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Abstract

The aim of this paper is to present and to solve a mathematical
model of two-aircraft optimal control problem reducing noise during
the approach. This is a non-convex optimal control problem governed
by ordinary non-linear differential equations. A Symplectic Partitioned
Runge-Kutta discretization and the Pontryaguin maximum principle are
used. Discretization scheme provides a sufficiently high order requiring
a computation of the partial derivatives of the aircraft dynamic param-
eters. The nonlinear interior point trust region optimization solver is
applied. Numerical experiments and results are presented. They con-
firm the feasible optimized trajectories contributing to a significant noise
reduction.

Keywords: Symplectic Partitioned Runge-Kutta algorithm, optimal con-
trol problem, AMPL programming, KNITRO, aircraft noise

1 Introduction

Aircraft noise levels have been studied in several papers [1, 2| . In this work, a
theoretical model of noise optimization is developed while maintaining a reli-
able evolution of the flight procedures of two commercial aircraft on approach.
In particular, this work is focused on aircraft coupling noise levels and ener-
getic consumption. These two-aircraft are supposed to land successively on
one runway without conflict [3]. It is all about the evolution of flight dynamics
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and minimization of noise for two similar commercial landing aircraft taking
into account the flight constraints. The model considered here is non-convex
and non-linear optimal control problem leading to a system of non-linear or-
dinary differential equations [4]. In this model, the displacement of the two
planes is described by a three dimensional set of non-linear ordinary differen-
tial equations subjected to state and control constraints. The functional to be
minimized is an integral which describes the overall levels of noise collected
on the ground, emitted by the two mentioned aircraft. The formulation of the
problem takes into account several kinds of constraints such as aircraft sta-
bility, performance and flight safety. A Symplectic Partitioned Runge-Kutta
method is used to transform the obtained set of non-linear ordinary differential
equations to a set of non-linear algebric ones [5]. A commercial code namely
The Nonlinear Interior point Trust Region Optimization solver 'KNITRO’[6] is
used to solve the obtained algebraic non-linear system of equation implemented
by A Modeling Language for Mathematical Programming ’AMPL’ [7, 8]. The
two-aircraft flight dynamic, the noise levels, the constraints, the mathemati-
cal basic equations of the two-aircraft acoustic optimal control problem and
the Symplectic Partitioned Runge-Kutta discretization scheme are presented
in sections 2 and 3 while the numerical experiments are presented in the last
section.

2 Mathematical description of the OC prob-
lem

The three dimensional motion of each aircraft A;,i € {1,2} where i stands
for the first and second aircraft respectively , is described in three frames,
namely landmark Ro(O, X1,Y 1, Z1), aircraft frame Rb(Gm?Gi,?Gi,?Gi)
and aerodynamic frame R,(G;, X o, Y iy Z i) [9]. The transfer matrices con-
necting these frames are given in [10]. The equations of motion of each aircraft

read: R >
dm,; _ m;d a;
Z Eemti a4 Vo, = dt (1)
> Mg, = 4[Ig, 9]

The index i = 1, 2 stands for the first and second aircraft. In the above system,

ext; Tepresents the external forces actirg on the aircraft, m;(¢) the mass of

the aircraft, V,; the airspeed of aircraft, M eata, the external moments of each
aircraft, I(G;, A;) the inertia matrix. The time derivation is for an observer
attached to frame Rp and the equations are written in R,. The acceleration
is obtained with two time derivations of the position. The relations between
the derivatives in the two frames are connected by the following equation:

d? :Q —

Tl =T+ Grme x X
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where < \ Ro is the derivative with respect to time of the vector X in the
vehicle- carrled normal Earth frame Ro, | R, 18 the derivative with respect

to time of the vector ? in the frame Ra , €; is the angular velocity of the
aircraft and Q Ra/Ro 18 the angular velocity of the frame R, relative to the
frame R,. After transformations and simplifications, the system takes the
following explicit form:

