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Abstract

This thesis is concerned in g-nonuniform difference classical analysis

that is classical analysis on g-nonuniform lattices.

The first two Chapters treat the standard fondements of this analysis
that is the g-nonuniform difference and integral calculus on one side

and the ¢g-nonuniform difference equations on the other side.

The third Chapter sumirizes one of the advenced g-nonuniform cal-
culus that is the g-nonuniform difference control theory. This is one
of the proof that the g-nonuniform difference analysis has a coherent

theory.

The Chapters four and five are concerned in the main contributions of
this thesis. The fourth deals with the ¢g-nonuniform orthogonal poly-
nomials and show how to obtain the multiple polynomial of Askey-
Wilson. We first show how one can obtain Al-Salam-Chihara polyno-
mials, continuous dual g-Hahn polynomials, and Askey-Wilson poly-
nomials from the little ¢g-Laguerre and the little g-Jacobi polynomials

by using special transformations as showed in the figure 4.1. This



procedure is then extended to obtain multiple Askey-Wilson, mul-
tiple continuous dual ¢-Hahn, and multiple Al-Salam-Chihara poly-
nomials from the multiple little ¢-Laguerre and the multiple little

g-Jacobi polynomials.

In the fifth, we prove the essential of classical integral inequalities
that is the ¢-nonuniform integral inequalities of Holder, Cauchy-
Shwartz, and Minkowski based on the techniques used in classical
analysis, g-nonuniform integral inequalities of Gronwall and Bernoulli
based on the linear g-nonuniform difference equations of first or-
der and the corresponding Lagrange resolution method and the g¢-
nonuniforn integral inequality of Lyapunov based on ¢-nonuniform

Sturm-Liouville equation.

Finally, in the Chapter six, we judged better to expose one of the re-
cent result of g-nonuniform difference analysis that is the g-nonuniform
Laplace transform. It is a generalization of the Laplace transfrom,
Z-transform and ¢-Laplace transfrom applied respectively in differ-

ential analysis, difference analysis and g¢-difference analysis.



Résumeé

Cette these s’intéresse a ’analyse classique aux différences g-non uni-

formes qui est une analyse classique sur le réseau ¢-non uniforme.

Les deux premiers chapitres traitent les fondements standards de
cette analyse, a savoir le calcul différentiel et intégral sur le réseau
g-non uniforme d’un coté et les équations différentielles sur le réseau

g-non uniforme de 'autre coté.

Le troisieme chapitre résume 1'un des calculs avancés sur le réseau
g-non uniforme qui est la théorie de controle sur le réseau ¢-non uni-
forme. C’est 'une des preuves que ’analyse mathématique sur le

réseau g-non uniforme admet une théorie cohérente.

Les chapitres quatre et cinq sont concernés par la contribution prin-
cipale de cette these. Le quatrieme chapitre traite des polynoémes or-
thogonaux sur le réseau ¢g-non uniforme et montre comment obtenir
les polynomes d’Askey-Wilson multiples. Nous montrons d’abord
comment obtenir les polynomes d’Al-Salam-Chihara, de g-Hahn du-
als continus et les polynomes d’Askey-Wilson a partir des polynomes
dits petits g-Laguerre et petits ¢-Jacobi, en utilisant des transforma-
tions spéciales comme illustré sur la figure 4.1. Cette procédure est

vil



viil

ensuite étendue pour obtenir les polynomes d’Askey-Wilson multi-
ples, ceux dits ¢-Hahn duals continus multiples et Al-Salam-Chihara
multiples a partir des polynomes dits petits g-Laguerre multiples et

les polynmes dits petits g-Jacobi multiples.

Dans le cinquieme chapitre, nous prouvons l’essentiel des inégalités
intégrales classiques, a savoir les inégalités intégrales sur le réseau
g-non uniforme de Holder, Cauchy-Shwartz et Minkowski basées sur
les techniques utilisées en analyse classique, les inégalités intégrales
sur le réseau g-non uniforme de Gronwall et de Bernoulli basées sur
les équations aux différences linéaires g-non uniformes de premier
ordre et la méthode de résolution de Lagrange correspondante, et
en fin 'inégalité intégrale sur le réseau ¢-non uniforme de Lyapunov

basée sur I’ équation g-non uniforme de Sturm-Liouville.

Dans le dernier chapitre, nous avons jugé préférable d’exposer I'un
des résultats récents de 1’analyse aux différences sur le réseau g-non
uniforme, a savoir la transformée ¢g-non uniforme de Laplace. Il s’agit
d’une généralisation de la transformée de Laplace, de la transformée
en Z et de la ¢g-transformée de Laplace en analyse différentielle, aux

différences et aux g¢-diffrences réspectivement.
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Introduction

Calculus on lattices appeared as part of the bubbling development of
the numerical calculus accompanying the wellknown numerical era
beginning with the second part of the 20th century.

The concept of calculus on lattices was initiated by Alphonse P. Mag-
nus in [43, 44] while generalizing orthogonality measure for polyno-
mials. A set of divided difference derivatives on lattices transform-
ing a polynomial of degree n into a polynomial of degree n — 1 was
there naturally derived. This set includes: the standard differen-
tial derivative, the difference derivative, the g-derivative or Jackson
derivative and the Askey-Wilson derivative, seen as the divided dif-
ference derivative on constant, uniform, ¢g-uniform and ¢g-nonuniform
lattices respectively.

We refer to the corresponding calculus and equations as the dif-
ferential (usual), difference, g-uniform difference and g-nonuniform
difference calculus and equations respectively.

The differential and difference calculus are already proud of their
classificality. At the beginning, g-calculus (or g-uniform difference
calculus) appeared as a new field in analysis for the investigation
of calculus without limits. F. H. Jackson introduced in [33] the g-
calculus in the early twentieth century, but the history of g-calculus
(and g-hypergeometric functions) dates back to the eighteenth cen-
tury.



g-Calculus can in fact be taken as far back as Leonhard Euler (1707-
1783), who first introduced the ¢ in [28] in the tracks of Newton’s
infinite series.

Recently it arose interest due to high demand of mathematics that
models quantum computing. Indeed, g-calculus has a lot of applica-
tions in different mathematical areas such as number theory, com-
binatorics, orthogonal polynomials, basic hyper-geometric functions
and other sciences. The book by Kac and Cheung [34] covers many
of the fundamental aspects of g-calculus or quantum calculus.

From the beginning of eighties, Alphonse P. Magnus rediscovered
and extended the g-calculus and his special cases, in his pionnering
work [43]. There, he considered the most general divided difference

derivative [43, 44],

Df(t(s)) _ f(t§3+§))—f(t(3_§))7 (1)

admitting the property that if f(¢) = P,(¢(s)) is a polynomial of
degree n in t(s), then Df(t(s)) = P,_1(t(s)) is a polynomial in t(s)
of degree n — 1. Here t(s) is a complex-valued discrete variable

function satisfying the relation

1 1
F(#(5), 4(s - 5)) = F(t(s),t(s + E)) —0, seZ,, (2)
where F' is a two variables quadratic polynomial

F(z,y) = az® 4 2bxy + cy® + 2dx + 2ey + f (3)



with a, b, ¢, d, e, f eC.
From (2) and (3) it follows that

1

5+ 5) = Plt(s)) + VQUE), Hs—3) = P(1(s) ~ VR, (4)

where P(t(s)) and Q(t(s)) are polynomials of degree at most 1 and
2 respectively.
From (4) one derives the following most important canonical forms

for t(s) in order of increasing complexity:

t(s) = 1(0); (5)
t(s) = s (6)
t(s) = % (7)
t(s) = qs+q_s;q€(C,s€Z. (8)

2

When the function t(s) is given by (5)-(7), the divided difference
derivative (1) leads to the ordinary differential derivative Df(t) =

% f(t), finite difference derivative

d

Af(s) = f(s+1) = f(s) = (e= = 1)f(s) (9)
and ¢-difference derivative (or Jackson derivative [33])

flgt) = f(t)  qi —1
gt —t gt —t

D,y f(t) = f(t) (10)

respectively. When t(s) = z(¢°) is given by (8), the correspond-
ing derivative is usually referred to as the Askey-Wilson first order

divided difference operator [9] that one can write:




where x(z) = Zzl is the well known Joukowski transformation and

z=q°.

The calculus related to the differential derivative, the continuous or
differential calculus, is clearly wellknown. The one related to the
derivatives (9),(10), (11) (difference, g-difference and g-nonuniform
difference respectively) is referred to as the discrete calculus. Its in-
terest is two folds: On the one hand, it generalizes the continuous

calculus, and on the other hand, it uses a discrete variable.

We will note also that (11) is at our best knowledge, the most general
known divided difference derivative having the property of sending

a polynomial of degree n in a polynomial of degree n — 1.

This thesis is concerned in the g-nonuniform difference calculus, that
is the calculus generated by the derivative in (11). Our objective is to
expose, to introduce or to develop the basic cencepts of g-nonuniform
difference analysis or analysis on ¢g-nonuniform lattices, which is cur-
rently in its infancy.

In this thesis, we mainly review the foundations already laid and then
continue with our own contributions in the area. We begin with the
standard preliminaries such as the g-nonuniform difference and inte-
gral calculus in Chapter 1, the g-nonuniform difference equations in
Chapter 2, continue with the g-nonuniform difference control theory

in Chapter 3.

In Chapter 4, we present our own contributions in an important

branch of g-nonuniform difference analysis which is the g-nonuniform



difference orthogonal polynomials theory. Here we first show in Sec-
tion 4.2.2 how some families of basic hypergeometric polynomials are
related by linear transformation. This transformation is a g-analogue
of the Fourier—Jacobi transform that maps Jacobi polynomials to

Wilson polynomials [40].

Next, considering three families of basic hypergeometric polynomi-
als: the Al-Salam—Chihara polynomials, the continuous dual ¢-Hahn
polynomials and the Askey—Wilson polynomials, we show how they
can be obtained by a linear transformation from the little g-Laguerre
and the little g-Jacobi polynomials. We then extend this procedure

to multiple orthogonal polynomials in Section 4.2.3.

Finally, we recall multiple little ¢-Laguerre polynomials in Section
4.2.3.1 and multiple little ¢-Jacobi polynomials in Section 4.2.3.2 and
then apply the linear transformations to obtain multiple Al-Salam—
Chihara polynomials Section 4.2.3.3, multiple continuous dual g¢-
Hahn polynomials Section 4.2.3.4 and finally multiple Askey-Wilson
polynomials Section 4.2.3.5.

In Chapter 5, we give our own contributions in another important
area of g-nonuniform difference analysis which is the g-nonuniform
difference version of the classical integral inequalities. Here, using the
techniques used in classical analysis, we establish the g-nonuniform
difference versions of the wellknown in differential calculus, integral
inequalities of Holder, Cauchy-Shwartz, and Minkowski (Section 5.1
and Section 5.2). Then using the linear g-nonuniform difference

equations of first order and the corresponding Lagrange resolution



method, we establish the g-nonuniform difference versions of the in-
tegral inequalities of Gronwall and Bernoulli (Section 5.3 and Section
5.4).

We finally give the g-nonuniforn version of the Lyapunov ntegral
inequality by using the g-nonuniform Sturm-Liouville equation in

Section 5.5.

In Chapter 6, we present a recent developpement of g-nonuniform dif-
ference classical analysis which is the g-nonuniform difference Laplace
transform. This is a generalization of the Z-transform in difference

analysis [27] and ¢-Laplace transform in g-difference analysis [17].



Chapter 1

g-Nonuniform difference and

integral calculus

In the following lines, we first introduce basic concepts of g-nonuniform
difference calculus necessary for the sequel. The functions that are

considered in the ¢g-nonuniform difference calculus are clearly defined

on the set
7 n
_ k —_J-
T—{x(q ), k€2 {Z}nEZ}a (1.1)
z—l—z_l
r(e) = =

1.1 ¢-Nonuniform difference calculus

Here for clarity, we outline basic formula of the differentiation on

g-nonuniform lattices. This means that setting z = ¢* in (8), the

. . —1
current variable is now z(z) = %



1. Derivative of a product

)
Fg(2(q22))) — flg(x(q722))) g(z(q3z)) — gla(q22))
g(z(q22)) — g(z(q 22)) 2(q2z) — (g 22)
= Dyf.Dag
Hence
D(f(9))(x(2)) = Dyf Dag (1.4)

4. Derivative of the inverse function
Let y = f(x). Then z = f~!(y), where f~! is the inverse to
f function. Applying the divided difference derivative on both

sides of the preceding equation, one obtains

L FM(a(e22) — M (e 22)
2(q7z) — 2(q22)
FHy((g22)) — M y(2(g722)) y(x(g22)) — y(z(q22))
y(z(q22)) — y(x(g22)) - 2(gEz) — (g
= D,f ' D,y.




Hence
1
D,f Y 1.5
5. Derivative of a polynomial
-1
Let P,(x(z)) be a polynomial in the variable z(z) = © +22

We calculate its derivative to make sure that it is polynomial in

x(z) with moreover a degree equal to n — 1. Using the fact that

any polynomial of degree k in z(z) = z+2£ can be written as

k 1. k
Z+ 2z \? , .
Pa(=) = Y a(Z5—) =D b 42 (16)

i=0 =0

we obtain
> bi(qte) + g 22 ) = 3 bi(q i + gz

DP,(a(2)) = =

a q%—q_%~ z+ 271
- Zzbj _1 1 J_1< 2 )
j=1 q 2 —(qz
= 24271
- ”‘1< 2 )

1.2 ¢-Nonuniform integral calculus

1. Integration
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We consider the g-nonuniform divided difference derivative de-

fined by (from now on ¢ € R, s € Z*, as indicated below)

aor f(x(q22)) = fla

Df(z(z)) = - ?éz)), 1.7
flatey) o LDl (L7
o(z) = +2Z_ (1.8)

= 2(¢°) = ¢ +q_8, geRY, scZ".

2

A function f(z(z)) is said to be g-nonuniform differentiable on
x(z) iff the ratio in the r.h.s. (right hand side) of (1.7) exists
and is finite. Clearly, every continuous function on T (in the

topology of R) is g-nonuniform differentiable on that set.

Let’s suppose that DF (z(2)) = f(z(z)); 2z=4°

or equivalently

= [(x(q)). (1.9)

F(z(¢%)) — Fz(q"™)) = [2(¢") — 2(¢*™)] fz(qg""2))
F(z(¢*™h) — F(a(q®™) = [2(g*) — 2(¢*)] f(2(g*2))



11

By adding member by member, we get

1

Fla(g") = Fle() = > |2(@") = 2(g™")] f(a(g™)).

Z — a(qt)] f(z(tg?))
2(gV) x(t)=x(
=" [2(t) — z(qt)] f(=(tq?)),  (1.10)

the g-nonuniform integral of the function f(x(z)) on the inter-

val [(q"), 2(2)].

