a+1— 2)w(z)dr

1 o
= — x Py (z) Pyw(x)dz,
ho Jo

where we have used the integration by parts, then the Pearson equation (1.20) in
the above. With the aid of (1.8), the previous equality yields By = ¢;.
Comparing this equality with that in (1.28) (for n = 1), we obtain

d=1.
Hence, the recurrence coefficients of monic Laguerre polynomials are
by =20+ a + 1 (1.32)

and

cn =n(n+ a). (1.33)

That is the three-term recurrence for monic Laguerre polynomials is
2P, (x) =P+ (2n+a+1)P,(z) + n(n+ a)P,—_1(x). (1.34)

Note that these results are the same as those found by Van Assche for orthonormal
Laguerre polynomials with this same method [54].
Note also that the usual Laguerre L () are not monic. To obtain them we can
use the fact that P,(z) = L' [k, with k, = (—1)"/nl.
Substituting this in (1.34), we obtain

2L (z) = —(n + 1)L (2) + (20 + a + 1)L (x) — (n+a) L (2),  (1.35)

n n—

which is the three-term recurrence relation for Laguerre polynomials.



Chapter 2

Painlevé equations

2.1 A short history of Painlevé equations

The Painlevé equations P; — Py were first discovered in the late 19th and early
20th centuries (1895—1910), in the investigations by Painlevé [47, 48] and Gambier
[21] while studying the problem orginally posed by Picard in [49]. That problem

is as follows :

Given R(y',y, z) rational iny' and y and analytic in x, what are the second order

ordinary differential equations of the form

y' =Ry, x), (2.1)

with the property that the singularities other than poles of any solution of (2.1)
depend on the equation only and not on the constant of integration (i.e, with prop-
erty that the general solution of (2.1) is free from movable branch points) ¢ This
property is called Painlevé property.

By investigating this problem, Painlevé [47, 48] and Gambier [21] found 50 canoni-
cal equations of the form (2.1) that possess this Painlevé property, up to a Mdobius

(bilinear rational) transformation

where a(z),b(z), c(x),d(z) and ¢(x) are locally analytic functions.

19
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Moreover, they showed that 44 of them can be reduced to known equations (such
as linear equations, the Weierstrass elliptic equations or Riccati equations) or the

six new second-order nonlinear differential equations known as Painlevé equations.

According to the literature, for example in [48], as early as 1885, Méray, Briot and

Weierstrass tackled the problem in a particular case, by studying the first order

dy
dx?

dents thus defined merges with the elliptical functions and their degenerations.

equations, i.e. F'(5,y) = 0, which possess the Painlevé property. The transcen-
Thirty years later, Fuchs, generalizing the research of Briot and Bouquet, deter-
mined the differential equations whose possess the Painlevé property but with a
brillant method of integration. Poincaré showed almost immediately that these
equations are always reducible to quadratures and to linear differential equations
of second order (see [48, p.3]). Furthermore, one notices that since the birth of
the Painlevé equations, even the fundamental work of Painlevé, all has been done
while thinking of the link between structure of singularity and integrability. As we
can find in [26], this connection was first observed by Kowalevkaya [32, 33] while
he was working on the equations of a spining top. The essence of these classic
investigations was that whenever the movable singularities of a given system of
differential equations are only poles, the system turns out to be integrable, in some
sense. More recently, the integrability of Painlevé equations has been confirmed
by the inverse scattering method, originally developed by Gardner et al.[22] in
order to solve the Cauchy problem for the Korteweg-de Vries equation. Since,
we can find others works about the connection between singularity structure and

integrability, see for example, [1-3] for reference.

The Painlevé equations are important nonlinear special functions that they have
significantly expanded the role started to play by special classical functions, such
as, for example, the Bessel, Airy and hypergeometric functions. Nowadays, they
appear in various situations such as orthogonal polynomials, partial differential
such as nonlinear wave equations, fibre optics, random matrices theory, number

theory, neutron scattering theory, quantum gravity, etc [16].
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2.2 The six Painlevé differential equations

The six new nonlinear differential equations known as Painlevé equations are [54]

Py =6y* +u, (2.2)
Py’ =2y + zy + a, (2.3)
"2 / Qa 2+ . 5
Prir Z/":M—g—i‘y—ﬁ‘i"yys‘f‘—? (2.4)
Y z z Y
2 3 B
S ) S I S 2 2.5
oY 2 +23J +dzy” + 2(x 04)3/+y7 (2.5)
1 1 y  (y—1)7? By,
P " - AV g ) ~ Id
vy (2y+y_1)(y) St (ay+y)+ .
dy(y +1)
2.6
FE (2.6
1.1 1 1 1 1 1
P m_ Lot N2 _ (= /
Vi Y 2(y+—y—1 y—x>(y) (x+x—1+y—x>y
—1(y—=x x x—1 ox(r —1
Ly =Yy - (e -1 dx(r-1) 7 27)
2 (x —1)? v -1 (y—a)
where «, 3, v, § are constants and ' = d/dz.

The general solutions of these equations (P; — Py ) define new transcendent known
as Painlevé transcendents.

More precisely, only the equations Pr, P;; and P were found by Painlevé, the
others three were discovered by his student Gambier [21] who, continuing the re-
vision of Painlevé computations, found that the latter had omitted one of the

sub-case allowing to find the equations Py, Py and Pyy.
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Furthermore, with adequate transformations of the variable x and parameters
a, f,vand §, the Painlevé equations have the following coalescence cascade [28,
p.125],[4, 14]

E:U
W
o
W
—u
b

e e
Pt = By B

FIGURE 2.1: Painlevé equations coalscence

2.3 Some mathematical properties of Painlevé

equations

2.3.1 Hamiltonian structure

The Painlevé equations Py (J = I,I1,111,IV,V,VI) can be written as a Hamil-

tonian system

M aa—if;’, @ _ _88—}?, 258)
for a suitable Hamiltonian function H;(q,p,x) [15, 41].

Furthermore, the function o;(z) = H;(q,p,x) satisfies a second-order ordinary
differential equation, known as Painlevé o—equation, for which its solution is ex-
pressible in terms of the solution of associated Painlevé equation [41].

The six Painlevé c—equations associated with P; are respectively [16]:

2o \” A
Sy (—‘7> +4 (—U) +22°7 —25 =0, (2.9)

2 2 3
1
St (d_a) +4 (d_a) + 2d_c7 (xd_a - 0) - -2 =0, (2.10)
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2o do\’ do\? do do
—— 41 =) —2a? ——2 420, — — 20p2% =
Srir (xde daz’) + [ (dx) x ] (xda: 0) + x@oodx Boz” =0

(2.11)
2o\ ? do 2 do da da
— | —4 e 4— 2 20 2.12
2
a2\ do\? do !
Z ) o 2] =
Sv <xd:1:2) [(dm) xdx+0

do
4 — ] = 2.1
+ E(derICJ) 0, (2.13)
2 2
SV[ d_O' |i£L‘(.1'—1)d—o-:| +

4
— +IC2) =0,
dx? 1<

" (2.14)

do
%{20—( r—1) —}+HIC

]_

where f3, 0y, 0 and K; are arbitrary constants.