¢ . ) 2
i = —Csp Podmfe(l — M; + )
Voo = mLi[_migSin’Vai - %piSVaziCDi

+(cosa,cosfy, + sinfy, + sinag,cosf,, ) Fy

+Clsm, Polsi 2 (1 — M + M Y — miAAL
Bai = mil\/ai [migcos%isin,uai + %plSV;%CyZ

+[—cosay, sinf,; + cosfa, — sinag, sinfa, | Fy,
2 .
+Csr, Podei5: (1 — M; + M v — m AA]
G = ngeoscos, — b SVECH,

i m;Va, cosfaq

+[—sinag, + cosay,|F,

+OSR1P05$’L (]_ — M + == ) m,AAfﬂ]

pi E2 {n%(B C) Epz% %pleVa% Cli
+ Z 1 F3[Y31,5008 B, Sinum,j — 231,551 8m 5]}
i (Pigi(A — B) — Eriq; + 5p:S1V;. Cs (2)
+ Z?Zl Fj[xlj’wdsmﬂmﬂ - y?wijcosﬁm €080y, i1}
Gi B{ ripi(A—C) — E(p? —r?) + ZpZSlsz
+ ZJ | Fj[23,;€08Bm, €080, j — 24 €08 Bm, jsinum, ]}
T AC o2 {ri6:(B — C) + Epig; + 3p:SIV2C,

+ZJ L F[y5,;€08Bm,j sinam,j — 257,500 m 5] }
+AC E2 {pqu(A B) ET’Z(]Z %pleVa%Cm

32 Fy 5By — Y0050 gc050im,51)

XGZ. = V,,€08%4,C08Xq; + Uy
YGi = ‘/aicos/yai‘ginXai + Uy
Za, = —Va,5in7a, + Wy
bi = pi + qisingitant; + ricospstand;
0 = q;CO8Q; — T;SINY;
= e S

where j € {1,2} stands for the first and second engine of each aircraft ¢, the
expressions A = I,,, B = I,,,,C = I.., E = I, are the inertia moments of the
aircraft, p; is the air density, S is the aircraft reference area, 1 is the aircraft
reference length, g is the acceleration due to gravity,

Cp, = Cpo + kC2,
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is the drag coefficient,

rl
+ CY61512 + OY5 5711

pl
+ C’yrv

C yﬁﬁ+oy Py

is the lateral forces coefficient,

¢l
Cri = Cra(ag — ag) + Crs,,0mi + Cryu M; + CLq %

is the lift coefficient,

[ rl
Cii = CigfB + Olp% +Ch—=

v + Ci5,01 + Cls,,0ni

is the rolling moment coefficient,
Cmi = C(mO + Cma(a - CVO) + Cmtsm(smi

is the pitching moment coefficient,

[ rl
Cm’ = Cn,@ﬁ + Onpi)/ + Cnrv + Cvmsl(slZ + 0”5 6’“

is the yawing moment coefficient, (2%, n :cl}m-j, 2%, ;) 1s the position of the engine

in the body frame, P, is the full thrust, py is the atmospheric density at
the ground, F = (Fzzququ) is the propulsive force, V,; = (uy,v;,w;) is
the aerodynamic speed, (AA!, AA! AA") is the complementary acceleration,
(U, Vs Wyy) 1s the wind velocity, B, is the yaw setting of the engine and
Qmi; 1s the pitch setting of the engine. The mass change is reflected in the
aircraft fuel consumption as described by Torenbeek [11] where the specific
consumption is:

(D — i — ff—)\/@
Vo (1 + ntfiA)\/Gi +02MP A — (1= )M,

with the generating function Gj:

Csgr, =2.01 x 107°

R
Ne vl
; (K +pi)(1— <I>ncnt)
Ll
T 1 v— 1M2

The nomenclature of engine performance variables are given by G; the gas
generator power function, GO the gas generator power function (static, sea
level), K the temperature function of compression process, M; the flight Mach
number, T4 the turbine Entry total Temperature, T0 the ambient temperature
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at sea level, T the flight temperature, while the nomenclature of engines yields
is . = 0.85 the isentropic compressor efficiency:

0.05.,,0.5., L
=1-13 (=)=

the isentropic fan intake duct efficiency, L the duct length, D the inlet diam-
eter, Re the Reynolds number at the entrance of the nozzle:

ny, = 0.86 — 3.13 x 1072 M,

the isentropic fan efficiency:

I+ 77%%le
LAYy

the gas generator intake stagnation pressure ratio, 7, = 0.97 the isentropic
efficiency of expansion process in nozzle, 1, = 0.88 the isentropic turbine ef-
ficiency s, = mny,, €. the overall pressure ratio (compressor), v the ratio of
specific heats v = 1.4, X\ the bypass ratio, u; the ratio of stagnation to static
temperature of ambient air, ® the nondimensional turbine entry temperature
o = % and O the relative ambient temperature © = % The expressions
Qi (t)v Bai (t)a 0; (t)v wi@)a d)i(t)v Vai(t>7 Xa, (t)v YGi(t)7 el (t)v Di (t)v 4 (t)v ri(t)v ml(t)
are respectively the attack angle, the aerodynamic sideslip angle, the inclina-
tion angle, the cup, the roll angle, the airspeed, the position vectors, the roll
velocity of the aircraft relative to the earth, the pitch velocity of the aircraft
relative to the earth, the yaw velocity of the aircraft relative to the earth and
the aircraft mass.

The system (2) could be written in a simplified form:

Bl ), o) ®)

henceforth y; is called a state function:

y:: [toatf] — R
Yilt) = (ailt), Bui(1). Oai(t), ai(1), 4i(0), Ve, (1), X, (1), Y, (1), Zas, (1), pa(1)
qi(t), mi(t), mi(t)) (4)

The control vector is:

u; : [to, tg] — R* (5)
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where the expressions d;,(t), O, (), On, (1), 6z, (t) are respectively the roll con-
trol, the pitch control, the yaw control and the thrust control. The dynamics
relationship can be written as:

yi(t) = fi(yi, i, 1), vt € [0, T1,4:(0) = io (6)

The angles s, (t), Xa; (t), tta; (t) corresponding respectively to the aerodynamic
climb angle (air-path inclination angle), the aerodynamic azimuth (air-path
track angle) and the air-path bank angle (aerodynamic bank angle) are not
taken as state in this model. To simplify the model, the atmosphere standards
conditions are considered. The engine angles, the complementary acceleration
and the aerodynamic sideslip angle are neglected because the wind is constant
and there is no engine failure. With some complex mathematical transforma-
tions, the dynamic system (2) becomes:

( . 2
i = —Csp Podwily (1 — M; + %)
Vo, = mii[—migsin”yai — %piSVa%CDi
+(cosa, + sina, ) Fy, + Csr, Podaibe (1 — M; + M72)ul]
Ooi = mrireosg 19C08Ya,COSHa, — 505V, CrL,
+lcosaa, — sinaq, | Fy, + Csr, Podni5: (1 — M; + MTQ)wl]
Di = ﬁ{ﬁ%(B —C) — Epigi + %piSl‘/aQiOli}
+ﬁ{pi%(f4 — B) — Erig; + %PSW;%CM
$ Gi = %{—Tipi(A - C) - E(pzz - 7"12) + %Pz’SlVaZZCmi} (7)
i = amriti(B — C) + Epig; + 5p:SIVEC,

o {pigi(A — B) — Erigi + 1piSIV2Cri}

XGZ. = V,,€05%,,C08Xa,
Yo, = Vi,c087a,5iNXa,
Za, =—VasinT,,
bi = pi + qising;tand; + ricospitans;
97, = ¢iCOSP; — T;Sing;
=

By the combination of this system with the aircraft control, one has the two-
aircraft dynamic flight model as shown in (6). So, the state vector becomes:

yi: [to,tf] — R12
Yi = (Oém‘ (t)’ Oui (t)v Yai (t)v Pai (t)’ ‘/ai (t)v XGi(t)7 YGi (t)v ZGi (t)7pz(t)7 %(t)> T (t)a m; (t))
(8)
The previous state function together with the cost function and the set of con-
straints form the basic equations of the optimal control problem which shall
be shown in the following paragraphs.