This integral sends a polynomial (in z(z)) of degree n in a poly-

nomial of degree n + 1 [13].

Replacing z(z) = %2_1 in this last equation we have
z(z) N1
1 1 1
f@(2))dgr(z) = 5(1—q) Y t(1 - g2/ (@) (L)
t=z
z(q™)

Let us stop for a moment on the appropriate writing of (1.11)
to verify in particular whether in these equations the integral in
the left hand side has a lower bound, actually lower than the up-
per bound. Note first that the function z(z) = %ﬂ, z € RT,
is decreasing for 0 < z < 1 and increasing for 1 < z < o0.

Assume first that 0 < ¢ < 1. In this case, since according to

the construction N > s > 0, one will have ¢ < z = ¢* and



12

2(2) < z(¢") and the convenient writting of (1.11) is

z(q™)

flz L—q}jt———l flz(tg?)). (1.12)

On the other hand, if 1 < ¢ < oo, we will have z < ¢ and

2(2) < 2(¢") and (1.11) becomes (1.12) again. On other side,
n (1.12), the factor

ht)=(1—qt(—5—1); t=¢", s€Z”

is always positive regardless of whether 0 < g < lorl < g < oo
(let us agree from now on that 0 < ¢ < 1 and therefore 0 <
z < 1). This leads us to the following fundamental positivity
property of the integral in (1.12).

Property 1.1. If f(x(z)) > 0 and a = 2(¢*) < b = 2(¢"), then

b

/j@@»%ﬂ@>o.

a

Corollary 1.1. If f(z(2)) = g(x(2)) and a = z(¢*) < b =
z(q%), then

b

b
l/ﬂﬂ@ﬂw@ﬂa/ﬂﬂ@ﬂw@)

a
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2. Connection between the g-integral and g-nonuniform in-

tegral
We have
w(q™) 2
Fal@d() =5 [ (5= Dra@)dz  (113)
(2) v
For N — oo

qz*
- 1
=5(1- Q)ZZ(quHZQ — DS (a(g72))
1=0

(1.14)

and the integral with lower and upper finite bound can be writ-

ten

f(x(2))dgz(2) (1.15)

S— .

F((2))dyr(z) = / F((2))dg(2)—

@\8

a = x(q®) < b = x(¢”) (if the integrals at the r.h.s. of (1.15)
exist).

A function f(z(z)) defined on T is said to be g-nonuniform
integrable on a finite interval [z(z), x(¢g")] iff the sum in the r.h.s.
of (1.12) exists and is finite. If the upper bound is infinite, the
g-nonuniform integrability means the convergence of the infinite
series in the r.h.s. of (1.14). Every continuous function on T
(in the topology of R) is clearly g-nonuniform integrable on any

finite interval on that set.
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Remark 1.2. Tt is not difficult to notice that to deal with the case
where s > N > 0 it would suffice to replace in the preceding

formulas z = ¢* by ¢” and vice versa.

In this case, from (1.10), we obtain:

x(q™) 2(zq~)
Fla(2)da(z) =Y [x(t) - :U(qt)]f(q;(qét))
z(z) z(t)=z(qV)
=2 [fc(f) - fc(qt)}f(:c(qét)) (1.16)

or by replacing r(z) = “5— in (1.16)

(") 2q~ !
[ i) = 50— 3 1 - ) fatan). (117
x(2) t=q"

Passing to the g-integral, we will have

z(g") z
[ i) = [ (- Dia@de 1)
(2) q
For N — 0
v 1 . 1
[ ra@ydat) = 3la- D 3 1= gatat)
1 = 1 o
==(¢-1)) ¢@1- ) (@)
1=0
1 [l
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Finally, if a = 2(¢%) < b = z(¢"),

b

/ﬂa@mﬂ@>ejﬂuamﬂww-

o
=

f(@(2))dga(2)

a

/#u@mﬁ@— F((2))dy(2).

a

/
/

(1.20)

3. Fundamental principles of analysis

(i) We can formulate the statement of the fundamental prin-
ciple of analysis as follows: The g-nonuniform derivative of
the integral of a function is this function itself. This corre-

sponds to the formula:

(")
2(q"V"2)
= D[ 3 [ela o)~ wlat) f(a(2))]
(q2z)
w(qV72)  a(gVE) 1 1
R s,

Hence
p[ [ fe@da()] = fa). 2
(")
(i) This is the g-nonuniform version of the Newton-Leibnitz

formula:



16



17

4. Integration by parts

By integrating the formula

f(2(a*2))Pg(w(2)) = D| fg| (2()) = g(xlg #2)Df(w(2))
(1.23)
and using the second fundamental principle of the analysis, one

obtains

| [r6t@npgae)]dat) -
z(qN)
)

x(z

s - [ sl tDsEdae). 2

qN)
z(g")

5. Integral of a polynomial

We now calculate the integral of a polynomial P,(x(z)) of de-

gree n in the variable x(z) = % and make sure that it is

a polynomial in x(z) with moreover a degree equal to n + 1.

The relation (1.6) will also be used. So, for a given polynomial

P,(x(2)), we search a function f(z(z)) such that

e == L CICINIEY

x q%z)

=
()
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_ g —qi(z_z 1)Pn(z+z_1>
2
n+1
= > a4z —=7)
j=1
= Py (2) + P2 y(2)
where
n+l n+1
Pri(2) = Z a;z’, P(z) = — Z a;z”" (1.26)
i=1 i=1

Now, let us consider two functions fi(z(z)) and fo(x(2)) such

that f(z(2)) = fi(x(2)) + fa(z(2)) and
fiw(g22)) = fi(w(g22)) = Pray(2) (1.27)

fala(q22)) — fala(q22)) = P2(2) (1.28)

From (1.27) and (1.28) it follows, respectively, that

Z L (g (¢722) + ¢ = Zlai_qqlzqucl (1.29)
i=1
1 U CL'qé
> PZi(qg +02:211_qizl+c2 (1.30)



Hence
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(1.31)






Chapter 2

g-Nonuniform difference

equations

2.1 ¢-Nonuniform difference equations of first or-

der and elementary functions

2.1.1 Linear ¢g-nonuniform difference equations of first or-
der

Consider the first order g-nonuniform difference equation

Dy(a(2)) = a(z(2))y(x(g22)) + b(x(2)). (2.1)

As in differential or difference calculus, to solve it, we first solve the

corresponding homogeneous equation

Dy(a(2)) = a(z(2))y(z(g22)). (2.2)




we get

yo(x(2q2)) = pla(2))yo(a(zq~2))

where

pla(z)) =1+ (afi(zq%) - 2(2q7%))a(a(2))
—1+ L —2q : (z — 2 Ha(z(2)).

By the recursion

yo(x(2)) = [p((2q2))] " yo(x(2q)),

we get

N-1

yo(x(2)) [ zq2 }_1 :

l:0
Consider now the following equation
Dij(a(2)) = a(2))j(x(2g2)) + bx(2))

and its homogenous part

1

Dy(x(z)) = a(z(2))g(x(2q2)).

Developping the latter, we get the relation

J(2(2q2))p(2(2)) = §l(2q72)).

22

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)



where

1

Pla(2) = 1= (2(z0%) — 2(zq~))a(x(2))

1

1T _2q (2 — 2 Na(a(2)).

Using the recursion

Jo(2(2)) = plx(2¢2))go(x(2q)),

we get

or

N-1
_ (H ﬁ(x(zq%“))) Jole(zq").

Clearly, if @ = —a, then

Jo(w(2))-yo(x(2)) = Go(x(q” 2))-yo(x(q" 2))-

23

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

Consequently, if for certain N, §o(z(¢"2)).yo(2(¢"2)) = 1, then the

two solutions are mutually inverse.

More generally, we have the following

Theorem 2.1. If y(x(z)) and §(x(2)) are respective solutions of the

equations

(2.15)
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satifying the conditions

y(x(20))y(x(20)) = 1, (2.16)

then

y(z(2))y(e(z)) = 1. (2.17)

D(yg) = y(x(q22))Dy + §(x(2q2))Dy
= y(a(q 22))(—a)j(z(2¢2)) + G(z(2¢2))(a)y((q22))

This means that yy = const, which, by (2.16) gives (2.17). O

To ensure the exponential shape of the solution of (2.2), we solve it
heuristically as follows. First, we write it in the form of a g-difference

equation in the z-variable:

Dyy(x(2)) = 1(2)u(x(2)). (2.18)
where
() = alalat2)(1 - ) (219

To deal with (2.18), define a g-version of the logarithm function (of

function as variable) by setting

(Ing f)(z) ="/ / DQf (2.20)
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where zg = f71(1); and a g-version of the exponential function as

the inverse of the g-logarithm
~ 1
&, ="/ In,
This means that

Dgf(2)
J ) da?

Examples.

1. By (2.20)

~ —1 1
lnqzb / = _1 /;dqz
1
q

—1
= na lnqz—longq_1

oo

(2.21)

(2.22)

(2.23)

2. Ifef = > ﬁi, is the usual g-exponential function, then by (2.22)

k=0
we have that

z

[ ad,z
Dyey” = aey” = e)” = ¢ =é,,
and
z
) ) ) J(g+1)zdyz
Dyez = (q+ 1)ze = e = & =é .

More generally

b b f(qub)qu

b
z b\ .z z ~0
Dyerp = (Dyz )eqb = ep = €q =e, .

(2.24)

(2.25)

(2.26)
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On the other side by (2.24), (2.25) and (2.26), we have that

Ing(e?) = az = Iny(e?), (2.27)
Ing(ef2) = 2% # Iny(el), (2.28)
Ing(e3) = 2" # Ing(el), (2.29)

where In, is the inverse to usual g-exponential e,.

It is also worth noting that unlike the usual g-exponential and
g-logarithm cases, from (2.20) and (2.22), follow clearly the for-

mulae

Dqﬂlqu(z) =

similarly to the differential situations.

We can now write formally the solution of (2.18)-(2.19) as

L fa(a(zq?) (1= )dez [ a(o(zq2)(Dye(2))dy2
y(x(z)) =& =&y . (2.31)

To compare (2.6) with (2.31), let us write the former as

H p(te®)] Myo(2(20)), = = 2.0 " (2.32)
t=q" 1z
for some positive integer k, and complex zy # 0. Hence one can
write
-1

ey = | II »tte) | . z=zq" (233)

t=q 'z

where we deleted the factor yy(z(29)), since in the definition (2.20),
2o was chosen so that y(z(zp)) = 1.
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If z5 = 0 then
Va0 2d: 2
& =[] p(e>"2)]" (2.34)
1=0

provided the convergence of the involved integral and product. It
is not difficult to see that the convergence of the product in right
is linked to that of the corresponding g-integral in lhs. Indeed,
if h(z) = 3a(z(zq 2))(1 — q?) is the integrated function in lhs of
(2.34), then plg2z) = (¢ — 1)zh(2) + 1 and consequently, the con-

vergence of the product in (2. 34) is equivalent to that of the series
0

>o(q — 1)zq'h(zq") :—fh

1=0

Consider now the non homogeneous equation (2.1). yo(x(2)) being
the solution of the corresponding homogeneous equation (2.2), we
are led to search its solution by the method of variation of constants

under the form

y(x(2)) = c(z(2))yo(x(2)), (2.35)

for unknown c(x(2)). Loading (2.35) in (2.1) gives

ol =ct [ w'e@Opawdan. (230
(20)
By (2.35) we then get the general form of the solution of (2.1):

z(2)
y(a(2)) = o(x(2), #(20))ly(x(20)) + / o ((z0) 2(q20)b(w(D))dy (1)), (2.37)

z(z0)
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where

¢(a,b) = yo(a)yy ' (b). (2.38)

For the associated equation (2.7), the general solution reads

where now

d(a,b) = jo(a)j (). (2.40)

We will now consider some special cases of equation (2.1). Since by
(2.37), the essential of the solution of (2.1) consists in solving (2.2),

we can consider here only homogeneous cases:

Case 1.

Dy(x(2)) = ay(x(q 22)), (2.41)

a-const. We can solve this equation in two ways: First formally, we
simply use (2.31) to get
§[0-tds o [(Dg(2)dy
0

~ZO

y(x(2)) = & — & — i) — ) (2.49)

as a solution of (2.41), y(z¢) = 1 for zy = =i.



29

To solve (2.41) explicitly, we use (2.5). Factorizing p(q'/%z) with
a(z(z)) = a, (2.5) gives

1

— 2.43
yO(ZC(Z)) C(l . 21271)(1 . ZZ;l)yO(:C(QZ)) ( )
where
— 2 —q+ [¢* + q(g — 1)%a* (2.44)
(I —qaz’ ag(q — 1)
and whose solution reads
me (2192715 ¢) o0
yo(x(2)) = zma TN (2.45)
n—1 )
where (a;q)n, = [[ (1 — ¢'a) and (a; ¢)e = limy, 00 (5 ) -
i=0

Comparing (2.42) and (2.45), one obtains an explicit expression for

ég””(Z):

—1.
éax(z) _ K(Z())Zﬁ%; (Zlqz ) Q)oo (246)

(22121 @)

where K (z)) is a constant determined by the condition é5"*) = 1

Case 2.

1

Dy(x(2)) = a.x(2)y(z(q22)). (2.47)

As in the previous case, to solve it in the formal way, we first write

it in the form of a g-difference equation in the z-variable:

Dyy(x(2)) = B(z)y(x(2)), (2.48)
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where
a, 1 =3 _3 q% 2
Be) = qlrs —a27) =a g D), (249)
and we find
fﬁ(z)dqz gé 12 aéﬁ 2
y((z) = &g o LT (2.50)

again for zy = =i, as the solution of (2.41).

To solve (2.41) explicitly, we also use (2.5). Factorizing p(q'/?z) with
a(z(z)) = a.x(z), (2.5) gives

1
— 2.51
where
(1—q)graz aq(q —1)
and whose solution reads
me (2142274 ¢%) o
Yo(w(2)) = e T (2.53)
Hence
él‘z V4 nc 2 2 2
,fq"q-&-l ( ) . K(ZO)ZL]Q (Zlq < 7q )OO (254)

~ac;1+—1x2(zo)

where K (zj) is determined by the condition €, = 1.
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Case 3.
1 _1
Dy(x(2)) = —————y(z(q22)). (2.55)
x(zq 2) +v
Using (2.31), we get
f Ao )
y(:z:(z)) _ é;o _ éénq(x(z)ﬂ/) — ZL’(Z) + v, (2.56)
while x(2p) + v = 1.
Case 4.
g+1  x(z) 1
Dy(x(z)) = y(z(g22)). (2.57)

Again, using (2.31), we get

 Dq(z2(2)+p)
I EETLE

y(a(2) =& — el — () g, (258)

while 22(2) + v = 1.

