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TWO-AIRCRAFT OPTIMAL CONTROL PROBLEM. THE IN-FLIGHT NOISE
REDUCTION *- **

FULGENCE NAHAYO!, MOUNIR HADDOU?, SALAH KHARDI?, MAHMOUD HAMADICHE*
AND JEAN NDIMUBANDI®

Abstract. The aim of this paper is to present and solve a mathematical model of a two-aircraft
optimal control problem reducing the noise on the ground during the approach. The mathematical
modelization of this problem is a non-convex optimal control governed by ordinary non-linear dif-
ferential equations. To solve this problem, A direct method and a Runge-Kutta RK4 discretization
schema are used. This discretization schema is chosed because it is a sufficiently high order and it
does-not require computation of the partial derivatives of the aircraft dynamic. The Nonlinear Interior
point Trust Region Optimization solver KNITRO is applied. A large set of numerical experiments is
presented. The obtained results give feasible trajectories with a significant noise reduction.

INTRODUCTION

In this work, a theoretical model of noise optimization is developped while maintaining a reliable evolution
of the flight procedures of two commercial aircraft on approach. In particular, this work is focused on aircraft
coupling noise levels and energetic consumption. These two-aircraft are supposed to land successively on one
runway without conflict [20].

The model considered here is non-convex and non-linear optimal control problem leading to a system of non-
linear ordinary differential equations [6]. The aircraft dynamic is described by a three dimensional set of non-
linear ordinary differential equations subjected to state and control constraints. The functional to be minimized
describes the overall levels of noise collected on the ground, emitted by the two mentioned aircraft. The
formulation of the problem takes into account several kinds of constraints such as aircraft stability, performance
and flight safety. The Nonlinear Interior point Trust Region Optimization solver 'KNITRO’ [21] is used to solve
the obtained algebric non-linear system of equation implemented by A Modeling Language for Mathematical
Programming "AMPL’ [9,17].
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The two-aircraft flight dynamic, the noise levels, the constraints, the mathematical basic equations of the
two-aircraft acoustic optimal control problem and the discretization scheme are presented in sections 2 and 3
while the numerical experiments are presented in the last section.

1. MATHEMATICAL DESCRIPTION OF THE BASIC EQUATIONS

1.1. Aircraft dynamic equations

The equations of 3D-motion of each aircraft A;,i € {1,2} read [3,4]:

_Kiy. /8
i =—2.01x 1075 (@ w5 )VO Podai (1 MY,
A/ 5nn (1425, A \/G.+o 2ME%A7(17>\)M1» PO

Vi, = mi[—migsin'yal - 2pZS’ CDl (cosag,co8Bq; + sinf, + sinag,cosBa, ) Fy

+CSR Po(Sm (1 — M; + =+ ) mZAAl]
Ba, = milva [m lgcos%lsmual QplSVa%Cyi + [—cosa, $inBa; + cosBa, — sinay, sinBy,|Fy,,

+Csr, Podai L5 (1 = M; + 5 ) - m;AAY],
O, = m[ngcosya cosual — 2piSV2Cp, + [—sinag, + cosag,|FL,

+CSR Po(Sm (1 — M; + =+ ) mZAAzu],
Di AC  oR o] {rqu(B C)— EplqZ 1piSIVZC, + S22 1 Fj [yg/ljcosﬁmusinamij - zﬁ’wijsinﬁmij]},

—|—AC_E2 {piqi(A — B) — Eriq; + $p; SIV2 Cri + > =1 Fj [:CM ;81N Bmj — yhjcosﬁm”cosam”]},
Gi = %g_ripi(A —C) = E(p? —r?) + 5piSIVE Cri

+> o Fj [zﬁﬁjcosﬁmijcosam 5 — o €080, jSiNam,jl},
7 = ﬁ{riqi(B —C)+ Ep;iq; + 2pZSlV2 Ci, + ZQ 1 Fj [yg/[ Jcosﬂm”sinamij - zﬁ’wijsinﬁmij]},

. —I—ACA =2 {Piqi(A — B) — Eriq; + 2plS’lV2 Chi + ZJ 1 Fj [:EM ;81N Bmj — yM Jcosﬁmijcosamij]},

Xg, =V,4,c05v,,C08Xq; + U, YG = Valcosvalsznxal + Uy, ZG = =V, 51n,, + Wy,
b = pit gisinggtan; + ricoséitant;, 0, = gicosgs — rising, i = g, 4 oy,