Example 2.1: [20, 44] For the Painlevé Py , the Hamiltonian associated is defined
by

eHy (g, p, ) = q(g — 1)*p* = [(K2 = K1)(g = 1)* = 2(K1 + Ka)a(g — 1) + 2q] p
+ (K3 — K1) (Ky — K1)(g — 1), (2.15)
where the parameters K; are constrained by
Ki+ Ky +Ks+ Ky =0. (2.16)

Then , the Hamilton equations are

xq =2q(q —1)°p — [(Ks — K1)(g — 1)* = 2(K1 + K2)q(q — 1) + 2] (2.17)

and
ap = —(q—1)Bqg—1)p* + [2(Ky — K1) (g — 1) = 2(K1 + K2)(2¢ — 1) + ] p

+ (IO — K1) (Ky — Ky). (2.18)

Eliminating p in the above Hamilton equations (2.17) and (2.18), we find that
q = y satisfies the Painlevé equation Py in (2.6) with
=1(Ks — K42, 8 =—3(Ks— K1)%,7v=2(K1 + K3) — 1 and § = —1. Note that

the general Painlevé equation Py in (2.6) with 6 = 0 can be reduced to the case
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with § = —% by the mapping = +— /—20z. .
The function
g = .%'HV + (’Cg - ]Cl)(’C4 — Kl) — ’Clilf — 2’C% (219)

defined as in (2.15) satisfies

(zo")? = [2(0)* — w0’ + 0]2 +4 H(a’ +KC;) =0, (2.20)

=0

which is the Painlevé o-equation Sy in (2.12).
Indeed, from (2.15)-(2.18), we obtain
o = —qp— Ky, (2.21)

ZEU” = q(q2 — 1)]?2 — [(/Cg + IC4 — 2’C1)(]2 — ICQ + Kl] P + (Kg — IC1)(IC4 — ICl)q

(2.22)
These two equations (2.21) and (2.22) yield
zo” = q(o’ + K3) (o' + K4) + p(a’ + Ka). (2.23)
Moreover, the equation (2.21) together with (2.15) and (2.19) give
2(0')? —z0' + 0 = q(o' + K3) (0" + Ky) — p(o’ + K2). (2.24)

By substracting the square of equation (2.24) from that of equation (2.23), we get
(20")? — [2(0")? — 20" + 0" = dgp(o” + K2) (0" + K3)(0" + Ky).

Using (2.21) in the previous equation, we obtain the desired equation (2.20).

Conversely [44], if o is a solution of (2.20), then

1
— ! _ / 2 N2 22
720 K)o+ Ka) 0" 40— o+ 20 (2.25)
and .
_ "o I 9 N2 2.9
P —2(0’+/C2) [xa o+ xo (") } , (2.26)

are respectively solutions of (2.17) and (2.18).
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For Hamiltonian structure for P;; and Ppy see Okamoto [43], for Hamiltonian
sructure for Prj; see Okamoto [45] and also Forrester and Witte [20] and for

Hamiltonian structure for Py see Okamoto [42].

2.3.2 Backlund transformations

A Backlund transformation is defined as system of equations relating one solution
of a given equation either to an other solution of the same equation but with
different values of the parameters or to a solution of an other equation. Except
the the Painlevé equation Pj, all the others Painlevé equations P — Py possess
Backlund transformations.
To illustrate this, mainly referring to [14], we take some examples for the Painlevé
equation Py given in (2.6) .
Let

yi(xi) = y(xi, o, Bs, 71, 63), i=0,1,2

be solutions of Py in (2.6) with

xr1 = —Tp, T2 = o, (041,51,71,51) = (040,50, —70,50)a (042,52773,54) = (507 —Qyp, —70,50).

Then, we have the following transformations

Sy y1($1) = y(xo), (2-27)
St yalws) = — (2.28)
Sya(xg) = . .
2 Y2 2 (@)
Furher, let
1
}/EJ - Y(I‘, g, 607707 _5)
and )
le = Y(.Z’, 041761,’}/1, _E)a

be solutions of Py (2.6), where

1

@ =g [70 +e1(1 —e3v/ =208y — eav 2060)}2 ;

1

pr = —3 [70 —e1(1 —e3v/ =26y — 82\/2760)}27
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and ¢; = £1, 7 =1,2,3, independently.
Also let

¢ = 2Y] — 9200 Y{ + 37/ 200 + (e9v 209 — €37/ =20 + £17) Y5,
and assume ¢ # 0. Then, we get again the following transformations
7;1,52,53 : le = (¢ - 25155%)/@57 (229)

provided that the numerator on the right-hand side does not vanish. The fact
that, ¢;, = £1, @ = 1,2,3, independently, implies that there are eight distinct
thransformations of type 7z, <, c5-

For more details see [24], also [26, §39] and [23].

2.3.3 Rational solutions

The general solutions of Painlevé equations are said to be new transcendental
functions in the sense that they cannot be expressed in terms of known functions.
However, the Painlevé equations P;; — Py can have rational solutions and solu-
tions expressible in terms of known special functions for particular values of the

parameters which are generated using the Backlund transformations.

For instance, for the Painlevé equation Py in (2.6), some simple rational solutions

are :
1 1 1
y(x7§7_§M27IC(2_M)7_§IC2> :IC$+/J’7 (230>
1 K
ZK2u.2K = 2.31
y(@, 5, Ko 2K, p) = s (2.31)
1 1 K+x
. _Z _K = 2.32
yla, g =g =K ) = =—. (2.32)
where IC and p are arbitrary constants.
In the general, we take the case with § # 0 and we set 6 = —% without loss the

generality. The case 06 = 0 can be reduced to Pyj; ( see [26, §38]). The rational
solutions of Py are classified by mean of the following theorem [14, Thm.5.13]:

Theorem 2.1. The Painlevé equation Py in (2.6), with 6 = —%, has rational

solutions if and only if one of the following holds for (m,n) € Z2.
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(i) a=3(m=1)* and f = —in?, where n > 0, m+ n is odd and o # 0 when

Im| < n,

(11) a = %nQ and = —%(mi 1)%, where n > 0, m + n is odd, 3 # 0 when

Im| < n,
(i17) a =3a*, B=—i(a+n)? andy=m, where m+n is even and b arbitrary,
(iv) o= 3(b+n)?, f=—3b%andy=m, where m+n is even and b arbitrary,

(2m+1)* and B = —1(2n +1)%

ool

(v) a=

These rational solutions have the form

y(x) = Az + p+ B (2)/@n(2), (2.33)

with A and p constants, and P,_1(x) and Q,(x) polynomials of degree n — 1 and

n, respectively, also with no common roots.
Proof. See [26, §40] also [25]. O

The cases (i) and (ii) are the special case of the solutions of Py, expressible in terms
of confluent hyper-geometric functions , which will be described in the subsection
2.3.4, when the confluent hyper-geometric functions are Laguerre polynomials (see
also [14, Thm.7.6]).

Following the works of Umemura [52] and Naoumi-Yamada [40] who found sets of
polynomials (Umemura polynomials) with which rational solutions of Py can be
constructed, Masuda ,Ohta and Kajiwara [35] generalised these results and derived
special polynomials associated with all rational solutions in cases (iii), (iv) and (v).

These generalized results are given in the following theorem [14, 54].