Case 5.
a 1
D = T22)). 2.
y(z)) = T vlela22)) (2.59)
+00
Here we search the series solution y(z(z)) = >  ¢,2". Loading the

n=—oo

latter in (2.59) and comparing the coefficients, one gets the easily

solvable first order difference equation

ba(qz — ¢ 2)qg " — 202 (q" " — ¢
2(¢" —q ) +ba(q> —q2)q"

Cnh =

Enfl; é(), (260)

where ¢,, = co,,.
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Case 6. Similarly to the previous case, one can solve the following

equation

Dy(z(2)) = 57~ ——-y(x(qg 22)). (2.61)

It is useful to note that from the preceding, one deduces directly that

the function

—1
~—ax(z) 1 —lnc (22 Z;Q)oo
r(z))=€e |V = ———2z Ing , 2.62
y( ( )) q K(ZO) (Zlqul;q)oo ( )

which is the inverse of &:"*) = z}g;%, is the solution of the
equation
Dy(z(2)) = —ay(z(q?2)). (2.63)
%
Similarly the function y(z(2)) = éiaﬁlﬂ(z) = L s 2w g
y Y — gt T K(20) (21427%¢%) o
the solution of
1
Dy(x(2)) = —ax(2)y(z(g22)), (2.64)
while y(x(z)) = w(z—hv and y(z(z)) = IQ(Zl)ﬂL solve the equations
1 1
Dy(x(2)) = —————y(2(¢?2)), (2.65)
x(zq72)+v
and
q+1 r(z 1
Dy(a(z)) = - e TELL) CY')

respectively.
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2.1.2 Nonlinear g-nonuniform difference equations trans-

formable in linear equations

Here, we consider some nonlinear g-nonuniform difference equations

transformable in linear equations.

Case 1. Riccati type equations:

1

) + b(x)y(x(=q2))y(w(2q?)). (2.67)

N[ =

Dy(x(2)) = a(x)y(x(zq

To solve this equation, we set y(x) = 1/u(x) and obtain

Du(x(2)) = —[a(w)u(z(zq77)) + b(x)). (2.68)

Case 2. Homogenous equations of the form

FRD ) = 0. (2.69)

They can be transformed into linear equations in u(x) with u(x) =

Dy(x)
y(w) -~

Example. Solve the equation
[Dy(2)]? - 5y(x)Dy(x) + 6[y(z)]* = 0. (2.70)

To solve the equation, we divide it by [y(z)]?. We get

D)y, Dule)

vy 80 270

or uX(z) — bu(z) + 6 = 0, u(z) = 2% This gives u(z) = 3 and

respectively.
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2.1.3 ¢-Nonuniform exponential and trigonometric func-

tions

Define the exponential function

1

q "z 1 -1
: )| >,
E ) U pletat)] o eza g0
1, z=zy> 0.
Clearly, we have the relation
R
B y(az2) = [plazah)|  E_j(aizias). (273)

This means that Eq,%(a; 20;2) is a solution of (2.11) and conse-

quently, that of (2.5). Morever,

1

By z:2) = [platag )] B

q q

3 (@ q 20;2). (2.74)

From the definition (2.72), we can evaluate

E _1(a;0;2) = ﬁ{ 2(q 2q? } 1, (2.75)

i=0
and
Eq,%(a; 20; 00) = ﬁ [p(w(q_iq_lzoqé))} o ﬁ {p(x(qizoqé))] _(12.76)
i=0 i=—1

Also, one easily verifies that Eq_ 3 (a; z9; 00) is a solution of (2.74) for
Z = 00,
If we set z =29 =11in (2.75) and (2.76), we get

o° 1

E__y(a;0;00) = _H {p(x(qiqé))} - (2.77)
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On the other side, since 0 < ¢ < 1, then, for a(z(2)) = a = const,

20, 2 # 0,00, one can verify that

Eq_%(a; 0;2)=0= Eq_%(a; 2p; 00). (2.78)
Indeed,
1 q% - q_% 1 1
p((20?)) =1+ ———(g?z —q 22" )a
alg—1) (z = z1)(z — z)
2 Co2) o
with
1 —2q+2v/q? — 2a2¢2 + a3 + a2q
21 = 2 )
2(aq® — aq)
1 —2q —2v/q* — 2a%¢*> + a2q3 + a’q
29 = B) .
2(aq® — aq)
Hence
o . f 1
-yl =] (g 26))]
22 1 T
= - 1] =0 (2.80)

a(q —1)z122 (27121 @)oo (25125 @)oo i=0

o0 .

where (u; q) oo =4 [](1—uq"). Similarly, one proves that Eq,% (a; 203 00) =
i=0

0.

Define the other exponential function

q 'z 1
p(x(tqg2 >
(@ 20;2) = tl;[z plalter)), = >z, (2.81)

1, z=2zy> 0.

Here also, the function Eq% (@; z0; z) admet representations and prop-

erties similar to that of Eq_ (a; z0; 2). In particular, Eq%(d; 20; 2)

1
2



36

verifies the relation

E 1 (a;20;2) = p(x (zq ))Eq%(&; 205 2q). (2.82)

q

This means that Eq 1(@; 205 2) is a solution of (2.11) and consequently,
that of (2.8). Morever,

1

E y(a;2052) = p(a(20q 2))E 3 (@39 203 2). (2.83)

q

Similarly, we evaluate

% a; 0; z) Hp qzq (2.84)
and
E 3 (@; 203 00 H pla(q'200?) (2.85)
1=—1

Also, one easily verifies that Eq% (@; zp; 00) is a solution of (2.83) for

z = o0.
Also

E% (a; 0; 00) Hp qzoq (2.86)
and

E 1(a;0;2) = 00 = E 1(@; 20; 00). (2.87)
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Consider now the product h(z) = Eq_%(a; 20; Z).Eq%(&; 20; z). Define
Ka,é by

), 2.88
) (2.88)

Simple computations give

—a (1= 25" 21)(1 = 25" 22) (20 215 @)oo (2 221 @)oo
Koa= —— e L (2.89)
a (1 =20 21)(1 =25 22) (25 21:@0)00(2) 22) @)

where 21, 29 and Z1, Zo are finite roots of p(q%z) = 0 and ﬁ(q%z) =
0, respectively, knowing that p(x(z)) is obtained from p(z(z)) by

replacing a by —a.

From (2.4), (2.72), (2.10) and (2.81), we get the following special

case of theorem 2.1.

Theorem 2.2.

Eq,%(a; 20;2).E 1(—a;202) =1 =E _1(—a;20;2).F 1(a; 20;2§2.90)

Consider next the following definitions
1.

def

Eq%(ai; 20;2) + Eq%(—ai; 205 2)
cos 4 (a; z0;2) =

5 3
. T Eq%(ai;zo;z) —F %(—az’;zo;z).
sin 3 (a;20;2) = 5 ;
" a; 20; 2) + Eq%(—a; 20; 2)
coshq% (a; z0;2) = ;

E 1 (a; 20;2) — E 1 (—a; 20; 2)
Sinhq% (a; 20; 2) S d : (2.91)
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2.
cos (a5 20: ) ot Eq,%(ai;zo; z) + Eq,%(—ai; 20; z)
AN 05 - 9 )
dn ) (ae) E y(aiizo:2) = By (—ai; z0:2)
-3 \U <0, . )
q 21
E _1(a;20;2)+ E _1(—a; 205 2)
def » <0 0
COShq,%(a,ZO,Z) et g 2 5 q 2 » <05 ,
E _i(a;z0;2) — FE _1(—a;20; 2)
) def » <0 0
Slnhq_%(a;zo’z) del ¢ 2 5 q 2 » <05 (292)
3.
e Eq%(ai; 20;2) + Eq,%(—az'; 20; 2)
cosq%q_%(a, 20;2) = 5 :
E 1(ai;20;2) — E _1(—ai; zo; 2)
: def » <05
qu%q*%(a; 20; Z) et g2 5 q 2 1 <05 ;
E i(a;20;2) + E _1(—a; 203 2
cosh , 7%(a; ZO;Z) éf g2\ W q 2( y <0 );
q2q 2
E 1(a;20;2) — E _1(—a; z0; 2)
. d f ) ) ) J
smhq%q,%(a; 20;2) = L 5 - (2.93)
We get
Dcosq%(a; 20;2) = —a sinq%(a; zo;zq%);
D~ cosq%(a; 20;2) = —a sinq%(a; 205 2),
Dsinq%(a; 20;2) = acosq%(a; 20; zq%);
D~ sinq% (a;20;2) = acos 4 (a; z0; 2), (2.94)
where D™ f(z(2)) = Df(x(z))|zz:zq_%. Hence
D2 cosq%(a, 20;2) = —a? cosq%(a, 205 2),
D)2 smq%(a; 20;2) = —a? sinq% (a; 203 2). (2.95)



Similarly

D cosh ;(a; 20;2) = asinhq% (a; 20; 2q2);
D~ cosh 1(a;20;2) = asinhq%(a; 205 %),
D smhq% (a, 20;2) = acoshq% (a; 20; 2q7);

D~ sinhq% (a; z0;2) = acoshq%(a; 205 %),

and consequently

[D~]% cosh %(a' 20; 2) = a® cosh %(a' 205 2),

D2 smh%( D 20;2) = a’ Sll’lh%( ;205 7).

On the other side, we have

Dcosq,%(a; 20;2) = —a sinq,%(a; 20,2q72);

D cos _1(a; 205 2) = —a sinq_%(a; 205 %),

1 (a5 205 2972);

s}

Dsinq_%(a; 20;2) = acos
D sin _; (a; 205 2) = acos _1(a; 20; 2),

q q

where DT f(z(2)) = D f(z(z ))|Z.:Zq . Hence

1(a; 205 2) = —a? cosq_%(a; 205 %),

(a; 20;2) = —a? sinq_%(a; 205 2).

[DT)? cos, -
Similarly
D coshq,% (a;20;2) = a sinhq,% (a; 205 2¢72);

D~ coshq_%(a; 20;2) = asinhq_%(a; 205 2),
1
2

Dsinhq_%(a; 20;2) = acoshq_%(a 20;2q72);

D~ sinh__y (a; 205 2) = acosh _1(a; 20; 2),

q q
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(2.96)

(2.97)

(2.98)

(2.99)



and consequently

[D*)? coshq_
[DT)? sinhq,

(a; 205 2) = a? coshq_

D=
D=

(a; z0; 2) = a? sinhq 1

D=

From the preceding, one easily verifies that
a)

z%q (a;20;2) +sin?y 4 (a; 20;2) = 1,

COS 1 1
2 q2q

1
2

coshz%qf%(a; 20;2) — sinhz (a; z0;2) = 1,

[N

1
2q

cos 1(a; zp; 2) cos _1(a; zp; 2)+

1
q2 q 2

sin 1 (a; 29; 2) sin

g (@ 20,2) = 1,

coshq% (a; zo; 2) coshq,% (a; zo; 2)—
sinhq% (a; 203 2) sinhq,% (a; z0;2) = 1.

(a; 203 2),

(a; 20 2).

40

(2.100)

(2.101)

(2.102)

(2.103)

(2.104)
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2.2 Systems of linear g-Nonuniform difference equa-

tions

2.2.1 The general theory

A linear g-nonuniform difference system may be written as

Dy(x(2)) = A(x(2))y(x(q 72)) + b (2)), (2.105)

or equivalently by replacing q by ¢!,

1 ~

Dy(x(2)) = Aa(2))5(x(q22)) + b (2)). (2.106)

where y, 4, b and b are k-vectors, A and A, k x k non singular

martrices.

The homogenous part of the equation (2.105), which is

Dy(x(z)) = A(z(2))y(x(q72z)) (2.107)

y(e(q2z)) = P(2)y(x(q22)) (2.108)

where

=

P(z) =T+ 2702 (2 — ) A(a(2)) (2.109)

admitting a recursive solution

Plg*2)] ] y(x(d"2)). (2.110)



Next, consider the associated linear matrix systems

and

DY (2(2)) = Y (w(q2)) A(x(2)).

In recursive forms they read

and
Y (2(q22)) P(2) = Y (x(q 22))
where
P(z) = T+ 2=t (o 1) A(a(2))
and

The solution of (2.111) verifies

N-1

v = | [T [Pat9)] | Yiata*2)
1=0
while that of (2.112) verifies
0
P(e(2)) = ¥ (ae" ) [ I ﬁ<q%+iz>] |
1=N-—1

42

(2.111)

(2.112)

(2.113)

(2.114)

(2.115)

(2.116)

(2.117)

(2.118)
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As in the scalar case, we can also define the exponential matrix

funtions N1
def 1., \1—
E_y(P;N;2) = 11[13((12+ )7 (2.119)
and
E ,(P;N;z) =TI Part). (2.120)
i=N-—1

From (2.115) and (2.116) it is clear that for A(z(z)) = —A(z(2)),
then P(z(z)) = P(xz(z)) and multiplying of (2.117) with (2.118) gives
Y (2(2))Y (2(2)) = Y (2(¢V2))Y (2(¢V2)). This means that multiply-
ing the solutions of (2.111) and (2.112) with A(z(z)) = —A(x(2))
gives a constant matrix. In case this matrix is unitary, the solutions

are mutually inverse. More generally we have

Theorem 2.3. If Y(x(2)) and Y(x(z2)) are respective solutions of

the associated matrix systems

DY (x(2)) = A(x(2))Y (z(q>2)) (2.121)
DY (x(2)) = =Y (2(q?2)) A(x(2)) (2.122)

satisfying the conditions

Y(x(20))Y (2(20)) =1 (2.123)
then these matrix functions are mutually inverse.

Proof. Applying the g-nonuniform derivative to the product

Y((2))Y (2(2))
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we get

D(YY) = DY .Y (x(2q?)) + Y(2(2¢?)).DY
= —Y (2(2q2)) A(2(2))Y (2(2q7 %)) + Y (2(2¢7)) A(x(2))Y (x(q ")) = 0.
(2.124)

This means that Y (2(2))Y (z(z)) = const, and the condition (2.123)
brings the desired result. []

Corollary 2.4. The exponential matriz functions (2.119) and (2.120)

are mutually inverse, that is

Eq%(—P;N; 2).E _1(P;N;z) = 1.

1
q?

The theorem 2.3 will also be used in the proof of the g-nonuniform

duality theorem of the next chapter.