(1)
where j € {1,2} stands for the first and second engine of each aircraft i, the expressions A = I,,,B =
lyy,C = I,.,FE = I, are the inertia moments of the aircraft, p; is the air density, S is the aircraft reference
area, | is the aircraft reference length, g is the acceleration due to gravity, Cp, = Cpo + kC%, is the drag

coefficient, Cy; = Cygf8 + Cyppvl + Cyr 4 Cys,01 + Cys, 0ni is the lateral forces coefficient, Cr; = Cro(aq —

aq0) + CLs,, Omi + Coame M; + CLq is the lift coefficient, Cj; = Cjgf8 + Clp v+ Clr + Ci5,01: + Cis,, 0pi is the
rolling moment coefficient, Cy,; = Co + Ca(a — ) + Chns,, Omi 18 the pitching moment coefficient, C,; =
ChpfB+ Cnppvl + Cm%l + Chs,01i + Chs,, Oni is the yawing moment coeflicient, (:vl]’m-j, :El]’m-j, xl}mj) is the position of
the engine in the body frame, Fj is the full thrust, po is the atmospheric density at the ground, F' = (Fg;, Fyi, Fl;)
is the propulsive force, V,; = (u;,v;,w;) is the aerodynamic speed, (AA?, AA? AA?) is the complementary
acceleration, (4, Uy, Wy) is the wind velocity, Gmi; is the yaw setting of the engine and oy, is the pitch setting
of the engine. The mass change is reflected in the aircraft fuel consumption as described by E. Torenbeek [19]
(@—pi—51)VO

ﬁ/5nn(1+mf1 \/G»+o.2M3:jé A—(1-A)M;

function G; = (& — Bi)(1 — = 1.0 ), K; = ,ul(ec —1), i =1+ %2 M?. The nomenclature of
Ne - K;
ny Y (Kitps) (1— g7 5
engine performance variables are given by G; the gas generator power function, GO the gas generator power
function (static, sea level), K the temperature function of compression process, M; the flight Mach number, T4
the turbine Entry total Temperature, TO the ambient temperature at sea level, T the flight temperature, while
the nomenclature of engines yields is 7. = 0.85 the isentropic compressor efficiency, 4, = 1 — 1.3(;'—05)2(@)2 L
eb

where the specific consumption is Csr, = 2.01 x 107° with the generating

M;’ D>
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the isentropic fan intake duct efficiency, L the duct length, D the inlet diameter, Re the Reynolds number at

1+nq, 15~ M;
ot lM? the gas

generator intake stagnation pressure ratio, 1, = 0.97 the isentropic efficiency of expansion process in nozzle,
n: = 0.88 the isentropic turbine efficiency 7.5, = mmy,, €. the overall pressure ratio (compressor), v the ratio
of specific heats v = 1.4, X\ the bypass ratio, u; the ratio of stagnation to static temperature of ambient air, ®

the nondimensional turbine entry temperature ¢ = % and O the relative ambient temperature © = Tl The

expressions ag;(t), Bai(t), 0:(t), ¥ (t), ¢i(t), Va, (t), Xa, (), Yo, (t), Za, (t), pi(t), qi(t), ri(t), m;(t) are respectively
the attack angle, the aerodynamic sideslip angle the inclination angle, the cup, the roll angle, the airspeed, the
position vectors, the roll velocity of the aircraft relative to the earth, the pitch velocity of the aircraft relative
to the earth, the yaw velocity of the aircraft relative to the earth and the aircraft mass. The system (2) could
be written in a simplified form

the entrance of the nozzle, ny, = 0.86 — 3.13 x 1072M; the isentropic fan efficiency, n; =

WO — £ (y,(t), z<t>>,
( ) (am( ) ﬁal( ) ( ) M(
Wi () = (81, (), Oy (1) O (£), 8o, (¢

£), (1), Va, (1), X, (1), Ya, (1), Za; (1), pi(t), qi(t), 7i(t), mi(t)) (2)
)

henceforth y; is called a state function and the expressions 0y, (t), oy, (¢), On, (t), 0z, (t) are respectively the roll
control, the pitch control, the yaw control and the thrust control. The dynamics relationship can be written as:

vi(t) = fi(yi, ui, t), vt € [0, T],4:(0) = wio-

1.2. The objective function model

Let us define the quantity named the Sound Exposure Level 'SEL’ [1,10,18]: SEL = 10log [ f,, 100-1La1.a:(t) g¢]
where t’ is the noise event interval. [t19,t1f] and [tao, t2f] are the respective approach intervals for the first and
second aircraft, the objective function is calculated as:

SEL; = 1010g{t2f1t —[(t20 — t10) J; 120 100 B4t 4+ (typ — tao) [, b1 700-1La1(t) gy
+(t1f _ t20) f 1 100 1LA2(t)dt + (th — tlf) ftzf 109 1L 42(1) dt ]} te [t107t2f]