Theorem 2.2. Suppose that U, ,,(x, ) satisfies

Unt10Un-1n = Sx[Um,nUgL,n - (U’r/nn)z] + 8Um,nlen,n

+ (x4 21— 2+ 2n - 6m)U;, (2.34)
Um,nJrlUm,n*l = 8x[Um,nUT/;L,n - (Ur/n,n)2] + 8Um,nUT/n,n
+ (z — 2 — 2+ 2m — 6n)U;, ,, (2.35)
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with U_y 1(z, 1) = U_10(z, ) = Up—1(z, ) = Upp(x, 1) = 1.
Then U, ,, is a polynomial of degree %m(m +1)+ %n(n +1) and

Um,n—l (I‘, N)Um—l,n (l’, ,LL)

y< ) Umfl,n<x7 m—= 2)Um,n71<x7 ¥ + 2) ( )
is rational solutions of Py in (2.6) for
(05,5,7,5): §H7_<,u_2m+2n)7_m_n7_§ ’
and . .
m,n— ) m,n y T 1
y(z) = —Dmnt@ it D@, = 1), (2.37)
Un-1n(z, pt — DUpyrn(z, o+ 1)
for
1 , 1 ) 1
(05767775): §<2m+1)7_§<2n+1)7m_n_,ua_§ :
Proof. See Masuda, Ohta and Kajiwara [35], also Clarkson [13]. O

The polynomials U, ,, are generalized Umemura polynomials. The original Umemura
polynomials are U, (z, u) = Up (2, ) and U_,,(x, ) = Up—1 o(—2, p—1) for n > 0.
The rational solutions of Py in (2.6) possess determinant representation with en-
tries expressed in terms of Laguerre polynomials. See again Masuda, Ohta and
Kajiwara [35]. Furthermore, Naoumi and Yamada [40] gave a determinantal rep-

resentation of these rational solutions of Py, in terms of Shur functions.

For rational solutions for Pj; see [15, 30], for Py see [29, 54], for Py see [14, 43]
and for Py see [14, 37].

2.3.4 Special function solutions

In this subsection, we mainly refer to [14, 54] and reference therein.

For some special values of the parameters, except Pr, all the Painlevé equations
Prr — Py have special solutions expressible in terms of classical special functions.
Each of the special function solutions is generated through a Riccati equation of

the form

y'(z) = pa(2)y® + p1(2)y + polz), (2.38)
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with po(z), p1(z) and po(x) rational functions. The special function solutions which

are often referred to as 7 one-parameter solutions ” (for they depend on one ar-

bitrary constant of integration of the Ricatti equation ), are generated using the

above equation (2.38) and the Bdacklund transformations. Moreover, the special

function solutions can also appear in the form of determinants as we have seen in

the case of rational solutions. The results found on these special function solutions

are summarized in the following table :

pa(z) () po() Condition Special function
on parameters
Py €1 0 %Elx o= %51 Airy functions
Ai(z), Bi(z)
Pl e ae-l £9 sl +ef =2, Bessel functions
Jy(x),Y,(x)
vy=1,0=—1 or modified Bessel
functions I, (z), K, (z)
Pry €1 2e1@ —2(1 + &) B =-2(1+¢e0)? Weber-Hermite
(parabolic cylinder)
function U (a, x)
Py “ €3 + I’_Ta —% a+b+ezy=2n+1, Kummer functions
(5:—%, M(a,b,x),U(a,b,x)
a = 81\/ﬁ7
b=e3v/=28
Py x(xa—l) b+c— “7“ —% a+b+c+d=2n+1, hypergeometric
a =1V 2a, function
b= e9v/—20, o Fi(a,b,c,x)
c = £3v/27,
d=e4/T—27v

TABLE 2.1: Special function solutions of Pr; — Py.

Note that there are others mathematical properties of Painlevé equations such

as other elementary solutions, integral equations, differential equations, isomon-

odromy problems, asymptotic expansion, etc, but we prefer now not to develop

them here . For more details, see for examples, [14, 46] and references therein.
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2.4 Discrete Painlevé equations

In this section we mainly refer to [18, 53, 54].

The discrete Painlevé equations are nonlinear discrete equations for which the
continuous limit is one of the Painlevé differential equations. They appeared more
recently and since their discovery, they have turned out have a wide range of prop-
erties similar to those of their continuous counterparts. One of the most pertinent
of these properties is the singularity confinement which is considered as the dis-
crete version of the Painlevé property.

Consider the recurrence relation x,, = f(x,_2,x,_1,n) = with f a rational func-
tion. Let ng be an index such that (z,,_2,2Zn,—1,70) gives a singularity of f |
so that z,, is not defined. Then singularity confinement means that there is an
integer p such that the singularity is confined to elements x,,,, Zy541, ..., Tny4p but
Tno+p+1 15 again defined and it depends on z,,—;. The usual Painlevé property
for differential is that the only movable singularities of solutions of Painlevé equa-
tions are poles which are isolated singularities, hence a discrete version of poles
as singularities is to require that singularities of a discrete Painlevé equation are
confined.

For instance [53], consider the following equation which is a discrete Painlevé
equation I.

xn(xn—i-l +z, + xn—l) =n,
which can be rewritten as

n
Tpny1 = — — Tp — Tp-1.
n

If x,, = 0, then for x,.; we have a singularity which gives +o00. For x,,.5 we then
obtain Foo and for z,,3 we have (+o0) + (Foo). A more careful analysis gives

that for x,, near 0

n n+1
Lpt2 = _E + Tp—1 + €+ 0(62)7
n+3
Tpig = — e+ O(e?),
n
Tptq = m$n_1 + O(E)
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As € — 0, we see that the indeterminate form for x,, ;3 becomes 0, but it does not
give a new singularity for x, 4. So the singularity is confined to x,1,x,12 and
Tpy3.

Compared to the six differential Painlevé equations, the discrete Painlevé equa-
tions are very numerous and the construction of their canonical list is more compli-
cated. So the list of standard Painlevé equations grew historically as researchers
discovered the equations. We give here some very important discrete Painlevé
equations [18, 53, 54]

zZp +a(=1)"

d'PI Tpt1 + Ty + Tp—1 = T + ba (239)
Tnin + Q
d—P]] Ln+1 + Tp—1 = W, (240)
(22 —a?)(a} — V%)
d—P[V (I’n+1 + ZEn)([En + fL’n_l) = (an T Zn)Q — 02 s (241)
d-P (xn-i-l + Ty — Zn-‘rl)(xn + Tp—1 — Zn — Zn—l) (ZL‘ + o )
V ($n+1 + In) n n—1
_ (T, — 2n)? — CLQH(xn — ) — b2]
(xp — ) (x, — d?) ’
(2.42)

where z, = an + (§ and a, b, ¢, d constants.

When we take a good look at the list above, we notice that equations d-P;;; and
d-Py do not appear in the list. This is because, in the list above, z,, and x,4; (and
x, and z,_1) appear in additive form . They appear in other form multiplicative

of discrete Painlevé equations known as g-discrete Painlevé equations as follows

(2 — agn)(xn — bgn)
(1 —cx,)(1—x,/c)’

¢-Prir Tpia®po = (2.43)

0P (Tnirn— 1) (@it — 1) = 27 “()ff"c;:qi ))((f_ ;bq)(f) — U0 (9.4

(xnxn—i-l - QHQn—i-l)(xnxn—l - ann—l)
(TpTpsr1 — D)(xpxy,_g — 1)

q-Pyr

_ (@0 — agn)(xn = n/a) (2 = bGn) (2 — Gn/b)
(v —¢)(xp, — 1/0) (), — d) (2, — 1/d)

where g, = qoq"™ and a, b, ¢, d are constants.

(2.45)
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There are also others forms of discrete Painlevé equations such as asymmetric
discrete Painlevé equations, alternative discrete Painlevé equations. For more ex-

amples, see our appendix.