Return now to the linear systems (2.105), (2.107). It is easily seen
that if a nonsingular matrix Yy(x(2)) solves (2.111), then the general
solution of (2.107) reads y = Yjc for constant k-vector c¢. Using the
method of variation of constants, one finds next, the general solution

of the non homogeneous system (2.105):

y(z(z)) = @(x(2), 2(20))ly(z(20)) (2.125)

x(zp)

where ®(a, b) is given by

D(a,b) = Yo(a)Yy ' (b), (2.126)
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and is referred to as the g-nonuniform transition matriz. The general

solution of the system (2.106) associated to the system (2.105) reads

y(a(2)) = (z(2), 2(20))ly((20)) (2.127)

z(20)

where ®(a,b) is given by

B(a,b) = Yo(a)Vy ' (b), (2.128)

The second section of the next chapter is devoted to the controlla-
bility of type (2.105) systems with b(x(z)) = B(x(z))u(z(2)), B-a
k x m matrix, and u-a m x 1 control function. As we will see, in
controllability theory, the form (2.126) for the solution of (2.105) is

the most adequate for the analysis.

2.2.2 Autonomous systems

The treatement of the autonomous systems cases of the equations
(2.105) and (2.106) are in general similar to the one done for scalar

cases of first paragraph, and we will note reproduice them here.

Instead, we will consider the following case of the g-nonuniform linear

first order autonomous system

Dy(w(2)) = Ay(a(2)) (2.129)
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where A-a k X k matrix and b-a k vector.

Contrarly to the systems (2.105) and (2.106), this system can be
solved by the well known method of Picard approrimations. For

that, we consider the following sequence

() = wlx(@) = [ AGE)no ) d6E), k=12
z(z0)
(2.130)
and we can then easily check that the formal series
y(@(2)) = D un(a()), (2.131)
k=0
satisfies the equation (2.129).
In this case
ye(2(2)) = A¥Pr(x(2)) (2.132)

where Py (z(2)) are polynomials of degree k in z(z) and defined by

(2)
Rel(2) =1 Pula(:) = [ Pae(@)da(e), h=1,2.-
x(20)
(2.133)
The solution of (2.129) is then the following formal series
Ey(Aia(2) € Y ARPy(a(2)). (2.134)
k=0

Here, we have used the first fundamental principle of g-nonuniform

calculus as defined in the first chapter and the fact that a g-nonuniform
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integral of a polynomial of degre k — 1 in x(z) gives a polynomial of

degre k in x(z). However, the polynomials Pj(x)z)) must be under-

. . t—to)"
stood here as ¢g-nonuniform versions of the powers %

2.3 ¢-Nonuniform difference equations of higher

order

2.3.1 The general theory

Consider the linear g-nonuniform difference equations of higher or-
der

[ao(2(2)(D*)" + ax(2(2))(D*)"™" + -+ + an(z(2)]y((2)) = gla(2)) (2.135)
and its homogenous part
[ao(2(2))(DF)" + ax(x(2))(DF)" ™" + -+ + an(w(2)]y(2(2)) = 0. (2.136)

The scalar equation (2.135) can be handled as a particular case of

the system (2.105). Indeed, by the change of variables

us(x) = Dry(x);. . s up(x) = (DY) y(a), (2.137)
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simple operations transform (2.135) in type (2.105) system namely

Drug_1(x) = ug(x)

Drur(z) = —(ar(z)ur(x) + - - - + ax(x)ur(2)) + g(x) (2.138)

In matrices terms, we have

Dua(2) = Ala(ulelg ) + ha(2))  (2130)
where u(z) = (u1(x), ..., up(x))’,
( 0 100 . 0 \
0 010 0
Az (z)) = . L . (2.140)
0 0 1

\ —ar(z(zq 1), . . . . —al(x(zq_é)))

and h(z(z)) = (0,...,0,9(z(qg 22)))". So, from (2.137), it follows
that the existence of a unique solution of (2.135) under the initial
constraints y(xg) = yo, DTy(z0) = y1, ..., (D y(zg) = yp_1, is
equivalent to the existence of a unique solution of (2.139) under the
constraints (ui(xg), ..., ur(z0))" = (yo,...,yr_1)". As a consequence,
the existence of a fundamental system of solutions y;(z), ..., yi(x)
of (2.136) is equivalent to the existence of a fundamental system
(1(2), D (), ..., (D) (@) -, (y(2), DY ye(@), ..., (DY)*tyw(@))t of

the system

Du(z) = A(z)u(z(zq"2)), (2.141)
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with the fundamental matrix

() ya () e yr()
B(x) = Dy (x) Drys(x) ...  Dryg(x) 2.142)
(D) () (D) () - (DY) ()

As in differential equations theory, this relation allows us to derive
the general solution of (2.135) using the knowledge of the general
solution of linear systems. If y1(z), ..., yx(x) is a fundamental system
of solutions of the homogenous equation (2.136), corresponding to
the fundamental matrix ®(x), then according to the general theory
of g-nonuniform difference systems, the general solution of (2.139) is

found as
u(z) = ¢(x).c(x) (2.143)

where ®(x) is given by (2.142) and c(x) = (c1(z),. .., cr(x))! is the

solution of the system
®(2(2q?))De(z) = h(x). (2.144)

Hence the general solution of (2.135) reads
k
y(z) = wi(z) = Z:lcz(x)yz(x)n (2.145)

as in differential equation theory.
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2.3.2 Nonlinear g-nonuniform difference equations trans-

formable in linear equations

As in the case of first order, some nonlinear g-nonuniform difference
equations are transformable into linear ones. This is the case of

Riccati type equation [44]

1

)y(z(2q"2))

1
2
1 1
2

) zy(w(zq_z)) T do()2.146)

ao(2)Dy(x(2)) = bo(x)y(z(2q

It is transformable in linear g-nonuniform second order difference

equation by first writing it in the homographic form

3)y — aledyla(za 2 H) 5 147
y(a(zg>)) c(2)y(a(zq2))+d(2) ( )
where a(z) = io(x(z)) — + 00(552(2)); d(z) = () _ _ 00(»”62(2));

2(2q%)—a(2q"2) 2(2q2)—a(2q"2)

(z
b(z) = do(z(2)); ¢(z) = —bo(x(z)) and then make the change of

variable

1

u(z(2q)) /u(z(2q2) = c(2)y(z(2q2)) +d(z).  (2.148)

The resulting second order linear g-nonuniform difference equation

reads

[e(2)Ju(z(2¢*?)) + [~c(2)d(qz) = e(gz)a(z)]u(z(zq"?))
+e(gz)a(2)d(2) — e(gz)b(2)e(2)Ju(z(zq 7)) = 0. (2.149)
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2.3.3 Linear ¢-nonuniform difference equations of second

order

Consider now the g-nonuniform linear difference equations of second
order. It is clear from the solvability of the first order equation that

the derivative to be considered here is not D but the derivatives D
and D~ defined by

Dy(a(e)) = LEER L)
D y(2(2)) f(f”x?g:ig;;/@) (2.150)

Thus, we study ¢-nonuniform linear difference equations of second

order of the form

ap(z(2)[DPy(e(2)) + ai(x(2))D y(a(2))
+ as(z(2))y(x(2)) =0,  (2.151)

or these of the form

ho(z(2))D™ D y(x(2)) + hi(x(2)) D y(2(2)) + ha(z(2))y(z(2)) = 0,
ag, ho # 0, (2.152)

when we are interested in the self-adjointness property.

1. Solvability

As in the differential or difference cases, there is no general way
of solving type (2.151) or (2.152) in quadratures for general
coefficients ho(x(z)), hi(x(2)), ha(x(2)), ag(x(z)), a1(z(z)) and
as(z(z)). However, some particular cases can be solved explic-

itly.
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(i) Consider the equation (2.151) and suppose that one of its
two independent solutions, say y;(z(z)), is known. So the other
solution, say yo(z(2)), can be found as in differential or differ-
ence calculus using the g-nonuniform version of the Liouville
formula. We find the latter by comparing equation (2.151) with
the following

y(x(2)) y1(z(2)) y2(x(2))
det [  Dty(z(z))  Dry(x(z))  Dryslz(z)) | =0, (2.153)

(D)?y(x(2)) (DF)Pu(x(2)) (DF)*ya(a(2))

and simple computations show that we have

D+W(y1,y2) = (2~154)
[—a1(2(2)) + az(x(2))(x(g2) — 2(2))]W (y1, v2),

where W (u,v) = uD%tv — vD"u is the Vronskian, and a; =

al/ao, C~LQ = CLQ/CL().

Equation (2.154) is equivalent to the first order g-nonuniform

equation for W (z(2)) = W(y1,y2)(z(2))

DW (2(2)) = a(x(2))W (z(2q ?)), (2.155)
where a(w(2)) = —a1(2(2q2)) +as(2(2¢2))(2(2q7) — (24 "2)),
whose solution gives the required g-nonuniform Liouville for-

mula:

[Ty P W), 2 =200

Wi(x(z)) =
( ( )) { (Hz'fzzq*lzop<tq%))_lw($('zo))v z =209 ",

where p(z) is given as in (2.4), or more compactly

5 J2 ala(2q2))(1- 3 )dy2
W(x(z)) = W(x(20))éq : (2.157)
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(ii) The next example is when the coefficients in equation

(2.151) are constant. We can solve it by first factorizing it as
(D* = k)(D* — )y (a(2)) = 0 (2.158)
where k1, ko are the roots of the characteristic algebraic equation
agk® + a1k + az = 0 (2.159)

and then solve the two resulting first order equations. If k1 # ko,

one obtains the two required independent solutions: y;(z(2)) =

é’;”ﬂ(z) and yo(z(2)) = égﬂ(z). For example, the trigonometric
functions cosgz(z) = “—— singz(2) = “—~— and the
. —_— éw(2)+é—a;(z) _— éx(z)_é—;v(z)
hyperbolic ones cosh,z(z) = “—%%—, sinh,z(2) = “*—%—
are solutions of the equations
(D*)y((2)) + y(z(2)) = 0 (2.160)
and
(D) *y((2)) — y(x(2)) =0 (2.161)

respectively. On the other hand, if (2.159) admits a double root,
then one uses the Liouville formula in (2.157) to find the second

independent solution.

(i) A particular case of (2.152) is well known: If

ho(a(2)) = — I 0y - L) w(eg}) - o )] (2162)

z(2q7) — 2(2q77)

hi(z(2)) = 7(x(2)); ho(z(2)) = const, (2.163)
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where o0 and 7 are polynomials of degree < 2 and 1 respec-
tively, then (2.152) admits a system of polynomial solutions,
the famous Askey-Wilson polynomials [9]. The equation will be
solved in section 4.1, using the factorization method studied in

11].

. Orthogonality

Consider the eigenvalue equation

a(z(2))D Dy(x(2)) + b(2(2)) D y(x(2)) = My(x(2))(2.164)

We can write it under the self-adjoint form

D~ [a(x(g2))o(2(q2))D y(x(2))] = Ae(x(2))y(x(2)). (2.165)

where

D~ [a(x(qz))o(2(q2))] = o(x(2))b(z(2)). (2.166)

Suppose that we also have

D" [a(z(qz))o(2(g2))D* (x(2))] = Ao(a(2))g(w(=)), (2.167)

for distinct A and . Next, multiply equation (2.165) by 7((2))
and equation (2.167) by y((z)) and subtract member by mem-
ber. We get

§(2(2))D" [a(x(g2)) o(2(q2)) D y(x(2))]
—y(x(2))D" [a(x(q2)) o(2(q2)) D" (2 (2))]
= (A= No(a(2))y(z(2)g(x(2)). (2.168)
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Next, by the easily verified identity
D™ [p(uD* v —vD u)| = uD ™ (pD*v) — vD ™ (pDtu)(2.169)
we obtain

D [a(z(q2))o(x(q2))[§D y — yD* ]
= (A= No(@(2)y(2(2))i(x(2)), (2.170)

or

D™ [a(x(qz))o(x(q2))W (7, y)] =
(A = No(z(2))y(z(2))j(z(z)). (2.171)

Integrating both sides of the equality from say, x(z) to x(z1),
noting that (D~ F)(z) = (DF)(q 2z), we get

— a(w(q2))olx(q2))W (§.y) "

x(20q

[ T

; . (2.172)

The latter gives the orthogonality condition for two eigenfunc-
tions y(x(z)) and g(x(z)) of (2.164) corresponding to distinct
eigenvalues A and ), on the interval [z(z),z(z1)], with a q-
nonuniform discrete weight o(x(2)) given by (2.166):
a(w(g2))e(x(@)W (H(x(2)), y(2(2) [0 )= 0. (2173)

x(z0q






Chapter 3

g-Nonuniform difference control

theory

3.1 ¢-Nonuniform difference variational calculus

This chapter concerns the generalization of the variational calculus.
The difference variational calculus was proposed in [26], while in [12],
the g-uniform difference variational calculus was studied. Here, we
consider the g-nonuniform difference variational calculus studied in
[13]. More precisely, we discuss g-nonuniform difference versions of
the basic concepts of variational calculus such as the Euler-Lagrange
equation, the isoperimetric, Lagrange and optimal control problems.
Also, some interconnections between the g-nonuniform difference
Euler-Lagrange equation, the g-nonuniform difference Hamilton and

Hamilton-Pontryaguin systems are discussed.

57
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3.1.1 g¢-Nonuniform difference Euler-Lagrange equation
We consider the following functional given as a g-nonuniform inte-
gral:

1

Ty(@(2))) = [ Fla(=),y(ela2)), Dye(=))ldy(2)

ZZZZ;XW(Z)511(Z),y($(q220),17y($(2)ﬂ (3.1)
where (z) is given by
v(2) = 2(g722) — z(g?2) (3.2)

and o = 2(¢°*2), b = x(¢* %) with the supposition that 8 > a.
In (3.1), F is a differentiable function with respect to all its argu-
ments. The function y belongs to the variety E’ of functions satis-

fying boundary constraints

y(q*2) = y(¢™*2) = ¢, (3.3)

in the linear space F of functions f(x(z)) defined and bounded to-
gether with Df(z(z)), on the set

=~
I
~=
Q
i
o=
+
N

0, i=0,1,...,2(1+8—a)} (3.4)
and equipped with the norm

WH=mM€gUUVDLwMDﬂM@W- (3.5)

zeL

The extremum problem consists then in finding the extremals for the
functional (3.1) under the constraints (3.3). As F is a differentiable
function with respect to all its arguments, we can calculate the first
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variation of the functional:

0J(y(z(2)), h(z(2))) = %J(y(l‘) + th(z))i=o
= | Pl stala50) + thiaa42)). Dyfa(2) + Dh(x()))dye (2
Hence
0J(y(x(2)), h(x(2))) =

qﬁ 1 1

>~ YN Ful2(2), y(2(q722)), Dy(z(2))|h(z(g22))

z=q%

+F,, [2(2), y(x(q™22)), Dy(x(2))|Dh(x(2))} (3.6)

where F,, = % means the derivative of F with respect to its (i42)™"

argument, ¢ = 0, 1. As y+th belongs also to E’, it follows from (3.3)
that

h(q® 2) = h(¢"*2) = 0. (3.7)

Using (1.24) and (3.7), one transforms (3.6) in

3 (y(a (). (=) =
S AEHFulr) ylala742), Dy(a(2)

—DI[F, [x(2q72), y(z(q7'2)), Dy(x(q~22))]|}h(z(qg 22)). (3.8)

To obtain the Euler-Lagrange equation form (3.8), we need the fol-
lowing g-nonuniform difference version of the ”fundamental lemma

of variational calculus”

Lemma 3.1. Suppose that for a given function f(z), one has

2. 7(2)f(z)p(2) =0 (3.9)
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for any function p(z) belonging to the space E, then f(z) = 0.