(3)

where the cost function SE L¢ is the cumulated two-aircraft noise. Expressions L 41(t), L 42(t) are equivalent and

reflect the aircraft jet noise given by the formula [1,13]: L1(¢) = 1414+ 101log (%) +101log (%)7'54— 10log s1 +

ann2 \ 4
31 251 T1 v2 me (H_%) ? c *
og( +05)+5log +101log ( _E) +1.2W —20log R+ AV +101log [(p SA) (CISA) }
S1
where v; is the jet speed at the entrance of the nozzle, vs the jet speed at the nozzle exit, 7 the inlet temperature
of the nozzle, 7 the temperature at the nozzle exit, p; the density of air, p; the atmospheric density at the
entrance of the nozzle, prsa the atmospheric density at ground, s; the entrance area of the nozzle hydraulic
engine, so the emitting surface of the nozzle hydraulic engine, d; the inlet diameter of the nozzle hydraulic
engine, V, = v1[1 — (V/v1) cos(a,)]?/? the effective speed (a, is the angle between the axis of the motor and the

3(V./c)3®
axis of the aircraft), R the source observer distance, w the exponent variable defined by w = & -1,
0.6+ (V./c)35
¢ the sound velocity (m/s), me the exhibiting variable depending on the type of aircraft: me = 1.1 %2 , %2
S1 S1

29.7;me = 6.0, e > 29.7, the term AV = —15log(Cp(M.,0)) — 10log(1 — Mcosf), means the Doppler

S1
convection when Cp(M.,0) = [(1 + M.cos6)? + 0.04M?], M the aircraft Mach Number, M, the convection
Mach Number: M, = 0.62(v1 — Veos(ay))/c, 6 is the Beam angle The objective formula above could be
written in the following simplified form Jg12(y(.) = [ g( (t))dt.



272 ESAIM: PROCEEDINGS

1.3. Constraints

The considered constraints concern aircraft flight speeds and altitudes, flight angles and control positions,
energy constraint, aircraft separation, flight velocities of aircraft relative to the earth and the aircraft mass [4,12].
On the whole, the constraints come together under the relationship ki;(y;, u;) < 0,ks;(yi, u;) > 0 where
kii(yi, i) = (qi(t) —aig, 05(t) — Oip, 0i(t) — thig, di(t) — dig, Va, () = Vaig, Xa, () — Xaig, Yo, (t) = Yair, Za, (1) —
Zaif pi(t) = pig, @i () = qig, ri(t) = Tig, 60,(t) = 61,5 6m, (1) = Omig, On, (1) — Onif, 6, (1) — Owig, ma(t) — mig),
ki (yi, wi) = (@i(t) — cio, 05(t) — Oio, ¥i(t) — tio, $i(t) — bio, Va, (t) — Vaio, X, (t) — Xaio, Yo, (t) — Yaio, Za, (t) —
ZGi0, i(t) — pios ¢i(t) — Gio, Ti(t) — 7i0, 01, (t) — 01,05 Om,; (£) — Omio, On; (t) — Snio, Oz, (t) — Sio, mi(t) — mio).

1.4. The two-aircraft acoustic optimal control problem

The combination of the aircraft dynamic equation, the aircraft objective function and the aircraft flight
constraints, the two-aircraft acoustic optimal control problem is given as follows:

mmJGu(yo u()) = / 7 g (ya(6), wa(8), £)dt + / 7 gia(ya(8) i (), ya (1), ua(t), t)dt
t2f 10 t20
f20 g2(y2(t), ua(t), t)dt + (y(ty)) (4)

y(t) = f(u(t) (t)) u(t) = (i (t), u2(t)) y(t) = (y1(t), y2(1)),
klz(yu U—z) <0 kgl(yz, ul) > O Vt € [tlo,tgf] tio = 0 y(O) =Yo, u(O) = U

where g2 shows the aircraft coupling noise function and Jg12 is the SEL of the two A300-aircraft.

2. THE NUMERICAL PROCESSING

The problem as defined in the relation (4) is an optimal control problem [5,7] with instantaneous constraints.
The fourth order Runge-Kutta method is used to solve the differential system [8]. This method is chosen
because of its higher order while avoiding the disavantages of Taylor methods requiring the evaluation of partial
derivatives of f.

Algorithm 1:

(1) Let us subdivide the time interval [to,tf] as h = tp41 — tn =
in numerical schema.