Chapter 3

Deformed Laguerre weight

function and Painlevé equation V

3.1 Introduction

This Chapter concerns the main contribution of this thesis. We investigate the
Hankel determinant degenerated by the deformed Laguerre weight — w(z,t) =
r%(z + 1)Pe™ x € [0,00[, @ > =1, B € R, t > 0. Remark that if 3 = 0 and
t = 1, this weight function is reduced to the classical Laguerre weight. By applying
the ladder operators approach that we will introduce in section 3.3, we obtain
two auxiliary quantities R, (t) and r,(t) in which are expressed the recurrence
coefficients of the monic orthogonal polynomials with respect to the above weight
and we show that they satisfy the coupled Riccati equations (see Lemma 3.5),
from which we find that R,(t), up to a certain linear fractional transformation,
satisfies a particular fifth Painlevé equation PV(”;, —%2, 2n+1+4+a+8,—3) (see
Theorem 3.6).

Basor and Chen [7] had studied an other deformed Laguerre weight function
w(z,t) = 2%(x + )¢, a > —1, t > 0, * > 0 which is close to ours. They
also found a particular Painlevé V' but up to a linear fractional transformation of

R,, different from ours.

33



3.2 Preliminaries

34

We start with a recall of some elementary facts seen about the orthogonal poly-

nomials in Chapter 1. In what follows, we will use the monic polynomials P, with

respect to the weight w(x,t) = 2%(x +1)%e™ 2 € [0,00[, a > -1, BER, t >0

over the interval [0, 00). The orthogonality condition in (1.1) becomes
/ Pl £) Py, t)w()dz = ha(1)5, .
0
where h,(t) > 0,m,n=0;1;2;... ,

1 ifm=n
0 ifm#n

and

w(x,t) = 2%z + 1), z€[0,00[, a>—1, BER, t>0.

We also recall that the three terms recurrence relation is (1.4)
2P, (z,t) = Pop1(2,t) + b, (t) Po(,t) + ¢ (t) P (2, 1),

where

Pu(z,t) = 2" 4+ p(n, t)a" 1 + ..,

with Py(z,t) =1, ¢o(t)P-1(z,t) = 0.
An easy consequence of (3.1), (3.2) and (3.3) gives

by(t) = p(n,t) —p(n + 1,t)

and (1.7)

A telescopic sum of (3.4) yields

(3.1)

(3.2)

(3.3)

(3.6)
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We will also consider the Hankel determinant defined as in (1.9) but generated by

the above deformed Laguerre weight, namely

D, (t) := det (/OOO o (w, t)d:v) " :

1,7=0

The moments in (1.2) can be computed as follows:

dk
— k —
my(t) = (—1) dtkmo(t)’ k=0,1,2 .. |,
where

mo(t) =T(a+DHU(a+1,a+ 0+ 2,t)
and U(a, b, z) is the Kummer function which can be represented as follows:

1 oo
Ula,b, z) = W/O x4+ 1) e dr.

Furthermore, it is well known that [27]

Dy(t) =[] hs(®)- (3.7)

Note that in the following discussions, for convenience, we will suppress the t
dependence in w(z,t), P,(z,t), h,(t), b,(t) and ¢,(t) unless it is needed.

3.3 Ladder operators and its supplementary

conditions

The ladder operators approach is one of the useful techniques to find the recurrence
coefficients for orthogonal polynomials and in study of Hankel determinants which
play a fundamental role in random matrix theory. For some special weights, it
was shown that there is often a Painlevé equation associated to the generated
Hankel determinant, see, for examples [6-9, 38, 58]. These ladder operators have
been known to various authors but Magnus in [34] noted that such operators were

known to Laguerre.
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For a convenient form of using operators and its supplementary conditions for
orthogonal polynomials, in the following theorems of this section, we refer to [11,
39] and [10].

Theorem 3.1. Let w(x) be a smooth weight function defined on (a,b) such that
w(a) = w(b) = 0. The monic orthogonal polynomials with respect to w(x) satisfy

the lowering operator equation

(d%: + Bn(z)> P.(2) = c,An(2)Py1(2), (3.8)
where b (2 — of(z
An(z) = hin/ %Pf(m)w(w)dw, (3.9)
Bu(2) = hnl_l / Ul(zi:Z/(x>Pn($)Pn1(x)w(x)d:r; (3.10)
and v(z) := —Inw(z).

Proof. Since P!(z) is a polynomial of degree n — 1, it can be expanded as

Pl(z) = i Q1 Pr(2). (3.11)

Using the orthogonality condition (3.1) and integration by parts, we have

I
Qg = i), P (x)Py(x)w(z)dx
b
- i [ P (A@u@)
1 [ )
= h_k i P, (2) Py(2)v (z)w(z)dz,

where we have used v(z) = —Inw(z).
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Substituting the previous equality into (3.11), we have

n—

2 Pu(@) Po()! (z)w(z)dz

Pl(z) =
1(2) P

1
k=0
/b

a

If v/(z) is replaced by v'(z), we remark that the right-hand side of the above

P,(z)v' (z)w(z)dx.

2 Pu(2) Py()

equality vanishes. Hence, it can be rewritten as

=

Using the Christoffel-Darboux formula

n—1

i [V (2) — V' (2)] Py (x)w(x)dz.

k=0

= Pe(2)Pel) _ Pa(2)Poa() = Pa(2)Paa(2)
2" o1 (2 — ) |
we obtain
P = [ [PEAAD BORAC) ) - v @t
_ (hnl_l / ’ ”/(’i - Zl(“") Pn(x)Pn_l(x)w(x)dx) Py (2)
_ (hin / ’ w pg(x)w(x)dx> Poi(2),
which is, in view of (3.5), the equation (3.8). O

Theorem 3.2. The functions A,(z) and B,(z) defined as in (3.9) and (3.10)

satisfy the following equations :
B 1 (2)+B(2) = (2=b,) An(2)—0'(2),

Cn—i—lAn-l—l_CnAn—l = 1+(Z_bn) [Bn—H (Z>_Bn(z)]a
n—1

B2(2)+v'(2)Bu(2)+>_ Aj(2) = caAn(2) A (2).

J=0
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Proof. From the definition of B, (z) in (3.10), we obtain

"0'(2) = v'(2) (Pasi(z) | Paa(2)
Z—x ( ha, * hya

Bpsi1(2) + Bu(2) = /

a

) P,(x)w(x)dx (3.12)

and from (3.2) in view of (3.5), we obtain

Prae) | Pasla) _ (=)
hn hn—l h'n

Substituting this previous equation in (3.12) gives

Bos1(2) + Ba(z) = hin /

(2) —'(x)

z—XT

(z — bp) P2 (x)w(z)dx.

In view of the definition A,(z), it follows that

Bni1(2) + Bn(2) = (2 = bn) An(2) = ——/ (v'(2) = v'(2)) Py (v)w(z)dz

so that
which is (57).

To prove (S2) , similarly we start with the definition of B, (z) in (3.10). Thus, we

have

b T 1\
= blBans () Bu(2)] = [ )=o) (2= B b ey

+[ @@ -y @ (P Pl p gy

where we have used z — b, = (2 — z) + (x — b,).