Proof. For various functions p;(z), the equation (3.9) gives a sys-
tem of equations that one can write in matrix (may be infinite
dimensional) form as Ay = 0 where A;; = v(¢*™)p;i(¢®*7) and
y; = f(¢“™), 4,7 =0,...,8 — a. To obtain f(z) = 0, it suffices
to choose the p;(¢“™’) so that the matrix A be invertible, which

proves the lemma. O

Applying the lemma to the equation (3.8), one obtains

Fla(2),y(x(g722)), Dy(x(2))]
—DIF, [2(2q7%),y(z(q"'2)), Dy(z(q 22))]] =0,  (3.10)

which is the Fuler-Lagrange equation giving the necessary condition
for the g-nounuform difference extremum problem. It is a second
order g-nonuniform difference equation, which in principle is solved

uniquely under the boundary constraints (3.3).

Remark 3.2. If the function under the sign of integration F'is given
by F' = F(x,y1,---,Yn, Dy1,...,Dyy,), so the extremum necessary
condition is given by n equations similar to (3.10), one equation for

each variable, the other variables being supposed fixed.

Remark 3.3. If the function under the sign of integration F'is given
by F'= F(x,y,Dy,...,D"y), so the change of variables y; = y,y> =
Dy, ...,y, = D" 'y leads to the case of remark 1, with additional
constraints: Dy; = y9, Dys = y3...,Dy,_1 = y,. This gives a par-
ticular case of the ”Lagrange problem” which will be discussed in

the next section.
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3.1.2 Applications

1. ¢-Nonuniform difference isoperimetric problem

The problem. Consider the ¢g-nonuniform integration func-

tional
b
Jo(y(z(2))) = [ Folz(2), y(x(q 22)), Dy(z(2))ldga(2)

a
q°

= 2 y(2)Rolw(2), y(x(q22)), Dy(a(=))] (3.11)

Z=q%
defined in E’. Let next be given a set of other functionals

Hy@(2) = | Ble(),y(ala2), Dy(a(=))dga(z)

a
q°

= > y(2)Ele(2),y(z(q722)), Dy(x(2))],  (3.12)

Z=q“

defined also in E’ and consider the equations
Ji(y(x) =c¢, i=1,...,m. (3.13)

The isoperimetric problem consists in finding extremals of the
functional Jy(y), among all the functions belonging in E’ and
satisfying (3.13).

The solution. The settled isoperimetric problem can be solved

in a more general setting by the following theorem (see for ex
[36]).

Theorem 3.4. Suppose that is given a set of functionals J;(y),i =
0,1,...,m defined on a variety E' of a linear normed space E
and admitting on E' the first variation 6J;(y, h) with §J;(y, h),

1 =1,...,m linearly independent functionals. Suppose next that
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Yo is an extremal of Jo(y) under the constraints J;(y) = ¢;, i =

L,...,m and 0J;(yo,h) Z0,i=1,...,m. In that case, yo is an

ordinary extremal for the functional J*(y) = Jo(y) + > NiJi(y),
i=1

where the \; are some constants.

Proof. Applied to our functionals (3.11), (3.12) and constraints
(3.13), the theorem implies that if the functions under the signs
of integration Fj and F; are differentiable with respect to all
its arguments (this is sufficient for the functionals to have the
first variation), and the variational derivatives (i.e. the function
in the lhs of the corresponding Euler-Lagrange equation) of the
functionals (3.12) are linearly independent (this is sufficient for
the first variations to be so), then the extremals of Jy(y) under
the constraints (3.13) are included in the union of the set of
solutions of the equations 6J;(y,h) = 0,7 =1,...,m, and that
of 0.J*(y, h) = 0, where J*(y) = Jo(y) + f:l)\lJl(y) O

Example. Suppose it required to find the extremum of the
g-nonuniform integration functional

Jo(y(a(2))) = fb[%(Dy(%(Z)))2 —alg+¢* +2¢2)y(x(q 22))]dya(z)

= > 1(2)3(Dy(x(2)))? — alg + ¢ + 247 )y(x(g722))]  (3.14)

z2=q%

under the constraint
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According to the theorem 3.4, this is equivalent to the problem

of finding the ordinary extremum for the functional

b
T(y(@(2) = [ Fla(2), y(elg:2)), Dy(a(=))ldge(2)
=jq:awz)F*[x(z))y(x(q—%a)my(x(z))] (3.16)

where

F* = 5(Dy(x(2)))?
+H4hagiz? (¢ 12) — alg + ¢* + 2¢2)y(x(q22)).  (3.17)

The Euler-Lagrange equation for this problem is

D[Dy(q_%z)] = 4)\aq%$2(q_%z) —alq+q¢* + 2q%). (3.18)

Its solution reads

ag* (0P A 44034402 1

Y(2(2)) = ittt ((2)) — L) 2 ()
4 3 3 2 1

et A pi((2), A =1, (3.19)

where pi(x(z)) is any first degree polynomial in z(z).

2. g-Nonuniform difference Lagrange problem

The Problem. Let now be given a g-nonuniform integration

functional
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defined in E™. Here y(z) = (y1(x), ..., yn(x)). Let moreover be

given a set of ¢g-nonuniform difference equations

Bile(2), Gl 42)), Di(e(=)] = 0, i = 1,...,m < n(3.21)
The Lagrange problem consists in finding extremals of the func-

tional (3.20) under the constraints (3.21).

The solution. The Lagrange problem can be reduced to the
isoperimetric one by transforming (3.21) in type (3.13) con-
straints. For that, we multiply the both sides of (3.21) by
arbitrary functions A;(x), and then take the integral on the ¢-
nonuniform lattice from a to b. We obtain new constraints
b
Ji(y(@)) = [ M(@)di[z(2), gla(q22)), Dy(a(2))ldg(z) = 0,

i=1,...m. (3.22)

Under the conditions of theorem 3.4, the solutions (y1(x), ..., yn(2))
of the isoperimetric problem (3.20), (3.22) satisfy the Euler-

Lagrange equation for the functional

J(@) = (@) + X A J(@), (3.23)
for some constants \;. But since clearly from (3.21) follows
(3.22), the solutions of the Lagrange problem (3.20), (3.21) sat-

isfy as well the Euler-Lagrange equation for the same functional
(3.23).



65

Example. Suppose now that it is required to find the extremum

of the functional

b
To(e,y,u) = & [l2(1(2) — 220 a~52)dy (2
=3 & 2@k - Rt (320

under the constraints

Dx(t(2)) = y(t(g22)); Dy(t(2)) = u(t(z)).  (3.25)

This is a Lagrange type problem hence it is equivalent to the
problem of finding an ordinary extremum for the functional

J (g, u, A, Ag) =

F* = 3(u’(t(2)) = 2*(t(q722))) + () (D (t(2))
—y(t(a722))) + Ae()(Dy(t(2)) —ult(2))).  (3.27)

The Euler-Lagrange equation for this problem reads

z(t(2))) = DD "D Dra(t(2))). (3.28)

Searching the solution under the form

z(t(2)) = ;)(ajzj +a_;z77), (3.29)

(0. 9]
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one finds the following recurrence relations for the coefficients
+ - =
=/ J(a) (3.30)
+
where the applications [:

+
/ a1y, gy a(iyn)) — a3 (3.31)

are given by

m\u_

¥ _ Fift —
7(aj-1q > aj1qT 2 ), Yo =1

Y, j=2,...
af = Y0(2a0 — azq™); ajfl = 0(2ag — a_sq7F); a(jf = cte. (3.32)

+ Yoq
aj 1—¢qJ

+ _ 09 A L L
- = 1= q]( g T a—j-1q"

a

such that the applications

[: i:: (aj27 +a_jz77) — i::(a 7 +a =277) , (3.33)

are the inverses of D*. Additional constraints to (3.29) are
Jr —
obtained by the fact that the applications [ and [ are defined
on series Y (b;27 4+ b_;z77) for which by = gb_; and b_; = ¢by,
=0

respectively.
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3. ¢-Nonuniform difference optimal control problem

The problem. Consider now the ¢-nonuniform integration

functional

where y(z) = (y1(x),...,ys(z)) and u(z) = (ui(x),. .., un(z)),
m < n. The functional is defined on E’™ union the set of ad-
missible (that is which values belong to a fixed set U in R")
functions u(x), where E™ is the subset of E™ which elements

satisfy the boundary constraints

1

glg*2) =gla’*) = C. (3.35)
Consider then the g-nonuniform difference equations
Dyi(a(2)) = filz(2), glx(g22)), u(x(2)], i=1,...,n.  (3.36)

The optimal control problem consists in finding among all ad-
missible vector functions u(x), that for which the corresponding
solution of (3.35), (3.36) is an extremal of the functional (3.34).
The functions y(x) and u(z) are said to constitute an optimal
process and are called optimal trajectory and optimal control re-
spectively.

The solution. To solve the optimal control problem, we con-

sider it as a n + m dimensional Lagrange problem: Find n 4+ m
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functions (y1(z),...,yn(x)) and (uy(z),. .., un(x)) that are ex-
tremals for (3.34) under the conditions (3.35) and

¢i(x, y(2(q22)), u(x(2))) = 0 (3.37)

where

()], i=1,....,n. (3.38)

Il

™)
<
~—~
=
&

|
ey
S
&
<
—~
=
QI

Nl
&3

2l
—~

)

According to the discussions done in the preceding subsection,
the solutions of such an extremum problem satisfy necessarily

the Euler-Lagrange system of the functional

where

Frla(z), g(x(q22)), u(x(2))] = fOla(2), glz(q22)), ala(2))]
+ 2231 Vi(2)[Dyi(x) — filz(2), y(z(q”

The corresponding Euler-Lagrange system is then
0= > i) fi, — Dli(w(q 22))] =0, j=1,...,n(3.41)
i=1

0~ ;zpi(x)fiwj =0,j=1,...,m. (3.42)

Here f0 and f; have as arguments z(2), §(z(q 22)), u(z(q 22))

and g,, and g,, mean the partial derivatives of g with respect
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to its (j + 1) and (n+ j + 1) arguments respectively. Setting

H = —f'le(2), g(w(g22)), alx(2))]
+ ; Vi) il (2), g(x(g22)), ux(2))], (3.43)

50, (3.36), (3.41) and (3.42) give respectively

Dy;(z) = Hy, (3.44)
Dlyi(w(q22))) = —Hy, j=1,...,n (3.45)

and
H,=0,j=1..,m. (3.46)

Thus, the necessary condition for the optimal control problem
is given by (3.46), provided is solved the system (3.44)-(3.45).

Due to similarities with the continuous case [29], one can refer
to H and (3.44)-(3.45) as g-nonuniform Hamilton-Pontryaguin

function and system respectively.
Example. g-Nonuniform linear quadratic problem:

The problem now is that of finding a control function u(z) such

that the corresponding solution to the boundary value problem

Dy = —ay(z(2q22)) + u(z(2)), a >0
Y™ ) = y(d**2) (3.47)
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is an extremal for the functional (quadratic cost functional on

q-nonuniform lattices)

DO +—

J(y,u) =

q°

— 1Y y()ld@(2) + elq B (348)

z=q“

Fle((2)) + 2 (alat2)ldya(2)

The problem is of optimal control type. The Hamilton-Pontryaguin

function and system are respectively

H = el b)) +02(a(2))
+ (a(2)[-ay(a(zq 22) +ue(2))]  (3.49)

and

Dy = —ay(z(2q"22)) +u(w(2)),
Dlip(x(g722))] = ath(a(2)) + y(x(2q77))
b = u. (3.50)

The equation for y(z(z)) then becomes

D{[y(x(q722)) + ay(a(q'2))] =
aDy + (a® + V)y(z(q 22)). (3.51)

Searching the solution y(z(z)) under a series of the form (3.29),
so the recurrence relations satisfied by the coefficients are given

by

— +

y:fy—afy+(a2+1)ffy (3.52)

+
where the applications [ are defined in (3.32)-(3.33).
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3.1.3 Interconnection between the ¢-nonuniform difference
variational calculus, optimal control and Hamilton

system.

Consider now the case of pure g-nonuniform variational calculus that
is the control function and the control system are not present explic-

itly: Find extremals of the functional

T(a(2)) = [ Fle(2),y(e(a42)), Dy(a(=))ldga(2)
= £ FRC) ylala ), Pye()) (853)

defined in E’. Our objective is to show the following proposition

Proposition 3.5. On g-nonuniform lattices, are equivalent: the Fuler-
Lagrange equation, the Hamilton and the Hamilton-Pontryaguin sys-

tems.

Proof. We show this in three steps:
a) We first show how to obtain the Hamilton system from the Euler-
Lagrange equation. For the functional in (3.53), the Euler-Lagrange

equation reads

Flz(2), y(x(g22)), Dy(x(2))]
—DIF, [x(2q72),y(z(q'2)), Dy(z(q72))]] = 0. (3.54)

Letting
Y(x) = F,[2(2),y(x(q22)), Dy(x(2))], (3.55)
and

H = —F + ¢(x)Dy, (3.56)
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then we get from (3.54),(3.55) and (3.56) the Hamilton system

Dy(z(2)) = Hyly(z(q22)), ¥(a(2)), Dy(a(2))]
Dly(a(g722)] = —H,ly(x(qg722)), ¥ (2(2)), Dy(a(=))] (3.57)

b) To get the Hamilton-Pontryaguin system from the Hamilton sys-
tem (3.57), it suffices to suppose u(x(z)) = Dy(z(2)) to be the con-
trol equation for the given initial non controlled extremum problem.