The objective function model. In this work, two different cost functions
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are considered. In order to build the first cost function, let us define the
quantity named The Sound Exposure Level 'SEL’ [12, 13, 14]:

SEL = 10log { / 100'1LA1adt(t)dt] (9)
t/

where ¢’ is the noise event interval. [tig,t1¢] and [tao,tof] are the respective
approach intervals for the first and second aircraft, the objective function is
calculated as:

SEL; = 10log [ ftQO 1001 Larae(t) dt] t € [t1o, ta0)
SELlQ - SELII @ SEL21
= 10log[+ f“f 100 Earar gy 4 L ]Zlof 1001 Lazac®)qt] t € [tog, t1/]

SEL, =10log [i S 100 )y i [t17 tay]

and finally, the first cost function reads:

. (tzo—th)SEIqEB(hf—tzo)SELmEB(th—tlf)SELQ
o toy—t10

=10 lOg{ fay— t20 th ftQO 100 1L ax(t dt
+(t1f — t20) f“f 10%1Ea1O et + (1 — tag) [,/ 1001E4200t
+(tay = tag) J,7 10% a2t 1}, t € [t tay]

SFELe

(10)

where SELq is the cumulated two-aircraft noise and the operator @ means
the acoustic adding. Expressions La;(t), Lax(t) are equivalent and reflect the
aircraft jet noise given by the formula [12, 15]:

AN 25,
Lai(t) = 141+ 10log <:01) + 10log (?> + 3log ( 7 +0. 5)

(3

1 SQU;
me 2
+5log + 101og (1 - @) SRR S A
U1 So
51
NN
+10log s; — 20log R + AV + 101log [( Pi > (—> ]
PISA CrsA

where v; is the jet speed at the entrance of the nozzle, vy the jet speed at the
nozzle exit, 7, the inlet temperature of the nozzle, 7 the temperature at the
nozzle exit, p; the density of air, p; the atmospheric density at the entrance
of the nozzle, p;sa the atmospheric density at ground, s; the entrance area
of the nozzle hydraulic engine: s, the emitting surface of the nozzle hydraulic
engine, d; the inlet diameter of the nozzle hydraulic engine,

Ve = vil = (V/v1) cos(a,)*?



3868 F. Nahayo, S. Khardi and M. Haddou

the effective speed (cy, is the angle between the axis of the motor and the
axis of the aircraft), R the source observer distance, w the exponent variable

defined by:
3(Ve/c)*®
w =
0.6+ (V./c)3®
¢ the sound velocity (m/s), me the exhibiting variable depending on the type
of aircraft:

—1

me=11,/2, 2 <297 me=60, 2>20.7
S1

S1 S1

the term:
AV = —15log(Cp(M,,0)) — 10log(1 — Mcosb),

means the Doppler convection when:
Cp(M,,0) = [(1 + M.cost)* + 0.04M?]
M the aircraft Mach Number, M, the convection Mach Number:
M. =0.62(v; — Veos(ay)),/c

0 is the Beam angle. The objective formula above could be written in the
following simplified form

hmwmmwzlﬁwwmwMt

In the second case where the second plane is delayed d; from the first one, the
flight procedures remain the same for the two-aircraft and the cost function is:

Ty u() = 10000 0dt ¢ € o, to + 61
J(y(.), u()) _ t0f+ég[100.1LA1(t) + 100.1LA2(t75t)]dt’t c [to + 5t,tf] (11)
J(y()yu() = [T 100 Bl dn ¢ € [ty 4 6]

where Lao(t) = Lay(t).

Constraints. The considered constraints concern aircraft flight speeds and
altitudes, flight angles and control positions, energy, aircraft separation:

1. The vertical separation given by Zg,, = Zg, — Zg, wWhere Zg,, Z¢, are
respectively the altitude of the first and second aircraft and Zg,, the
altitude separation.