From (3.2), we obtain

(x — b,)Pp(x) = Ppyi(x) + ¢, Py(z).
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Substituting this in (3.13) in view of (3.5), we obtain

b T 1\
= bBan(a) - Balal] = [ <v’<z>—v’<x>)(P”“< ) _ Pu ))anw(x)da:

hy, hp—1
X / ()= () (Pzﬁ@ . Pinfc)) w(o)ds

Using (3.9), it follows that
Cn+1An+l - CnAAnfl - (Z - bn)[Bn+1(z) - Bn(z)]

- / b ('(2) = v'(z)) (P "(xf):’ll—l(@ _5 ”“(zip "(“")) w(z)dz.

Integration by parts yields

Cn+1An+1 - CnAnfl - (Z - bn)[BnJrl(z) - Bn(Z)]

b
_ _hnll / P! (2) Py (2)w(2)da

o
+hn—1/a P, 1(x) Py (z)w(z)dx

= —n+(n+1),

so that

Cn—}—lAn—i-l - CnAn—l - (Z - bn) =1,

which the desired formula (S55).
The equation (S5) is proved by combination of (S;) and (S3). Multiplying (S2) by
A, (z) on both sides, we find

Cnr1Ant1An(2)—CrAn(2) An1(2) = AN(Z)+[BZ+1 (Z)—BZ(Z)]—H)/(z) [Brs1(2)—Bn(2)].

A telescopic sum of this equation using ¢y = 0 and By(z) = 0 gives

—_

n—

Cadn(2) Aui(2) = 3 Aj(2) + B2(2) +0/(2)Bo2).

.
Il
=)

This completes the proof. n
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Theorem 3.3. The monic orthogonal polynomials P,(z) satisfy the raising oper-

ator equation
d
(E — Bu(z) — v’(z)) P, 1(z) = —A,(2)P.(2), (3.14)
where A,(z) and B,(z) are defined as in (3.9) and (3.10).
Proof. From (3.8), the replacing of n by n — 1, we find
P _1(2) = cno1An_1(2)Py_2(2) — Bu(2)Po_1(2) (3.15)
and from (3.2), we have
Cn1Pn2(2) = (2 = bp_1)Po_1(2) — Pu(2).
Substituting this into (3.15), we obtain
B 1(2) = [(z = bn) An-1(2) = Buoa(2)]Poci(2) — Ana(2) Pa(2).
Use of (S7) gives
Fp1(2) = (Bn(2) +0'(2)) Pa-1(2) = Ana(2) Pu(2).
which is the desired equation (3.14). O

Remark 3.1. If w does not vanish at the end points of interval of orthogonality
(a,b), additional terms would have to be included in the definitions of A,.) and

Ap(z) (see [10, 11]). For our problem we assumed that w(0) = w(oo) = 0.

3.4 Ladder operators and Deformed Laguerre weight

In this section, we apply the ladder operators and its supplementary conditions

introduced in the above to our problem.

For our problem, we have

w(z,t) =2z + 1)’ 20,00, a>—1, FER, t>0 |,
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v(z) = —Inz%(z+ 1)

= —[alnz+pn(z+1) — tz],

so that
v(z) =tz —alnz — fln(z + 1).
Hence, N 8
v(z) = 2 241
and

t
z+1 r xz+1

Since the right-hand side of the above formula is rational in z, it is easily seen
that both A,(z) and B,(z) are also rational in z from their definitions in (3.9)

and (3.10). More precisely, we have the following proposition.

Proposition 3.1 Four our problem, we have

R t—R
A, (2) = —= ° 3.16
(2) z + z+1 ( )
Tn n—+nr,
B,(z) = =2 — , 3.17
(2) z z+1 ( )
where  P2a)u(a)
Q r)w(x
= — - dz, 1
R W /0 " x (3.18)
— Fu@) Prs(@jwla) ;. (3.19)
hn—l 0 X

Proof. Let us begin by the proof of (3.16).
According to the definition of A, (z) in (3.9), we have

A(z) = hin/ooo [%+(z++] P2(z)w(z)dz

J(x +1)
a [* Bi(zr)w() p ¥ E(z)w(z)
zhn/o x dx+(z+1)hn/0 r+1 d
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These above two integrals have a simple relation via integration by parts.

Indeed,

ﬁ/ooPg(x)w(a:)dx _ B > P2(z)x%(z + 1)Pe dx
r+1 " h, r+1

1
— —/ % d(x + 1)°
he Jo

1 [ /
= _h_/ (PX(z)z%e™™) (z+ 1) da
n O

2 , P (z)w(z)
= P()P( d:c——/

so that

1
Hence, this yields

which is the formula (3.16).

Now, similarly we give the proof of (3.17).
According to the definition of B,(z) in(3.10), we have

Bu(z) = hnl_l /0 N [i++] Po(2) Py 1 () w(z)dz

zr (24 1)(xz+1)
o« * Py(z) Py (z)w(x) g * Py(z) Py (z)w(x)
N Zhn_l /0 X 4z + (Z + 1)hn_1 /0 z+1 dr.

Again, these two above integrals in the previous equality have a simple relation

via integration by parts.
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Thus,

2 [ Bl Pon(e)ule),

I6; /°° Po(2)P,_y(x)x%(x 4+ 1)Pe
dz
hn,1 hnfl 0

z+1

1 oo
h_/ Po(2) P, (x)x%e " d(x + 1)ﬂ

0

1 o0

- / (Pu(@) Py (@)2%e ™) (@ + 1)da
n JO

—1
hn—l

- /Ooo Pn(x)an1(x)w(:v)dx+ hnt_l /0 " P () Py ()0 ()

/0 P )Py (1)) — hnl_l /0 T P(a) P (2)w(x)ds

= —nNn —

o © Py(z)Py_1(x)w(x)
o /0 . dx,

o] * Py(z)Py1(z)w(x)
hn—l 0 z+1

Then, it follows that

which is the formula (3.17).
This completes the proof. O

In what follows, we are going to substitute (3.16) and (3.17) into the supplementary
conditions (S1), (S2) and (S%) in the Theorem 3.2 in order to produce identities
which will be important for derivation of our Painlevé equation as we will see it

in the next section.

Substituting (3.16) and (3.17) into (S1), we get

T n+1+r, r, n+T, R, t—R, «
- 22— = (z—by) [ =+ P
z z+1 z z+1 z z+1 z z+1

Comparing the coefficients of % and Z—_lH on both sides, we get the two following
equations

T'n+1 +r,=a— ban (320)

— (rpge1+ 1) = =ty + bRy + Ry +2n+1—1t+ . (3.21)
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Adding (3.20) and (3.21) gives

th,=2n+14+a+ 5 —-t+ R, (3.22)

and substracting (3.21) from (3.20), we find

— t—1—R,+ (t—2R,)b,
rn+1—|—rn:—n+a b+ 5 + ) ) (3.23)

Similarly, substituting (3.16) and (3.17) into (S3), we obtain

Rn-‘rl t— Rn+1 Rn—l t— Rn—l
n — Cp =1
Cnt ( z i z+1 ¢ z * z+1

(2= by) Tn+1_n+1+rn+1_7“_n+n+rn .
z z+1 z z+1

Comparing the coefficients of % and ﬁ on both sides, we get
Cni1Rnv1 — n Ry = —by(rpe1 — 1),
Cng1(t = Ryg1) — ot — Ru—1) = by + by (g1 — 1) + g — 1 + 1.
The combination of these above two equations gives
t(cpyr —Cn) = by +1pe1 — 10 + 1.
Rewriting the previous above formula yields

b = t(cna1 — Cn) — (Tpy1 — ) — 1. (3.24)