In that case, (3.57) gives

Dy(x(2)) = Hyly(z(q22)), (2(2)), u(x(2))]
Dly(x(q22))] = —Hy[y(z(q22)), ¥(w(2)), u(z(2))] (3.58)

with
H = —Fly(x(q 22)), u(z)] + d(a(2))ulz(2)), (3.59)

the Hamilton-Pontryaguin function, and from (3.55) we get the third
equation in (3.36):

H, = 0. (3.60)

¢) We finally show how to obtain the Euler-Lagrange equation (3.54)
from the Hamilton-Pontryaguin system (3.58), (3.59) and (3.60).
From (3.59) and (3.60), we have

Y(a(2)) = Fyly(a(q22)), u(z(2))] =
Fi[y(z(q722)), Dyy(a(2))]. (3.61)
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while from (3.58) we get

D[y (x(q22))]
= Fyly(2(q722)), u(2(2))] = Fyly(2(g722)), Dyy(x(2))]- (3.62)

Finally, (3.61) and (3.62) give the Euler-Lagrange equation (3.54),

which proves the proposition. ]

3.2 ¢g-Nonuniform difference linear control sys-

tems

The linear control systems theory consists in the study of controlla-
bility of linear systems, that is, a set of well defined interconnected
objects which interactions can be mathematically modeled by lin-
ear systems of divided difference functional equations. Thus a g¢-

nonuniform difference linear control system can be modeled as [16]

Dy(w(2)) = A(z(2))y(w(2q72)) + Bla(2))u(z(z))  (3.63)

where y is a k-vector, A a k x k-matrix, B a k X m-matrix, and u,
a m-vector. The vector y stands for the state variable of the sys-
tem, describing the state of the system at a given time s (z = ¢°),
while u stands for the input or the external force constraining the
system that is the resulting trajectory to adopt a predetermined
behavior. Thus, u controls the system, which is why we speak of
control systems. The matrices A and B are intrinsic characteriza-
tions or descriptions of the system. In (3.63), the state of the system

is described by k variables and the external forces act with m inputs.
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In practice, it is often difficult, even impossible, to determine the
state of a system itself because it is generally characterized by very
numerous variables. Instead, one observes the output of the system
v(x), characterized by a small number of variables. Hence, a mathe-
matical model more suitable than (3.63) for the study of the systems

controllability reads

Dy(w(2)) = A(x(2))y(w(2q72)) + Bla(2))u((2))
v(a(2)) = Clz(2))y(x(2q7)). (3.64)

with C, a r x k-matrix and v, a r-vector, r < k.

3.2.1 Controllability

There are many versions of definition of the concept of controllabil-
ity in mathematical control theory: The controllability of the state,
controllability of the output, controllability at the origin, complete
controllability and so on. The following definition adopted in this

work, consists in the complete controllability of the state system.

Definition 3.6. The system (3.64) is said to be completely control-
lable (c.c.) if for any given value of z = xy = x(2(), and any initial
value of y = yyp = y(x¢), and any final value of y = yy, there exists a
finite value x = x1 = z(z1), and a control function u(x), ro <z < 1y

such that y(x1) = y;.

According to (2.126), the solution of (3.64) reads
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where ®(a,b) = Yy(a)Yy *(b), Yo(x(2)) being the nonsingular matrix
solution of the homogeneous system corresponding to the first equa-
tion in equations (3.64). Hence, the system is c.c. if for any value
ro = x(z9) and any values yp and yy, there exists a finite value x;

and a g-nonuniform discrete function u(z), g < z < 1, such that

Yyr = y(z1) =

Z1

B (1, 70) o + / D (a0, 1(204)) B(a(2)u(w(2))dgr ()] (3.66)

Lo

It is not difficult to imagine an example of a non c.c. system. The

classical one is similar to the following system

Dyi(a(2)) = anyr(e(2q72)) + arzya((zq72)) + u(e(z))
Dya(a(2)) = anya((2q72)). (3.67)

This system is not c.c. since ys(x(2)) = Eq,%(agg; 20; z); and conse-

quently u(z(z)) has no control over it.

The following controllability criterion is valid not only for constant
systems but also for varying ones. Moreover, it gives an explicit

expression for the control function u(z).

Theorem 3.7. The system (3.64) is c.c. iff the k X k symmetric

matrix

U(SE(), 5171) =

Ty

[ Blan. 20 ) Ba() B ()00, oz} Tdya(z) (368

Zo
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18 nonsingular. In the latter case, the control function is given by

u(x(z)) = =BT (2(2))® (w0, 2(2q2)) T U (w0, 21) [yo — (20, 21)yy]
o <z <11 (3.69)

and transfers yo = y(xo) to yr = y(z1).

Proof. Necessity. By contradiction: Suppose that the system is c.c.
and the matrix U(xg, 1) is singular. For an arbitrary k-vector «, we
have

U = ?(bT(:c(z), zo)P(x(2), x0)dgz(2)

Zo

— T 161P daz) > 0 (3.70)

where ¢(x,20) = BT (2)®7T (20, 2(2¢2))o. Thus U is positive semi-
definite. It remains to show that the inequality is rigorous. Suppose

that there exists & : T U& = 0. In that case

/ | é |17 dya(z) = 0= ¢ = BT (2)®" (o, 2(2¢2))a =0 (3.71)

(| ¢l=0e¢=0). (3.72)

As the system is c.c. let @(x) be the control that transfers y(xg) = &

in y(x1) = 0. We get

Q= - ?‘D(xo, 2(2q2)) B(w(2))i(x(2))dga(2). (3.73)

Lo
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Hence

Thus U is positive definite hence it is nonsingular.

Sufficiency. If U is nonsingular, the control in (3.69) is defined and
we need to show that it transfers yy = y(x¢) to ys = y(z1). Loading
(3.69) in (3.66) gives

y(x1) = (2, 20)[yo
—(J (w0, 2(22)) B(a(2)) BT (x(2)) @7 (w9, 2(27))dy(2)) U (0, 21)

Zo

(Yo — @(z0, 21)yy)]
= O(z,20)[yo — (Yo — P(z0, 21)ys)] = vy (3.76)

and the theorem is proved. [

Note that a scalar control system (k=m=1)

Dy(w(2)) = alw(2)y(e(zq72)) + blz(2))u(z(z))  (3.77)

is necessarily c.c. since, in such a case, (3.68) is necessarily non sin-

gular.

If the system is not c.c., for some yy and yy, there can be or not
a control u(z) that joins them. The existence of such a connection

control between two given states is given by the following
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Theorem 3.8. If for given (xo,yo) and (x1,yy), there exists a k-

vector v such that

U(xo, x1)y = yo — (0, 21)yy (3.78)

then the control u(x) = BT (x)®T (zg, )y transfers yo = y(zo) in ys.
Proof. Loading u(z) in (3.66) gives

O (1, 20)[yo — (71@(330,a:(zq%))B(x(z))BT(a:(z))@T(xo,x(zq%))y]

Zo

= ®(21,70)[y0 — (Yo — P(x0, 21)ys)] = yy- (3.79)

[]

3.2.2 Observability

The concept of observability is closely related to that of controlla-
bility. Generally speaking, a system is completely observable if and
only if the knowledge of the input and output during a sufficient time

suffices to determine the state of the system.

Definition 3.9. The system (3.64) is completely observable (c.o.) if
for any xg, there exists a finite x; such that the knowledge of v(z)

and u(z) for zp < z < 1 suffices to determine yy = y(xg).

Similarly to Theorem 3.7, the basic observability criterion for time

varying systems reads
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Theorem 3.10. The system (3.64) is c.o. iff the k x k symmetric

matrix

V(Qfo, 5131) =

T

[ ¥ leat).20)CT @) Cal2)Bla et m)dya(z)  (350)
15 nonsingular. In the latter case, we have

Z1

Yo = V_l(xo,xl)/@T(x(zqé),xO)C’T(a:)U(x(z))dqx(z). (3.81)

To

Proof. Necessity. The proof is similar to the corresponding one in
Theorem 3.7.

Sufficiency. Supposing that u(x) = 0 (this does not decrease the
generalities), zop < x < x1 , we have y(x) = ®(x,x9)yo. Hence
v(z) = C(z)y(z(zq2)) = C(2)P(x(2¢2), z0)yo. Multiplying on the

left by ®(z,20)C* () and integrating from zy to x;, we obtain

[ 87 (2(2), 20) O (2)u(@)dyer(2)

Lo

— ([ @7 (2, 20)C7 (2)C(2) b (z(2q

To

N

)s x0)dyg(2))yo

= V(xo, 21)yo- (3.82)
Thus if V' (z¢, x1) is nonsingular, we have

yo = Vw0 1) [ 07 (2(203), 20)CT (@)o(@)dyal=).  (3.83)

Lo

]

The controllability and observability are two concepts with physically

distinct meanings but that are mathematically equivalent as shows
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the following ¢-nonuniform duality theorem:

Theorem 3.11. The system (3.64) is c.c. iff the dual system

Dy((2)) = — A" (2(2))y(w(2q7)) + O (x(2))uz(2))
v(z(2)) = B (2(2))y(z(2¢72)) (3.84)

N[

1S c.0. and conversely.

Proof. Considering (3.64),(3.68),(3.80), and (3.84), we remark that

to prove the necessity, it suffices to prove that if
DP(x(2), ) = A(a(2))®(2(2q72), z) (3.85)
then
DO (29, 2(2)) = —AT(x(z))(I)T(xo,x(zq%)). (3.86)
From Theorem 2.3, it follows that if ®(x(z), () satisfies
DY (2(2)) = Ax(2))Y (2(24 7)) (3.87)
then its inverse, that is, ®(x, z(z)) satisfies
DZ(x) = —Z(a(2g*)) Al(2)).
Hence

D (xg,x(z)) = —@(xo,x(zq%))A(:c(z)). (3.88)

Carrying out the transpose on both sides, one gets the required equal-

ity (3.86). The sufficiency is proved similarly. O

This duality clearly allows to relate results in controllability and

observability theories.
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3.2.3 Linear optimal controllability

Consider now the g-nonuniform integration functional

1

J(y(@),u(@)) = [ fOlx(2), y(2x(q722)), u(z(2))]dg2(2)

= 3 1) L2 (2), y(x(g22)), ulz(2)]. (3.89)

2=q%

The functional is defined on the cartesian product E* x U where U
is the set of admissible (that is which values belong to a fixed set
in R¥) functions u(x), and E* is the set of k-vector functions y(x)

satisfying the boundary constraints
y(g° ) = C1; y(g®t2) = O, (3.90)

C1, Cy - some constants. Consider then the g-nonuniform difference

linear control system

Dy(x(2)) = A(z(2))y(x(q722)) + Bla(2))u(z(2)),  (3.91)

subject to the boundary constraints (3.90). This system may be

written in coordinates form as

1

Dyi(a(2)) = fila(2).ylalq 52)), u@(@)], i = 1,.... k. (3.92)

where
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The linear optimal control problem consists in finding among all
admissible vector functions u(x), that for which the corresponding
solution of (3.90), (3.91) (which is supposed to be c.c.) is an extremal
of the functional (3.89). The functions y(x) and u(x) are said to con-
stitute a g-nonuniform optimal process and are called g-nonuniform

optimal trajectory and g-nonuniform optimal control respectively.

According to the general theory of the first paragraph, the necessary
condition for the above linear optimal control problem is given by

the g-nonuniform Hamilton-Pontryaguin system

Dyi(z) = Hy, (3.94)
Dlyj(z(2))] = —Hy,, j=1,....,k (3.95)
and
H, =0,j=1,...,m. (3.96)
where

H = flz(2), y(z(q22)), u(a(2))]
+ 2 vile(zg e@)file(2),y(a(a722)),ul@(2)]), (3:97)

is the g-nonuniform Hamilton-Pontryaguin function.

Using (3.93), (3.97) the system (3.94)-(3.96) reduces to

1 m

Dy(x) = 3. aij(2(2))y;(x(2q72)) + 22 bij(2(2))u;(2(2))(3.98)

J=1 J=1

Dly;(z(2))] =
—f0 =S ay(a(2)Wi(a(zq2)), i.j=1,....k  (3.99)

1=1
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and

£+ ibij(x(z))wi(a:(zqé)) —0, j=1,....m.  (3.100)

Example. The g-nonuniform Ramsey model:

The continuous Ramsey model [22, 48] consists in finding the maxi-

mum of the utility functional

{e‘p%(c(:p))dl‘ (3.101)
under the constraint
w'(z) = rw(z) — c(x) (3.102)

where v(.) is the instantaneous utility function, ¢(.) the consumption,
w(.) the production, p the discount rate, r the yield rate.

This problem may be seen as a Lagrange problem or more generally
as an optimal control problem. In the latter case, the optimality

necessary condition for the problem is the Hamilton-Pontryaguin

system
w(r) = H{z), (3.103)
() = —H],, (3.104)
H! =0. (3.105)

where the Hamilton-Pontryaguin function

H(z, w(z), ¢(x)) = e v(c(x)) + ©(z)[rw(z) — c(z)], (3.106)

is the total utility and ¢ (z) the shadow price (see [22] for the eco-
nomic sense). (3.103) is nothing but (3.102) while (3.104) and (3.105)
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give
%v’(c(m)) = (p—r)v'(c()). (3.107)

We can now generalize the model to the g-nonuniform difference

calculus. Since (3.102) can be written as
c(x) = —e"le " w(x)], (3.108)

the g-nonuniform difference Ramsey model consists in finding the

maximum of the utility functional

E 3 (=p; 205 2)v(c(2(2)))dz(2) (3.109)

q

under the constraint

c(x(2)) = —F

q

(5 20,q22)D [Eq%(—r; z0; 2)w(z(z))| .(3.110)
By the rule of g-nonuniform derivation of a product and the formula

DE y(a;20;2) = aEq%(a; zo;q%z), (3.111)

q
the constraint (3.110) simplifies in the ¢g-nonuniform difference linear
control system

Dw(z(2)) = rw(z(zq2)) — c(z(2)), (3.112)

which is c.c. since it is a scalar one, as (3.77). Then, the g-nonuniform

Hamilton-Pontryaguin system reads

Duw(z(2)) = Hy, (3.113)
Dy(x(z)) = —H,, (3.114)
H =0, (3.115)
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where

+b(2(g22)) [rw(a(g2z2)) — e(a(2))], (3.116)

is the the g-nonuniform Hamilton-Pontryaguin function.
(3.113) is nothing but (3.112) while (3.114) and (3.115) give respec-

tively the equations

Dib((2)) = —rib(a(gb2)), (3.117)
ba(ghe) = By (—piz o p(c(a(2).  (3.118)

q

Combining (3.117), (3.118) and using the formula

DE _y(—a;20;2) = —aEq,%(—a; 20; q*%z), (3.119)

q
we obtain

Di(z) = pi(zq~2) — ri(zq2); 0(z) = v'(c(z(2¢72))), (3.120)
a q-nonuniform version of the optimality condition (3.107). This
equation clearly generalizes the equation (40) in [48] since the Askey-

Wilson derivative generalizes the Hahn quantum derivative (see e.g.
[43, 44, 50]).