2. The horizontal separation X¢,, = X¢, — X¢, [16, 7, 17] where X¢,, X,
are horizontal positions of the first and second aircraft and their separa-
tion distance.



Two-aircraft dynamic system on approach 3869

3. The aircraft speed V,, must be bounded as follows 1.3V, < V,, < Vj
where V; is the stall speed,V;y is the maximum speed and V;, = 1.3V} the
minimum speed of the aircraft A; [19, 11], the roll velocity of the aircraft
Pi € [pio, Dig), the pitch velocity of the aircraft ¢; € [gi0, ¢if] and the yaw
velocity of the aircraft r; € [ro, 7] -

4. On the approach, the ICAO standards and aircraft manufacturers re-
quire flight angle evolution as follows: attack angle oy, € [, vif], the
inclination angle 6; € [6,0,0;¢] and the roll angle ¢; € [¢io, Pif].

5. The aircraft control §(t) = (0y,(t), O, (x), On, (t), 62, (t)) is maintained be-
tween the position d;p and d;;¢ for the roll control, d,,,0 and d,,; for the
pitch control, d,;0 and d,,¢ for the yaw control and ¢, and d,;¢ for the
thrust.

6. The mass m; of the aircraft A; is variable: m;y < m; < myp,7 = 1,2,
This constraint results in energy consumption of the aircraft [20, 21].

On the whole, the constraints come together under the relationship:

ki;(yi,u;) <0
koi(yi,u;) >0 (12)

where

k(t) : R"? x R* — R (y;,w;) — ki(y;, w;)

kii(yi, wi) = (qi(t) — aup, 0i(t) — Oiy, 0i(t) — ig, ¢i(t) — iy, Va, (t) — Vaig
Xe, (t) = Xair, Yo, (1) = Yair: Za,(t) — Zaip, pi(t) — pig: 6i(t) — Giy
ri(t) = 1ig, 01, (t) = 01,15 Oy () — Omifs Oni (1) — Onigs 0y (8) — Ouiy
mi(t) —mis)

koi(yi, wi) = (i(t) — cvio, 0i(t) — Oio, i (t) — o, $i(t) — dio, Va, (t) — Vaio
Xe, (t) — Xeio, Yo, (1) — Yaio, Za, (t) — Zaio, pi(t) — pio, ¢i(t) — dio
7i(t) = 7i0, 01, (t) — 01,0, Om,; (t) — Omio, O, (t) — Onio, 0a, (t) — Guzio

The following values reflect the digital applications considered for the two-
aircraft [10, 11, 12, 20].
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Table: Limit values for the two-aircraft in approach

maximum value

minimum value

V;zlf = ‘/agf = 200 m/s
Z(;lf =35 X 102 m
ZGQf =41 X 102 m
81y = Oy = 0.0174
Smif = Omay = 0.087
Snrf = Onay = 0.314
Su1p = Oazp = 0.6
Qg1 = Qg2f = 200
ealf - 9a2f -
Yalf = Va2f = OO
Ma1f = Ma2f = 3°
Xalf = Xa2f = o°
¢alf = ¢a2f =1°
7vbalf = wa2f =3°
tiy = 300 s,toy = 390 s
10~ 1.1 x 10° kg,
20 =~ 1.10071 x 10° kg

‘/;11() = ‘/agg = 73.45 m/s
Zcio=0m

Zaoo =0m

5110 == (5[20 = —00174
5m10 = 5m20 =0

On10 = On2o = —0.035
0210 = Oz20 = 0.2

Qlg10 = Qg = 2°

9(110 = 9(120 = —17°

Yal0 = Ya20 = —9°

Ha1o = fa20 = —2°

Xalo = Xa20 = —9°

Ga10 = Paz0 = —1°

7vbal() = waZO = =3
thIOS,t20:9OS
mys ~ 1.09055 x 10° kg,
may ~ 1.09126 x 10° kg

A =5.555 x 10° kg m?
C' = 14.51 x 10% kg m?