In view of (3.6), a telescopic sum of (3.24) gives
te, =n+r, —p(n,t), (3.25)

where we have made use of the initial conditions ry(t) := 0.
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Substituting (3.16) and (3.17) into (.55), we get
rn AT\ — - R;
o +(t—=— +
z z+1 z oz —I— 1 = 21

R, t—R, R, 1 t—R,1
== Cn - —'I_ + 9
z z+1 z z+1

which can be rewritten again as

r2 —ary, N (—=2r,)(n+mry) —Pr,  trnt Z;:g R;

22 z2(z+1) z
Yot =Ry —tntra)  Bntra) + (n+ 1)
- -
z+1 (z+1)2
. R,R, 1 n R,(t—R, 1)+ (t—R,)Ry1  (t—Rp)(t— Ry1)
" 2 z(z+1) (z+1)2
Comparing the coefficients of Z%, m, %, ﬁ and € +1)2 on both sides respectively,
we find
I —ar, = ¢y Ry Ry, (3.26)
(a=2r,)(n+1y) — Pron=coRy(t — Ry—1) + cn(t — Ry) Ry, (3.27)
trn+» R;=0, (3.28)
n—1
(t—R;)—t(n+rm,) =0, (3.29)
7=0
(n471)%+ B(n+r,) = cu(t — Ry)(t — Ry_y). (3.30)

Remark that the equation (3.29) is equal to the equation (3.28).

Using (3.26) to eliminate R,,_; in (3.27) and (3.30), then the above equations

become

I = ary = Ry Ry, (3.31)

te, =na— (2n+a+ B)r, — —(r2 —ary,), (3.32)
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n—1

[ (339
7=0
tt— Rn)ep, =n(n+ )+ 2n+a+ B)r, + L(ri —ary,). (3.34)

R,

Remark 3.2 Observe also that in the above manipulations, we have arrived at
expressing the recurrence coefficients b,, and ¢,, in terms of the auxiliary quantities

R, and r,. This will be important for us in the following.

Remark 3.3 Observe that the combination of (3.32) and (3.34) gives

t2cy +ten (1 — Ry) =n(n+a+3). (3.35)

To check our results, we can return to pure Laguerre by setting =0 and ¢ = 1.
Then, taking 8 = 0 and ¢ = 1, the above formula (3.35) becomes

(1) + cn(1)(1 — Ru(1)) = n(n + «).

From (3.18), a simple computation by integration by parts of R,(1) for § = 0
gives R, (1) = 1.
Hence, it follows that

cn(l) =n(n+ a).

From (3.22), for § =0 and t = 1, we also obtain
bo(l) =2n+1+a.

These above expressions of b, (1) and ¢, (1) are the recurrence coefficients of monic
Laguerre polynomials as we have seen it in the Chapter 1. See the formulas (1.31)
and (1.32).

To end this section, we point out that the quantities R, and r, in the above
equations satisfy coupled nonlinear first-order difference equations which are the

discrete Painlevé equations. More precisely we have the following proposition:
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Proposition 3.2 The quantities R,, and r, satisfy the following discrete Painlevé

equations:
t(rpp1 +1) =—R:2—2n+1+a+3—t)R, + at, (3.36)
n(n+ B)+ 2+ ot Bra = ra(rm— o) (- =5 4t (3.37)
v Rn Ran,1 Rnfl ‘ '

Proof. From (3.20), we get

a— (rpp1 +70)

b, =
R,

and substituting this in (3.22) the equation (3.36) follows.

From (3.26), we get
2

rn — Qry,

- Ran—l
and substituting this into (3.34) the equation (3.37) follows and this ends the

Cn

proof. O]

3.5 Coupled Riccati equations and Painlevé V

We start this section from taking a derivative with respect to t in the following
equation
/ P2z, )2 (x + 1)Pedz = ho(8),
0

which produces

hy (t) = 2/00O P,(z,t) P! (z, t)w(x,t)dr — /000 v P?(z, )w(z, t)dw.

N J/
-~

0

From (3.2), we find

/OO P (z, t)w(z, t)dr = byh,(t).

Hence, it follows that
hy(t) = —buhn(2),
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or w0
t
L = —b,, 3.38
T (0) (3.38)
that is p
—1Inh,(t) = —b,. :
- In (1) N (3.39)
Lemma 3.4. The recurrence coefficients b,, and ¢, satisfy the following differential
equations
de,
% = Cn(bn—l - bn)u <340)
db,,
% = Cn — Cp+1- (341)

Proof. From (3.5), we get

den R (Ohas(t) = ha(OR (1)
dt 0
W) halt)  ha(t) By ()

B () Byt () hypq(t) b1 (t)

Using (3.38) and (3.5), it follows that

dey,
E = _bncn + Cnbn—b
so that p
C'I'L
E = Cn(bnfl - bn>7

which is (3.40).

To prove (3.41), we begin with taking a derivative with respect to t in the fol-

lowing equation
/ Po(z,t)Po_y(x, )2 (z + 1)Pedx = 0,
0

which produces
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g S d
/ L 2 )Py (2, Oy, ) + / Po(e, )L Py (2w, £)da
@ i at

%p(n‘vtr)hnfl X

—/ xP,(x,t) Py (x, t)w(z,t)dr = 0,
0
and from (3.2) with the orthogonality condition (3.1), we find

/ 2P, (x,t)Py_q(z, t)w(z, t)dr = cphy, 1.
0
Plugging this into the above equation gives

d
Ep(n,t)hn_l —cphp—1 = 0.

Then,
dp(n, t)
dt

In view of (3.3), this equation (3.42) yields

= Cp. (3.42)

db,,

o

which is (3.41). O

Remark 3.4 The equations (3.40) and (3.41) are the Toda equations.

Now with the aid of the previous lemma, we obtain the coupled Riccati equa-
tions satisfied by the auxiliary quantities R,, and r,. More precisely, we have the

following lemma.

Lemma 3.5. The auxiliary quantities R, and r, satisfy the following coupled

Riccati equations:

dR,

t— = —at+2n+1+a+ B8 —t)R, + R2 + 2tr, (3.43)
dr r2 —ar R t
_n_n no_ n 2 o — 2 -
7 3 - k) n(n+8)+ 2n+a+ B)r —|—Rn(rn ar )1,

(3.44)
where R, and r, are defined in (3.18) and (3.19), respectively.
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Proof. In the view of (3.41), the equation(2.9) gives

Solving (3.23) for r,41 and plugging it into the above equation, we get

- —-1- -2
t%+bn:n—1+2rn—a bt f"+(t R”)b”.

From (3.22), expressing b,, in terms of R,,, we obtain

M+ 1 R,

and substituting this into the previous equation, we get

2n+1+a+p) t¥=_R, L ntltas P

R,
t|— 2 + 2 " —1+T:n—1+2rn
a—pF+t—1—-R, 1 2n+1+a+p R,
— — —(t—2R, —14+—.
s gl (R e )
After some simple simplifications, we find
dR,, 2
tdt =—at+2n+1+a+p—t)R, + R: + 2tr,

which is (3.43).

Next, we give the proof of (3.44).
For this purpose, recall that in (3.6), (3.42) and (3.7) we have, respectively

n—1

- Z bj - p(na t)v
=0
p/<n7 t) = Cp

and
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It follows that the logarithmic derivative of the Hankel determinant yields

d d n—1

7=0
d n—1
= % ( 11’1 h]>
7=0
n—1
d
= E hl h]
7=0
that is .
D, = ;0 b;,

where we have used (3.39) in this last formula.