Chapter 4

g-Nonuniform difference multiple

orthogonal polynomials

4.1 The Askey-Wilson polynomials

We consider the second-order divided difference operator [50]:

A \Y A

: 4.1
" R T A (1)
where
o(s) = &(t(s)) — 57(t(s) At(s — 3)
7(s) = 7(t(s)); (4.2)
0 and 7 being polynomials of degree < 2 and 1 respectively,
t(s) = c1q” + coq® + c3 (4.3)

87
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the lattice, and Ah(s) = h(s + 1) — h(s); Vh(s) = h(s) — h(s — 1).
The form of the operator in (4.1) being invariant under the transfor-

mations
t — At + B; s —> s — So, (4.4)

we can use them to transform the lattice in (4.3) in its canonical (see
(8)) form

t(s) = . (4.5)

In that case, up to a multiplication by a constant, the operator in

(4.1) can, after simple computations, be reduced to [11]:

1
z — 21

L=

(A(2)E, — [A(2) + B(2)] + B(2)E, ") (4.6)

where

. A,2272+A,1271+A()+A12+A222
J4(Z) - qz—2z"1

Asz 24 A1z T+ Ag+A_ A_y2?

B(e) — Attt

As=1A1=—(a+b+c+d);Ay=ab+ ac+ ad+ bc+ bd + cd
Ay = —(abc + abd + bed + acd); Ay = abed

S

z=q
a=q"b=q*c=q%d=qg"
E(k(2)) = k(¢'2),i € Z, (4.7)

S1, 82, s3 and sy being the (mutually-different) roots of o(s).

The operator £ can also be written as [38]:

£(z) = v(2)Bg — (v(2) +v(z7)) +v(zE;",

1—az)(1-bz)(1—cz)(1—dz
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Letting D, be the Askey-Wilson first-order divided difference opera-

tor (11), one can also write £ as:

£= [@4;)2 gi(—;)ngz—lu(q—%z)w(q—%z)} D, (4.9)
where
wigz) __ u(z)
20 = o) (4.10)

The Askey-Wilson polynomials (AWP) [9], P,(z(z)), are defined by:

4 q>4-11)

where the basic hypergeometric (or g-hypergeometric) series ¢, read:

-1 -1
q ", abcdq" ", az, az

Pula(z)) = (D g, (

an

ab, ac, ad

al, ..., OO a,17... ar;q ) (1+S—T)k (1+S—T)(k) Zk‘
r®s 1 q ?
bl,...,bs ,; (br,...,0b Q)k( ) (@ D
with
(0,1, ey Qg q)k = (al; q)k <o (ar; Q)ka
while
k—1
(0:9)0 =1, (o) == [ (1 — o)), k =1,2,3, ... (4.12)
1=0

and satisfy the second order g-(nonuniform) difference equation:

LPp(x(2)) = AMn)Pp(z(2)) (4.13)
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where
An) = —(1—q¢ ™) (1 — abedg"™). (4.14)

The operator £ was shown in [35] to be self-adjoint (more precisely,
the operator in square brackets, in the r.h.s. of (4.9), is adjoint to
the first-order Askey-Wilson divided difference operator) in the space

Sap.cd of real polynomials in x(z) with the inner product

(hi, he) := %m%hl(x(z))hg(x(z))w(z)%, (4.15)

z
C

where w(z) is given by (4.10) and C' is a deformation of the unit
circle.

Considering the representation in (4.9) and the equation in (4.13),
we will refer to £, everywhere in this work, as the Askey-Wilson
second order q-(nonuniform) difference operator.

In this section, we apply the factorization method discussed in [11],

to the operator £.

The factorization that we are going to carry out for the Askey-Wilson
second order g-(nonuniform) difference operator will furnish various
formulas such as strict (i.e. without any perturbation of parameters)
difference relations, recurrence relations and Rodrigues type formu-
las for the general sequences of eigenfunctions of the Askey-Wilson
second order ¢-(nonuniform) difference operator, including the se-
quence of the Askey-Wilson polynomials. Such formulas appeared

firstly in [11].
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As already noted, the Askey-Wilson polynomials are polynomial so-

lutions the following second order g-(nonuniform) difference equation
[38]:

£Pn(2(2)) = AMn)Pu((2))- (4.16)

In anticipation on the coming g¢-factorization, we are led to reformu-
late, before the factorization, the equation (4.16) as follows:

{A(g2)E] — [A(g2) + B(qz) + K(g2)A(n)| By + B(q2)} Pu(w(2)) =0 (4.17)

where A(z) and B(z) are given in (4.7) and K(z) = 2 — 27 1.

Consider next the following ¢-difference operator
H(zin) = A(2) [Ag2)E] — [A(gz) + Blgz) + K(g2)A(n)|E, + B(gz)] . (4.18)

The central result of this section is the following

Theorem 4.1. The operator H in (4.18) factorizes into

H(zin) = p(n) = (A(2)Eq + G(zn))(A(2)E + F(2;n))
H(zin+1) = p(n) = (AR2)Eq + F(zn))(A(2)Eq + G(2n))(4.19)

where F, G and p(n) are such that
u(=1)=0 (4.20)
and

F(z;n) —G(z;n —1) = Ci(n)x(z) + Ca(n). (4.21)
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Proof. As one can verify, the operatorial relations (4.19) are equiva~

lent to the system:

Flgzin) +G(zn) = —(Algz) + Blgz) + K(gz)A(n))
Fzn)G(zn) = A(2)B(qz) — p(n)
Ay(F(zin) = G(zn) = (An+1) = An))K(gz). (4.22)

Using the g-integration, we first transform the system (4.22) in :

F(zin) + Flgzn) = —(Algz2) + B(gz)) — (B — 2)271 — 5,
—(B1+ A(n)q)z

F(zin)G(zn) = A(2)B(gz) — p(n)
i=1
G(z;n) — F(z;n) = S Bzt (4.23)
i=—1
where f_1 = )‘(n%);)‘(n); £1 = qB_1; Py remaining arbitrary for the

moment.
Observing the first equation in (4.23) and then using the last one, it

becomes sensible to search F(z;n) and then G(z;n) under the forms:

F(zn) = F,gz—2+F,1qzz—_1:_fjo+F1z+Fzz2
G(z;n) = (F72—571)Z_2+(F71—ﬁo)z_i-irflo-i-(ﬂ+,30q)2+(F2+51Q)22. (4.24)
qz—=z

Taking p, By, F_2, F_1, Fy, F1, Fy as unknowns, the system (4.22)
will then be transformed in an algebraic system of 16 equations for 7
unknowns. To solve it, one first determines those unknowns from 7
equations and then ensures himself that they satisfy all the remaining

9 equations.
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The result is:

A(n)—gA(n+1 Ay
F_o(n) : (ghlntl) _ g (4.25)
AMn)g—XA(n+1 24qA,
Fy(n) : Ufll—q(ﬂ 2 _ %
)\n 1 n+1)—\(n
60(71) : ()\( n+1 3{( q - )q2 + A +1Zq ( )q2

—24 k= frffZ)(Al + qA—l) (241¢° + 2A2A_1q)}
Bo(n) — Ait+qA

F_l(n) D) 2
Fy (n) _QﬁOQ(”) _ AH‘;]AA
Fy(n): o Ao(q +¢°) + A2(q = 1) + ¢*(A(n) + A(n + 1))}
p(n) Ag+ A1 A_1qgt + ApAsqg™* + Fo(n)B-1(n) + F-1(n)Bo(n)

—2F_2(n)F0(n) — Fgl(n)

Thus, (4.24) is determined and a solution of the factorization system
(4.22) is found. It remains to prove (4.20) and (4.21). Direct compu-
tations allow to confirm the equation (4.20) and to get the following

identity

F(z;n)—G(z;n—1) =
2A42q7¢" — 2¢ "] (2) — w, (Vne Z). (4.26)

that is the relation (4.21) with

Ci(n) = 2437 1¢" — 27"
Cy(n) = —Bolrltholn=l), (4.27)
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A direct verification allows next to establish the following useful

relations
F(z;—1) = —B(gz)
G(z;—1) = —Az), (4.28)
(A(2)Eq +6G(2;-1))(1) =0 (4.29)
and

(A)E, + F(20))(1) = A(2) + F(2,0) = F(2,0) = G(z,—1)

= [245q7" — 2 () — &Y 4 Agda (4.30)

Note also that since A(0) = 0 the polynomial Py(z(z)) = 1 is a
solution of the equation (4.16) for n=0, or equivalently the equation
H(z,0)Py(z(z)) = 0. Now, considering the preceding, we obtain the

corollary of the theorem 4.1:

Corollary 4.2. The AWP P, (x(2)), polynomial solutions of (4.16)

satisfy the difference relations

Puri(z(2)) = (A(2)Eq + F(z;0))Palz(2))  (4.31)
—p(n = DPua(2(2)) = (A(2)E, +G(zn = 1))Pu((2)]4.32)

and the three-term recurrence relations

Pur1(x(2)) + p(n — D)Ppoi(2(2)) =
(12429714" = 2q7"]a(2) — BLHROD) P, (a(2)
Po(z(2)) = 1;
Pi(x(2)) = [245q7 " — 2u(z) — 200 4 Azada -4 33)

2q
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The monic AWP polynomials Py (z(z)) = Pn(x(2))/0(n) where

o(n+1)/o(n) = Ci(n) (4.34)

satisfy
i1+ an Py = (2(2) = ba)P; (4.35)

where
2o M=l o)), (436)

K Cl(n)Cl(n — 1)’

From the difference relations (4.31), one deduces especially a Ro-

drigues type formula:

or equivalently
) Pa(x(2)) = — [ By + F(z:D](p(2)n = 1,2,3, .. (438)
p(2) 5
where
plaz) _ 0.
() = A(2). (4.39)

Note that the relations (4.22), (4.26), (4.27) and (4.36) lead to the
following relations for the AWP:

Flzn) =G(z,n = 1) + (2(2) = b)C1(n)

G(z,n) = F(z,n = 1) = (2(g2) = ba)C1(n))
F(z,n)G(z,n) = F(z,n—1)G(z,n — 1)

+a2ei(n —1)Ci(n) — a?,Ci(n)Ci(n + 1). (4.40)
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This means that the AWP are a special case of Laguerre-hahn poly-
nomials [43] being polynomials 0-associated (due to that u(—1) = 0)

to classical polynomials.

On the other side by the consideration above, we have the following

Theorem 4.3. The AWP P,(x(2)), n =0,1,... satisfy the second
order q-difference equation

{G(qz: —1E] — [F(azn) + G(2:0)|Eq + F(z; —1)}Pu(w(2)) =0, (4.41)

where F and G satisfy the relations (4.40).

This result confirms the fact that the AWP are a special case of
the semi-classical polynomials [44] on lattices (8). Indeed, the semi-
classical polynomials are known to satisfy a type (4.41) difference

equation, with F and G satisfying relations generalizing (4.40).

Functions generalizing the Askey-Wilson polynomials

We envisage now to show how to produce a sequence of functions
®,,(z,t) generalizing the AWP in that sense that they are eigenfunc-
tions of the Askey-Wilson second order g-(nonuniform) difference

operator £ and
D, (2,t) — Pu(x(2)), t— 1. (4.42)

We showed above that if the eigenvalue of the Askey-Wilson second
order g-(nonuniform) difference operator is A\(n) = —(1 — ¢™")(1 —
abedq™™1), then a factorization as in (4.19) is realizable. Now, using
(4.22), one finds that conversely, the possibility of a type (4.19) fac-

torization implies necessarily that the eigenvalue in action is 'A(n) =
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—(1 —tg™)(1 — abedt—q"1). On the other side, it is clear that the
presence of the parameter ¢ in ‘A(n) in no way annoys the factoriza-
tion (4.19) (thanks to the specific dependence of ‘A(n) at t). This
means that if in the expressions (4.25), we substitute A(n) by ‘A(n),
the resulting expressions for F and G, say !F and G, solve a type
(4.19) factorization problem for an operator, say 'H(z;n), obtained
from H(z;n) replacing A\(n) by A(n).

Let us consider next the equation:

Ly(z,t) = M0)y(z, 1), (4.43)
or equivalently

"H(z0)y(z,t) = 0. (4.44)

This equation is not new: A little wider equation (where the Askey-
Wilson second order ¢-(nonuniform) difference operator is replaced
by the corresponding operator in (4.1)) has been explicitly solved
in [10]. In our situation, according to [10], one first solves the non-

homogeneous equations:
(£ ="X0)) u(z,t,0) = G(2,t, ) (4.45)

where

(at, abedat™q7t: q) o
(abar, aca, ado, aq; q) o

1

G(z,t,a) = - (az,az2™";q)o (4.46)

and (03 q) oo := lim; (0} q);, for the following values of «:
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The corresponding solutions are the functions [10]:

(az,a27'q) oo i (at,abedat g7 aaz, acz™t q);

u(z, t,a) =

. (447
(acz, acz™t;q) o (aba, aca, adar, ag; q); ¢ 4D

Let us remark that the AWP appear here as the functions u(z,¢™", 1),
n=20,1,2,...

The solutions of the homogeneous equation (4.43) or (4.44) are then
obtained by opering adequate (considering (4.46)) linear combina-
tions of any two of the functions (4.47).

Among the solutions of the homogenous equation (4.43) or (4.44), we
are interested in those having a constant limit when ¢ converges to
the unit. Let us take the "adequate” linear combination of u(z,¢,1)
and u(z,t, a), a # 1:

(t,abedt~1q™!, aba, aca, ada, aq; q) oo
(ab, ac,ad, q, at, abedat=1q71; q)

y(z,t) == u(z,t,1) — u(z, t, o). (4.48)

It is easily seen that y(z,1) = 1. However, if ¢(z,t) is another
”adequate” linear combination of u(z,t, aq) and u(z,t, ) where aq
and ay differ both from the unit and each other, then g(z,1) #
constant. In other words g(z, 1) is the nonconstant solution of the
equation (4.16) for n = 0.

Our point here resides in the following

Theorem 4.4. Ify(z,t) is the solution in (4.48), of (4.43) or (4.44),

then the functions

(I)O(th) = y(Z,t),
D, (z,1) = H[A(Z)Eq +' F(z9)]y(z, 1), (4.49)

n=123 ..

generalize the AWP in that sense that they are eigenfunctions of

the Askey-Wilson second order q-(nonuniform) difference operator £
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(corresponding to *A(n)) and they converge to them when t converges

to the unit.