B =9.72 x 10° kg m?
E = -33x10* kg m?

Z12:2><103ft:6><102m
X6, =5 NM~9x10*m

pif=pos = 1°s71
qif = oy = 3.6°s71
Tif =Tof = 12°571

P10 = pao = —1°s71
qi0 = q20 = 3°s*
T = 120 = —12°571

The two-aircraft acoustic optimal control problem. The combination
of the aircraft dynamic equation (3) and (7), the aircraft objective function
from equations (10) and the aircraft flight constraints (12), the two-aircraft
acoustic optimal control problem is given as follows:

+L20 g12 yl( )7u1(t ( ) ( )7
y(t) =f(u(t),y(t ) ( ) =
Vt € [tio, tay], t10 = 0,y(0)
ki;(yi,w) <0
( koi(yi,u;) >0

( mityey Jana(y(),u() = [ g1(ya(t), w(t), t)dt
t

d +ft20 92 YQ()

2
) = ug

o(t), 1)dt + d(y(ty))

t
(wy (), uz(t)), y(t) = (yi(t), y(t))
=¥y, u(0

(13)

where g1 shows the aircraft coupling noise function and Jg1o is the SEL of the

two A300-aircraft.
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3 Numerical processing

The problem as defined in the relation (13) is an optimal control problem
[22, 23, 24] with instantaneous constraints:

HllnuEU J12( ( )a u()) = ttof g(Y(t)> u(t))dt
y(t) = £(y(t), u(t))
ki(y,u,t) <0
>0

k2(Y7 u t)

(14)

where

kii(yi,w) = (0u(t) — cug, 05(t) — Oip, 0i(t) — Vig, §i(t) — dig, Va, (1) — Vaiy
X, (t) — Xaig, Ya,(t) — Yaip, Za,(t) — Zaig, pi(t) — pig
( ) szv rl( ) Tif; 511‘ (t) - 5lif7 5mi (t) - 5mif7 (Sm (t> - 5nif
Oz, (t) = Ouig, mz(t) - mif)
Ko (yi, w;) = ( i(t) — o, 05(t) — Oi0, ¥i(t) — io, $i(t) — dio, Va, (t) — Vaio
X, (t) — Xaio, Ya,(t) — Yaio, Za,(t) — Zgio, pi(t) — pio
qz(t) qio0, Tz<t> 750, 511' (t) - 511'07 (5mz (t) - 6mi07 (5n, (t) - 5ni07
Oz, (t) — mio, mi(t) — mao)
(15)
Consider the pseudo-Hamiltonian of the system (15) given by:

H(Y? u, f)v I~)07 t) - I~)TF(Y7 u, t) - f)Og(Y7 u, t) - lel (Y7 u, t) - M2k2 (ya u, t)
(16)
where p = (D1, P2), P; = (Dui, Dois D3is Dai Dsi» Déi» Dris Dsis Doi» D10i> P11is D123, D13i) "
is the adjoint state. With this new Pontryagin formulation, optimality neces-
sary conditions are given by:

Hy(y,u,p, Py, t) =0

}:’ - Hf’(Y: u, f)a I~)07t) - F(Y(t)v u(t)) (17)
f) = —Hy(y,u,f),f)o,t)

ki(y,u,t) <0,ko(y,u,t) > 0,t € [to, ts], 12 >0

where H a pseudo-hamiltonian. From equation H,(y,u,p,Py,t) = 0,with
some regularity assumptions, one has:

u(t) =(y(t),p(t)) (18)
The Hamiltonian is then:
H<Y7 u7p7ﬁ07t> = H(w@'; ﬁ)uY? f)) (19)
The Hamilton system becomes:

y :Hf)(Y7u f) 1307 )a (tO) =
P =—Hy(y,u,P, Py, 1), Pty )= "(y(t)) (20)
ki (y,u, t) <0,ko(y,u,t) >0,t € [to, tf]
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The above system is a Hamiltonian system. Conservation of the Hamiltonian
can not be guaranteed along numerical solutions. y,,p,,u,, and q,, are
considered as an optimal solution of the problem:

min Ji5(y,,, Up, )
Up,

Vo1 = Yo+ Y 0F(y,, ), ¥(t) =y,
k=1

Ynk =Yn + hzakjF(Ynjaunj)ak = 1a ey S
7=1

kl(ynaunk) S O

\ kQ(ynaunk> Z 0

when the following conditions are true:

Ly, =Vy (Ln+Lyy1) =0

Lynk :vynkLnJrl =0,k=1,...,s

Ly,, =V, Lny1 =10, k=1,..s (21)
Ly, =V L,=0n=0,...,N

L

A, vanLn—H =0,k=1,...s

The Lagrangian L is given by the formula:

N-—1

L :g(yn7unk)+LO+ ZLn—H
Ly =19 (yto) = ¥o)

. - 22
Ln+1 = pZ;H Yo = Yun +h Z bjF(unj,ynj)> ( )

j=1
+Zqzk (yn —Yn, T hzakjF(unj,ynj)> Vn=20,...N—1
k=1 j=1

Considering M = (A,b) and M = (A,b) where M is the matrix of coefficients
in the state equation and M the coefficients matrix in the co-state equation,
application of a symplectic partitioned Runge-Kutta method leads to a system
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Ynt1 = ¥Yn + h’z ka~ unkv Ynk)> Y(tO) =Yo
yn—i—hZak] (Wns ¥, ) b =1,.08
f)n-l—l pn hzka pnk7Ynk) pN - (b/(tf)

f)nk = 13 h/za’k‘] an7YnJ)

&kj = bj — b—]ajk, bj = Bj
k
kl(ynaunk) S O
kQ(ymunk> >0
Algorithm 1:

tp—t
t, = L=, where

1. Let us subdivide the time interval [to,tf] as h = t,11 — =

N is the number of samples in numerical schema.

2. For 0 < n < N, we obtained :

H (ukw Yiis pkz) 0

Yoi1 = Yo + hZ biHp(Uny, ¥, ), ¥ (t0) = ¥
k: 1

—yn—i-hZakj (W, ¥5,), b =1,..8

Ppi1 = Dn — hZ bk Hy (g Yg> Un, ), Py = ¢/ (t5)
(24)
f)nk = h Z ak] pn 7yn] ung)

H(Y > Pry) = H(¢(ynk,pnk),ynk7ﬁnk)

i&jk,bj = ZN)j
kl(ynaunk) S O
kQ(ynaunk) 2 O

Ecrire thi1, Y1, Pryt

akj = bj —

3. Stop.

This algorithm is implemented by A Modeling Language for Mathematical Pro-
gramming " AMPL”. The Nonlinear Interior point Trust Optimization solver
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"KNITRO” is called on to extract the optimal dynamic solution of the two-
aircraft optimal control problem. The numerical results and the optimality
convergence characteristics are presented in the following section.

4 Results and discussion

Figure 1 shows the noise levels when the optimization is applied and the solu-
tions obtained. The observation positions are (—20000 m, —20000 m, 0 m) for
AON Ly, (—19800 m, —19800 m, 0 m) for AON Ls,..., (—600 m, —600 m,0 m)
for AON Lg. The touch point on the ground is (0 m, 0 m,0 m) while the tem-
poral separation of aircraft is 90 s. The observation points are taken on the
ground under the flight path and are independent from each other. At each
point, it is a vector of N noise levels as shown in the discretization process. It
is very important to consider the maximum value among the N values, which
value corresponds to the shortest distance between the noise source and the
observation point.