Therefore,

Hence, in view of (3.25), we obtain

d
%lnDn =n+r, —tc, = p(n,t).

By taking a derivative with respect to t in the previous equation, we get

dro _ . yden _ dp(n.t)
dt " dt  dt
so that
dr,,
% = QCn + tCn<bn_1 — bn), (345)

den

where we have used the first Toda equation (3.40) of the lemma 3.4 to replace 5.

A simple computation with (3.22) gives

t(byoy — by) = —2+ Ry_y — Ry
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Hence, using this, the equation (3.45) becomes

dr,,

E = 2cn + Cn(_2 + Rnfl - Rn)

- Cn(Rnfl - Rn)

and substituting ¢, R,_1 with the aid of (3.31), we obtain

2
dr, r;—ar,

P

Finally, we replace ¢, by using (3.34) and we find

dr, 12 —ar R t

—— =2 = — = 2 n —(r? — n

% 3 - R n(n+8)+ 2n+a+ B)r —|—Rn(rn ary)
which is (3.44). O

In what follows, to arrive at our main result, we will devote our efforts to deriving
the second order ODE for which we make a certain linear fractional transforma-
tion to obtain the Painlevé V. For this purpose, our idea is to eliminate r, in
the previous lemma. More precisely, we present our main result in the following

theorem.

Theorem 3.6. The quantity R, satisfies the following non-linear seconder order

differential equation,

1 1 R;,)? ¢ R, R
RZ:(——t_R>< ) +(—1+ )—"+(Rn+2n+1+a+6)—"

R, 2 t— R,/ t 12
-3R, R, R, p*-1 a? a?-pr+1

— (2 1 —+— — . (3.4

+{ - (2n+ +a+ﬁ)] R T e (3.46)

Let y(t) :=1— #(t), then y(t) satisfies a second order differential equation

y (1 1 ne Y (=17 (o B2 y yly+1)
V= (gt o) -5 (o O ) e a5

(3.47)
which is a particular Painlevé V, i.e., PV(O‘;, —%2, 2n+ 14+ a+ 5, —%), following
the notation in (2.6).
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Proof. We begin with taking the derivative with respect to ¢ in (3.43) and we next
use (3.44) to obtain

L= (2n+1+atf—t+2R)R, —a— Ry — 2,
(2n+a+pB) 1 1 1 1 )
o1 ErrarPp (= o (L '
Let o 5 1 1
n—+ o+
and
(k) := 2t S . (3.49)
= R i R, .. )

Hence, the above equation becomes

2n(n + B)

tR, = (2n+1+a+L—t+2R,)R,+ l—l Ry

} R, —a+(x)+(xx). (3.50)

Solving (3.43) for r,, we obtain

R, o 1 R, R, R?
W= Zop 1 Tnog T 51
r 5 T3 2(n+ +a+ ) ; 5 ~ o (3.51)
Inserting this equation (3.51) in (3.48), we have
(2n+a+ B)R, 1 1
—92(1— _ -
() [ t— R, “"\&, “ iR,
i +a—1(2 +1+ +B) +R _ &,
2 "2 2" “ 2 2l
After some simplifications, we obtain
(2n + a+ f) 1 1 , (2n+a+ PR
S o a2 - N (S Lttt bk
() { —m, N\ m )|t TR,
[ 2 2 1
+ —1+(n+a+ﬁ)("+ +a+5>} (2n+1+a+6)R—
i t—R, t
[—(2n+a + f) 1 1 )
L Y e U ey o | R
[ a2n+a+P) 1 1
1-— 2 1 —at) | =— —
+ — +(a@2n+1+a+p) a)(Rn t—Rn)]R"

_ 1 1
—a—a’t | — — 3.52
G\ R, T i_R, (3.52)
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and inserting (3.51) in (3.49), we have

1 1 R o 1 R, R, R27?
=2t — — L Z (9 1 L L —
(+) (Rn t—Rn>{2 Ty AlrarfEE o0

which after some straightforward simplifications gives again

() :t(Rin B t—an) (RQ;L)Q

o+ (g — ) — @+ 1+ a+ B) (g — o5 B+t — =) B — (5 — =) AR

1 1 1 Ri 1 1 Rz
+§<R—n—t_Rn)T+(2n+1+Oé+/B) (R_n_t—Rn)T

1 1 1\ R2 1 1

—(2n+1 2= — (= - 3
Talntltastp) (Rn t—Rn) / (Rn t—Rn)R"
+[t (2n+14-2a+43)] . ! R 4ot —a2n+ 1+ a+ B)] ! L Vg
g AT R, t—R,) mrarToen “ Rn t(—R,) ™
+a2t 11

2 \R, t—R,)’
(3.53)

Substituting (3.52) and (3.53) into (3.50), we find

tR) =
1 1 (R!)? (2n+a+ B)R,
- — 2 2n + 1 2R, —
t(Rn t—Rn) 5 +2n+14+a+6+2R, I—R.
1 1 1 1
2 1 o - 2 /
— (2n + +a+ﬁ)(Rn = )Rn (Rn t—Rn>R”]R"

1/1 1 4 2n—|—a+ﬁ 1 1 R?
(Y e L ()

2n+a+6)(2n+1+a+ﬂ) 1 1 : &
{ e +§(2n+1+a+5) <R_n_t—Rn>]7
(n+1+a+5)RT_(L_ R)R
2 1 ; 1
+{ ”+a+5 talp - )+(——(2”+1+0‘+5))(R_n_t_R")]Ri
2nn+5 @<2n+a+ﬂ) Sy :
+{ t— R, ]Rn_T(R_"_t_Rn)‘
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A little bit simplification of this equation yields

1 1 (R.)? t \ R R?
/" - n _ _7’L _7’L
R”_<Rn t_Rn> 5t 1+t_Rn , +(Rn+2n+1+a+ﬁ)t2

—-3R, R, R, B2 —1 o> a2 -p241
—(2n+1 Ty - .
+[ ;- @t +O‘+5)] T2 TRy TR, T T

which is the desired equation (3.46).
Now to end, we prove (3.47).

Let
() =1- -
then,
ty 1
R = — ,
(y—12% y-1
ot 2ty 2t(y')?
oy -1r (y—-12 (y—1)
and ) )
(R )2 _ t*(y/) 2ty 1

(y—1* (y—1° (y-1)7?
Substituting these above expressions into (3.46), we have

ty"  t3y—1) Y’ 1 1 1 1 t

(y—12 2y(y— 1)3(y,) TW-1E -1 -1 ty-1) fy (17

2n+1l+a+p) 3t +(2n+1+oz+ﬂ)_ t
(y—1)2 2(y —1)? y—1 2(y — 1)
(F=Dy—-1)  o*y=1) o =p+1
+ 2y Ty o

Multiplying the previous equation by (y — 1)? and dividing by ¢ on both sides, we

obtain
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"n_ 3y—1(/)2_y

2y(y — 1) t

(y—1)2[(2-1)(y—1) 1 1 1 1 a’(y—1) o —=p+1
e { 2y -1 ¥ 2y-1 y-1 2 2

y—1 2 2

+(2n+1—|—a+ﬁ)%— L 3 -1

so that

1 1 y (y—12 [(o®  3?)2 y yly+1)
i — il / 2__ NI ) = 2 1 J
y (2y+y_1)(y) PR 2V, +(2n+ +a+6)t T

which is the Painlevé equation V in (3.47). This finishes our proof.