(2)

ty—to

~— > Where N is the number of samples

HéiSJ12(YH7un)
h 11 h 12
o n o Un 71 :hf tn ardn P’y
(t 52 ¥n+ 5 ta), 1y (tn+ 5 ¥n + 5
14 = hf(t —|—h yn—i-lg,un) Yn+1 = ¥n —+ 6(11 —|—212 +213+14),tn+1 = tn +h
(t

Mlkl( ) ( ) n) = 07 M2k2(y(tn)7u(tn)utn) = 07 1251 S 07 M2 2 0
Write tpy1 =ty + A, ynt1,0 <n < N.

11 = hf(t naynvun) 12 = hf(tn + 7un)a

(3) Stop.
This algorithm is implemented by AMPL. The Nonlinear Interior point Trust Optimization solver ” KNITRO”
is called on to extract the optimal dynamic solution of the two-aircraft optimal control problem. The numerical
results and the optimality convergence characteristics are presented in the following section.

3. NUMERICS RESULTS

Figure 1 shows the aircraft trajectories and speeds characterized by a part of constant flight level followed by
a continuous descent till the aircraft touch point. Constraints on speeds are considered, allowing a subsequent
landing on the same runway. The maximum altitudes considered are 3500 m and 4100 m for the first and
second aircraft. The approach duration is 600 s for the first aircraft and 690 s for the second. The aircraft
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Evolution of Aircraft Altitudes Evolution of Aircraft speeds
“4oocor Al altitude | = =2°° Al speed ]
AZ2 altitude = A2 speed
— 3000 1 =
= >
= g aso
S =zoo00} =
= =
1000 | 8 100
~~ =
o —
—10 —5 o —10 —5 (o]
Lateral distance (m) x 107 Lateral distance (m) x 107
First Aircraft Throttle versus time Second Aircraft Throttle versus time
oO.6 oO.6
= . _ .S = S,
a =3
S o.s = S o.s =
f==] 5
b= =1
= =
@ O.4 @ O.4
s _ .\ - - - - -7 s
= 0.3 | = 0.3
= L =
S o.2 — - S o.2
= =
o.1 o.1
o 200 400 600 o 200 400 600
Time (s) Time (s)
Al attack and flight— path angle Al Roll and yaw angle versus time
20 0.2
—  Attack angle ———  Roll angle
— Flight—path angl o.1} Yaw angle |
w 10 w
3 3
D D
= = O ————— ]
e <53
[= o ] [=
\ —o.1} i
—10 —0.2
o 200 400 600 o 200 400 600
Time (s) Time (s)
AZ2 attack and flight— path angle versus time A2 Roll and yaw angle versus time
20 o.2
— Attack angle ——F—  Roll angle
— Flight— path angle, o.1} Yaw angle |
wn 10 w
3 3
D D
= =3 O e
e e
[=1 o ] =
\ —o.1} i
—10 —0.2
o 200 400 600 o 200 400 600
Time (s) Time (s)

F1GURE 1. Aircraft altitudes, speeds, throttles and flight-path angles

speeds decrease from 200 m/s to 69 m/s. This shows the aircraft trajectory resulting from the two trajectories
combination. Figure 1 shows also the two-aircraft flight-angles and throttles evolution versus time as recom-
mended by ICAO during aircraft landing. As specified in this figure, the aircraft roll angles oscillate around
zero. The flight-path angles are negative and bang-bang . They keep the recommended position for aircraft
landing procedures. The attack angles stand between 2° and 20°. Since the trajectory of the aircraft is aligned
with the runway, the yaw angle are small as shown in Figure 1.

Figure 2 shows the noise levels when the optimization is applied and the solutions obtained. The obser-
vation positions are (—20000 m, —20000 m,0 m) for AONL;, (—19800 m,—19800 m,0 m) for AON La,...,
(—200 m, —200 m,0 m) for AON Lqp. In this figure, AON L means Aircraft Optimal Noise Level. As specified,
noise levels increase and are maximum when the observation point lies below the aircraft. Noise levels decrease
gradually as the aircraft moves away from the observation point. This is in good agreement with [15,16]. By
comparison, this result is also close to standard values of jet noise on approach as shown by Harvey [2,11,14].

4. CONCLUSION

In this paper, a mathematical model have been developped for noise reduction in the case of two approaching
aircraft landing in succession on the same runway. An algorithm for solving the optimal control problem has
been developed. Theoretical considerations and practices of a direct method and the Runge-Kutta discretization
scheme are used. This discretization schema is chosen because it is of sufficiently high order and it does not
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FIGURE 2. Aircraft optimal noise levels

require computation of the partial derivatives of f. KNITRO is applied to perform a number of numerical
experiments. An optimal local solution to the discretized problem is found through a global convergence. The
obtained trajectories exhibit optimal characteristics and are effective where the noise reduction is concerned.
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