110 ; ; ; ; ; ; 110
- - — AONL1 —.— AONLS
- AONL2 - - — AONL6 ,
1001 . —.—. AONL3 1 100F ... AONLS S

AONL4

AONL6

90 -

Noise levels (dB(A))
Noise levels (dB(A))

50

1 1 1 1 1 1 50 1 1 1 1 1 1
0 100 200 300 400 500 600 700 0o 100 200 300 400 500 600 700

Figure 1: Aircraft noise at the indicated reception point

AON L means Aircraft Optimal Noise Level. As specified, noise levels increase
and is maximum when the observation point lies below the aircraft. Noise
levels decrease gradually as the aircraft moves away from the observation point.
This is in good agreement with [2, 25]. By comparison, this result is also close
to standard values of jet noise on approach as shown by Harvey [26, 27]. To
conclude, numerical calculations carried out in this paper are efficient and fitted
with experimental and theoretical research related to acoustical developments.
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Figure 2: Aircraft optimal flight paths and speeds

Figure 2 shows the trajectories characterized by a part of constant flight level
followed by a continuous descent till the aircraft touch point. The aircraft’s
landing procedures are sufficiently separated. It is obvious that each aircraft
follows its optimal trajectory when considering the separation distance. Con-
straints on speeds described in the previous table are considered, allowing a
subsequent landing on the same runway. Thus, as recommended by ICAQO, the
security conditions are met and flight procedures are good as shown by the
presented results. The maximum altitudes considered are 3500 m and 4100 m
for the first and second aircraft. The approach duration is 600 s for the first
aircraft and 690 s for the second. This figure shows that after some time, the
same optimal trajectory have been obtained for the two-aircraft even though
the procedures are different. This shows the aircraft trajectory resulting from
the two trajectories combination. This figure also shows aircraft speed evolu-
tion during landing. For the first, the aircraft speed decreases from 200 m/s
to 69 m/s. This evolution remains the same for the speed of the second aircraft.

Figure 3 shows the first aircraft angles versus time as recommended by ICAQO.
As specified, the aircraft roll angle oscillates around zero. The flight-path angle
is negative and bang-bang. It keeps the recommended position for the landing
procedures. The attack angle stands between 2° and 20°.
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Figure 3: Aircraft flight-path angles

Since the trajectory of the aircraft is aligned with the runway, the yaw angle
is small as shown in Figure 3. These angular variations show the aircraft
aerodynamic stability and the flight safety.
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Figure 4: Aircraft flight-path angles

Figure 4 shows the second aircraft angles versus time as recommended by
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ICAO during aircraft landing. As specified in this figure, the aircraft roll
angle oscillates around zero. The flight-path angle is negative and bang-bang.
It keeps also the recommended position for aircraft landing procedures. The
attack angle stands between 2° and 20°. Since the trajectory of the aircraft is
aligned with the runway, the yaw angle is small as shown in figure 4. These
angular variations confirms the aircraft aerodynamic stability and the flight
safety.

0.6
0.5 i
0.4 b
—————————————————————————————

0.3 ! b

0.2t L -

Aircraft throttle position 6x1

0.1

! ! ! ! !
0 100 200 300 400 500 600
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0.4 b

0.3 i

0.2 - - -

Aircraft throttle position éxz

0.1

! ! ! ! ! !
0 100 200 300 400 500 600 700
Time (s)

Figure 5: Aircraft throttle variation

Figure 5 shows the aircraft throttle positions during all the approach. They
oscillate between 0.2 and 0.6 during the landing procedures. The two-aircraft
roll velocity relative to the earth p;, po, the two-aircraft pitch velocity relative
to the earth ¢q1, @9, the two-aircraft yaw velocity relative to the earth ri, ro,
the aircraft mass, the roll control, pitch and yaw control reflect the limiters
conditions as shown in table 1.

5 Conclusion

In this paper, a mathematical model of two aircraft dynamic system has been
developed allowing to reduce noise at the vicinity of airports and to provide
suitable optimized flight paths. Theoretical considerations of a symplectic
partitioned Runge-Kutta discretization scheme are used. An optimal local
solution of the discretized problem is found through a global convergence. Re-
sults show a reduction of noise at reception points during the approach of two
successive aircraft. The obtained trajectories exhibit optimal characteristics
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and are effective where noise reduction is concerned. Further researches are
needed for completing the model that will be applied to air traffic.
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la Francophonie-Région Afrique Centrale. This is also supported by the French
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