Conclusion and outlooks

This thesis is concerned in the link between orthogonal polynomials and Painlevé
equations. More precisely, we recall that our main goal was to find a Painlevé

equation from a given weight function.

The Chapter 1 deals with the orthogonal polynomials on the real line and some

of their properties in particular those of Laguerre polynomials.

In Chapter 2, we have introduced the Painlevé equations and some of their math-

ematical properties are discussed in particular those of fifth equation.

In Chapter 3 which concerns our main contribution, we investigated the Hankel
determinant generated by the deformed Laguerre weight function for orthogonal

polynomials and we derived a Painlevé V as it was shown in Theorem 3.6.

Although we were able to find the Painlevé equation from our deformed Laguerre
weight, we remark that there are several ways to deform the Laguerre weight
function but all deformed Laguerre weights do not lead to the Painlevé equation.
Therefore, further reasearch is needed . Thus, it would be of a great importance
to find others new deformed Laguerre weight functions which lead to a Painlevé
equation and also a necessary and sufficient condition for an arbitrary weight

function to lead to a Painlevé equation.
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Appendix

In this appendix we refer to [53]

A.1 g—discrete Painlevé equations

)\n)\nflxn
q-Prr ($n+1$n - 1)($n$n—1 - 1) = m,

A+ X,
q-Prr Tn41Tp—1 = Oé/\nm,
(zn + @) (s + B)
YAnZn + 1) (0N, + 1)

q¢-Prir Tpp1Tp—1 = (

Y(xn + @) (@0 + 1/a) (20 + B) (20 + 1/5)
(vAzy, + 1)(0Az,, + 1) ’

q-Prv ($n+1$n - 1)(1‘71%”,1 - 1) =

¥ — ) — 1)@m= B)(wn — 1/6)
(Tn — YAn) (0 — 6An) ’

q-Py (xn—f—lxn - 1)(37715571—1 - 1)

(TnTng1 — AnAng 1) (TnTn1 — A1)

a-Fri (TnTpr1 — D) (xpxn_q — 1)

(Tn — @A) (T — An/)(Tr, — BA) (T0 — A/ B)
(zn — ) (0 — 1/7) (20 — 0) (20 — 1/0) ,

witha+b+c+d=0,p+q+r+s=0,

where A\, = A\g¢" and «, 3, and § are constants.
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A.2 Asymmetric discrete Painlevé equations

Tyl = fl(yn> + .Tnf2(yn) U1 = gl(xn) -+ yng2(q;n)
T ) il T s + pnga(en)

Zn —
a-d-P; xpi1+ 2, +y, =0+ 7,

Yn

Znt1/2 T
T

Yn+1 + Yn—1+ Ty = 0+

2(Ynzn + )

-d-P;; z, "=
o 7T Tpyl + T 1— g2

)

Q(ynzn-i-l/Q - 6)
1—a2

Ynt1 + Yn =

Y

n - " n - b
a-d-Prir Tpi1Tn = 4~ 0"a) 4 — ¢ )7

(yn - C) (yn - d)

(@ ") (@ — "B) (@ B a_b)
YnYn—1 = (l'n _ ,7)(1‘” _ 6) ) 75 - ch )

(Yn — @)(Yn = 0)(Yn — ¢)(yn — d)
(Yn +7 = 20)) (Un — 7 — 2n))

a_d_PIV (yn + xn)(fﬂn-i-l + yn) =

(xn + a)(z, + 0)(zn + ) (z, + d)
('Tn +0— Zn+1/2)('rn —0— Zn+1/2>7

(Yn + ) (Tn + Yn1) =

witha+b+c+d=0.



(yn + Tp+l — Bn — ZnJrl)(anrl + Yn — Zn — anl)

_d-P
“ v (yn + xn)('xn+1 + yn)

_ (yn — Zn — a)(yn — Zn — b)(yn — Zn — C)(yn — Zn — d)
(Un =) (Y0 — @) (Yo — 1) (Y0 — 3)

)

(yn + Tp+1 — Zn — Zn—l/?)(xn—l-l + Yn — Zn—1/2 - Zn—l)
(Yn + T0)(Tn + Yn-1)

(2 — Zp—1/2 + a)(Xn — 2n_1/2 + b)(Tn, — Zn—1/2 + €) (T — Zp—1/2 + d)
(mn +p)(zn + q)(37n + T)(:En + 5)

)

1) =q" Wn — @)Y = b)Y = €)(yn — d)

a-d-Py (nyn — 1) (@019 — (0" — Kya) (" — ya/K)

_ on1 (B = Va)(wn = 1/b) (w0 — 1/c)(2 — 1/d)

Tn¥n — 1)(TnYni1 — 1) = ¢ )
( )@ntinis = 1) (g2 — pyn ) ("2 =y /1)
with abed = 0.
_ B3Ba(yn — q"1) (Yn — " 2)
Tndntl = )(y a4)
—(]- Yn — Q3 n
a-d-Pyy Yt — asay(z, — q"01)(z, — " 52)
e (fl;n - 53)(3771 - ﬁ4) ’
. Q10 ﬁ152
with = ,
Q304 q5354

where z, = an + g and a,b,c,d, p,q,r,s,a, 3,7 and § are constants.
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A.3 Alternative Painlevé equations

Zn +y(—=1)"
a-d-Pr Tpi1 +Tp + g = # + i,
Zn Zp—
: = _'ZEL + v
Tn+1 + Tp-1 Tp + Tp-1
Zn
Tpy1 +Tp1 = — + 127
Tn T2
Zn
$n+1 + LTp—1 = — + ’Ya
Tn
EXP\Zn Y
Lp41Lp—1 — ( ) + o
T, xz
Inzn + fy
a-d-Prp Tpy1+Tp1=———5—
1—az
ZTL Zn—]_ 1
=—Tp+ —+2,+7,

Tpt1Tn +1 * TnTp-1 + 1 B Tn

<$n+l + T, — 2Zn+1)<xn + Tp—1 — 2271) o (xn - Zn+1/2>2 - ’C2

a—d—PV

($n+1 + l’n)(ibn + xn—l) B (xn _ 7)2 )
“nt1/2 Zn—1/2 K, 1—x, [1 .
= > ~1
1_33nxn+1 + l_xn$n—1 M+Zn+ (1+$n)2+ 1+,Tn 2zn+( ) /y 9

where 2z, = an + [ and «, 8, and § are constants.
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A.4 Other discrete Painlevé equations

nZn + TpZn +6
d'PI Tn+1 +x, = w; Yn +yn—l = %’
n :CTL
_ YnZn + 7Y . xnzn+1/2+5
d-Pr; Tpy1 +x, = W, Yn + Yn—1 = W,
(Yn + 20 — @) (Yn + 20 — b) Znptz tC 0 Zppiptd
d-Pry xpTp_1 = y UnTtYnt1 = — )
v ' Y2 — > I = T a v+ 1
witha+b+c+d=0.
aly, +z, — b c Znt1/o +d
d-Pry xpTp_1 = y 5 5 ), Yn T Yny1 = — + La
Zn T+ U Zn — WU (xn - Zn+1/2)2 — K2
T, Tp—1 = + s nYn == s
n L4y, /t  1+ty, Ynbn1 x2 — 2
+ Y + Zn+6 Tn — Zn
T, Tp—1 = ) nYn =Y 5>
1 1+,  1—uy, YnYn41 75’/’%—#2

where 2z, = an + § and a,b,c,d,p,q,7,s,, 3,7,9,0, K and pu are constants.
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