Proof. As already noted, the operator "H admits a type (4.19) factor-
ization but now with F and G replaced by ! F and !G. Consequently,
the fact that the functions in (4.49) are eigenfunctions of the Askey-
Wilson second order g-difference operator £ corresponding to A(n),
is a consequence of that ®((z;t) is an eigenvector of £ corresponding
to ‘A(0). To be assured that the functions in (4.49) converge to the
AWP (of course, up to a multiplication by a constant), we need es-
sentially to remember that ‘A(n) converges to A(n) when t converges
to the unit and then compare the r.h.s. of (4.49) and (4.37), which

proves the theorem. ]

4.2 Multiple Askey-Wilson polynomials and re-
lated basic hypergeometric multiple orthog-

onal polynomials

4.2.1 Introduction

In this paragraph (see also [52]) we will first show in Section 4.2.2
how some families of basic hypergeometric polynomials are related by
a linear transformation. This transformation is a g-analogue of the
Fourier—Jacobi transform that maps Jacobi polynomials to Wilson
polynomials [40]. We will consider three families of basic hypergeo-
metric polynomials: the Al-Salam—Chihara polynomials, the contin-
uous dual g-Hahn polynomials and the Askey—Wilson polynomials,
and show how they can be obtained by a linear transformation from

the little ¢g-Laguerre and the little ¢g-Jacobi polynomials. We then
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extend this procedure to multiple orthogonal polynomials in Section
4.2.3. We will first recall multiple little ¢g-Laguerre polynomials in
Section 4.2.3.1 and multiple little g-Jacobi polynomials in Section
4.2.3.2 and then apply the linear transformations to obtain multiple
Al-Salam—Chihara polynomials (Section 4.2.3.3), multiple continu-
ous dual ¢g-Hahn polynomials (Section 4.2.3.4) and finally multiple
Askey-Wilson polynomials (Section 4.2.3.5).

4.2.1.1 Basic hypergeometric orthogonal polynomials

Al-Salam—Chihara polynomials p,(z; a, b|q) satisfy the orthogonality

1
d
/1pn(m; a, b|q)pm(x; a, blq)w(6; a, b\q)\/% =0, n # m,

where x = cosf and

(e, 67" )

0,0,09) = TG 0o b be
w(®; a, blq) (ae®, ae=, bei® be~1; q) o

, (4.50)

with parameters a, b satisfying |al, |b| < 1, see [37, §14.8], [31, §15.1].
They are given by

aezﬁj ae—z@

q ",
pnlT;a,0|q) = 30
( 9= 2( ab, 0

q,q) . (4.51)

Continuous dual ¢g-Hahn polynomials p,(z;a,b,c|q) satisfy the or-

thogonality relations

1

dx
/pn(x; a, b, c|q)pm(x;a, b, clq)w(b;a, b, c\q)ﬁ =0, n #m,

-1
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where © = cos @ and

(e, e q)c

(ae® ae= bel® be=0 cel® ce=;q)y

w(B;a,b, clg) = L (52)

with parameters a, b, ¢ satisfying |al, |b], |c| < 1. They have the basic

hypergeometric expression

qa",
pn(xa a, bv C‘Q) - 3¢2 (

q, q) . (4.53)

ab, ac

Askey—Wilson polynomials p,(x; a, b, ¢, d|q) satisfy the orthogonality

relations
1
[ pulaiab e dlapaes b c.dgyu®: o cdg) 2 =0
n\T; a, 0, C, m\ZL; 4, 0, C, w\v;a, o, C, —F— =Y,
p qQ)p q V) =0
|
n #m,
where £ = cos 0 and
(6219 —2i0. q)

w(b;a,b,c,d|q) =

(ae®, ae= bel® be=i0 celt ce 0 de? de=1;q)s’

(4.54)
with parameters a, b, ¢, d satisfying |al, |b], |c|, |d| < 1, [37, §14.1], [31
§15.2]. They are given by

q ", abedq™t, ae', ae™

ab, ac, ad

pn(xu a, b7 C, d|Q) = 4¢3 (

q, q) . (4.55)

These three families are connected and are in fact all Askey—Wilson

polynomials, since

® p(2;a,b,0,0|q) = pu(z;a,blg) = pu(x;a,b,0|q).
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o aan(LU, a|q) = pn(xa a, 07 07 O|q>

The latter polynomials H,(z;alq) are the continuous big ¢-Hermite
polynomials which we will use in Section 4.2.2.3. We have nor-
malized the polynomials so that p,(0;a,b,c,d|q) = p,(0;a,b,c|q) =
pn(0;a,blqg) = 1. Observe that
k—1
Au(e) = (ae”, ac ;g = [[(1 4+ a¢¥ — 2a¢)  (4.56)
=0
is a polynomial of degree k, so the polynomials (4.51), (4.53), and

(4.55) are expressed as a linear combination of these polynomials

Two other families of basic hypergeometric orthogonal polynomi-
als that we will encounter are orthogonal with respect to a discrete
measure supported on the g-lattice {¢*,k = 0,1,2,...}. They are
the little g-Laguerre polynomials ¢,(z;alq) [37, §14.20] for which
0<ag<1and

00 a k
> an(d"; alg)gm(d"; alg) ((q.?)k =0, m#n, (4.57)
k=0 ’

and the little ¢-Jacobi polynomials g, (z; a, b|q) [37, §14.12], for which
0<ag<1,bg<1and

o0 a k .
> e Hadan (a5, bi) D CEDE — 0.z, (45
k=0 ’

They are given by

q "0
aq

qn(7;alq) = 2601 (

B S (T ) [
Mx) e (aq;CI)k(q;CI)k(q ), (459)

Bl
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and

abg™ !

= (qx)".

—~ (aq; )i @)

q ",
Qn(% CL,b’Q) =20 (

aq

Here we used the normalization ¢,(0;alq) = 1 = ¢,(0; a, b|q).

4.2.1.2 Multiple orthogonal polynomials

Multiple orthogonal polynomials are polynomials in one variable
that have orthogonality conditions with respect to several measures.
There are two types of multiple orthogonal polynomials, but in this
paper we only consider type II multiple orthogonal polynomials. Let
r > 1 be a positive integer and (p,..., i) positive measures on
the real line for which all the moments exist. We will use multi-
indices 7 = (ny,n2,...,n,) € N" and denote their size by |ri| =
niy + ns + -+ - + n,.. Type II multiple orthogonal polynomials Py(x)
for the multi-index 77 are monic polynomials of degree |7i| that satisfy

the orthogonality conditions
/Pﬁ(x)xk dpi(z) =0, 0<k<n;—1,

for 1 < j < r. This gives a system of |77] homogeneous equations for
the |77| unknown coefficients of P;. If the solution exists and if it is
unique, then we say that 77 is a normal index. See [31, Ch. 23|, [51,

§4.3], [1], [45] for a background on multiple orthogonal polynomials.

During the past few decades, various examples of multiple orthogonal
polynomials with classical weights have been worked out. Often one
can take the orthogonality measures for classical orthogonal polyno-

mials and by allowing r different parameters one gets r measures with
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respect to which one can look for the corresponding multiple orthogo-
nal polynomials, see, e.g., [2, 7, 58]. Some of these ‘classical’ multiple
orthogonal polynomials play an important role in applications, e.g.,
multiple Hermite polynomials and multiple Laguerre polynomials are
used in the analysis of random matrices [24, 25, 42] or special deter-
minantal processes [41], multiple Jacobi polynomials and multiple
little g-Jacobi polynomials are used in irrationality proofs [54-56],
multiple Charlier and multiple Meixner polynomials are used to de-
scribe non-Hermitian oscillator Hamiltonians [46, 47, 49], and in gen-
eral multiple orthogonal polynomials they are useful in the analysis
of multidimensional Schrodinger equations and the multidimensional

Toda lattice [3, 4].

Beckermann et al. [23] worked out the most general family of classical
multiple orthogonal polynomials by giving the multiple Wilson poly-
nomials. These Wilson polynomials are on top of the Askey table [37,
p. 183] and from this family one can move to other families of clas-
sical multiple orthogonal polynomials by taking limits. They used
a transformation (the Fourier-Jacobi transform) that maps Jacobi
polynomials to Wilson polynomials (Koornwinder [40]) and showed
that this transform allows to generate multiple Wilson polynomials
from certain multiple Jacobi polynomials (the Jacobi-Pinieiro polyno-
mials). In this paper we will look at the g-analogue of the Askey table
[37, p. 413]. Some multiple g-orthogonal polynomials have already
been obtained, such as the multiple little ¢g-Jacobi polynomials [53],
multiple g-Charlier polynomials [8] and multiple ¢-Hahn polynomi-
als [6]. On top of the g-analogue of the Askey table are the Askey—
Wilson polynomials and the ¢g-Racah polynomials. In this paper
we will obtain multiple Askey—Wilson polynomials (Section 4.2.3.5)
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by use of a linear transformation that maps little ¢g-Jacobi polyno-
mials to Askey—Wilson polynomials. We will also obtain multiple
continuous dual ¢g-Hahn polynomials (Section 4.2.3.4) and multiple
Al-Salam—Chihara polynomials (Section 4.2.3.3) using the transform
that maps little ¢g-Laguerre polynomials to continuous dual g-Hahn
polynomials and Al-Salam—Chihara polynomials. to achieve this, we
first work out the multiple little g-Laguerre polynomials in Section

4.2.3.1 and the multiple little g-Jacobi polynomials in Section 4.2.3.2.

4.2.2 A mapping between basic hypergeometric polynomi-

als

The Al-Salam—Chihara polynomials and the Askey—Wilson polyno-
mials are most naturally expressed in the basis {Ax(z); £k =0,1,2,...}
of polynomials, given in (4.56). Let us also consider the polynomials

k—

Bi(z) = (b’ be ™ q)p = H(l + b2 — 2bg’x),
=0

—_

then the orthogonality of the Al-Salam—Chihara polynomials is equiv-

alent to
1 .
Dy /pn(x;a, blq)(be™ be™"; q) jw(6; a,blq) dO = 0, 0<j5<n—1,
s
0
and the orthogonality of the Askey—Wilson polynomials is

1 f . .
5 [ palaiasbcidl) e be s q)su(6ia,b,c. dig) dB =0,
s
0

0<73<n—-1.
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We can express these polynomials, up to a multiplicative factor, as

a determinant:

/ moo mo mo2

mi,0 mia mi2
ma.o ma1 ma 2
pn(x) = C), det .

Mp-1,0 Mp—-11 Mn-1.2

\ Ao(z) Ai(z) Ao(w)

where the m;, ; are modified moments

mon \

Min

)

Mp—1n

)

Au(z) )

miy = 5 [ A Buae(0)

Indeed, if we integrate then

mo,0
mio
/ d m
1 T 2,0
% /pn<$>Bk(5U)w(9) \/ﬁ = (C, det
-1
Mp—1,0
mgo

and this is zero when 0 < k <n —1. If

(mo,o mp1 o2

mio Mi1 Mi2

Dy, =det | mag ma1 mas

b

\mm() Mp1 Mp2

mo,1 mo,2
min mi2
ma ma.2

Mmp—11 Mp-12

M1 mg2

(4.61)

(4.62)



107

and C;' = (—2a)"¢"" V2D, 1, then p,(z) defined in (4.61) is a

monic polynomial.

4.2.2.1 Al-Salam—Chihara polynomials and little ¢-Laguerre polyno-

mials

The modified moments for Al-Salam—Chihara polynomials can be

computed using the integral

1 a 20 =20, ;) 1
il (e e ) 4 = (4.63)
2m ) (ae? ae= be? be=1; q) o (45 9)oo(ab; q) o
0

(see [31, Eq. (15.1.1)]). One easily finds

1 . . ‘ .
my,; = gy (aew,ae_w;q)j(beze,be_w;q)kw(e; a,blq) do

0
1/ -
= — [ w(b;aq¢’,bq"|q) db
27
0

1 o (ab; Q)k+j

(¢ @)oo (abg* 45 q)oe (43 @)o0(ab; @)oo’

so that my, ; = c;4; and D, given in (4.62) is a Hankel determinant.
The sequence (¢, )nen can be identified as the moments of a discrete

measure. Indeed, by the ¢-binomial theorem [30, §1.3]

S (@; @)k i _ (a2 Q)oo’ L1 (4.64)
— (q;Q)r (25 @)o0
we see that (for a = 0)
- ab)* 1 ab; q)n,
qun ( ) - n. - ( _q) :Cn(q;Q)oo;
_ (q7 Q)k (Cqu ) Q)OO (ab, Q)oo

k=0
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so that

Cp = /x" du(x),

for the discrete measure u on the g-lattice {¢*; k € N} for which

(43 Q)0 = (a:

[ rduta) = S e

This is the orthogonality measure for the little g-Laguerre polyno-

mials, see (4.57). From this we have the following result:

Theorem 4.5. Let T, : f — T,(f) be the linear transformation that

acts on polynomials as

Then the Al-Salam—Chihara polynomials p,(x;a,blq) and little q-

Laguerre polynomials q,(x; alq) are connected by
pa(z;a,blq) = Tugn(; ab/qlq).

Proof. Orthogonal polynomials are given in terms of the moments ¢,

of their orthogonality measure by the determinant [31, Eq. (2.1.6)]

/ C C1 (6) Cn \

i C C3 - Cpyl
Cg C3 C4 -+ Cpy2
pn(x) = Cndet [ = = |
Ch—1 Cp Cpt1 *°+ Cop—1
\ 1 z 22 - " )

where C), is a constant which fixes the normalization. If we compare

0 —10. _
, At ! 7Q)k —

A (), see (4.56). The sequence (¢,)nen contains the moments of the

this with (4.61), then we need to replace every z* by (ae’
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measure
00

1 (ab)*
SRR 2 @™

k=0

Recall that the little g-Laguerre polynomials ¢, (x; a|q) satisfy the or-
thogonality relations (4.57), hence the orthogonal polynomials with
moments (¢, )nen are the little ¢g-Laguerre polynomials g, (z;ab/q|q).
Applying the transformation 7; to the determinantal expression for
qn(x;ab/qlq) then shows that T,q,(z;ab/q|q) is proportional to the

Al-Salam—Chihara polynomial p,(z;a,blq). The little ¢-Laguerre
polynomials are given by (4.59)
q "0
201 <
aq

q, qx)
n

B (" Dk ko
= Z( ¢ ",

— (aq; )r(g; )

qn(x; alq)

hence applying 7T, to the polynomial g, (z;ab/q|q) gives

Toqn(x;ab/qlq) = Z (QZE?;)T;;(?’;)qu(aeie;q)k(ae—ia;q)k

k=0
Q;CI)a

q—n aew ae—w
= 302
and this is indeed the basic hypergeometric expression (4.51) for the

ab, 0

Al-Salam—Chihara polynomial p,(z;a,b|q). Therefore the propor-

tionality factor is 1 and the result follows. ]

The linear transformation T}, can be given explicitly and uses contin-

uous ¢-Hermite polynomials H,,(x|q), which are given in [37, §14.26]
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[31, §13.1]. They satisfy the orthogonality

1
dx Om.n

i T 210 6—2710, —
QW/HTL( |q) ( ‘Q)( 7Q)Oom (qn—H;Q)oo’ (465)

-1

and they have the generating function [37, Eq. (14.26.11)] [31, Thm.
13.1.1]

= H,(z 1
Z (q,q - (tew = x = cos#. (4.66)

n=0

Theorem 4.6. The linear transformation T, that acts on polynomi-

als as
T,2" = (aew, ae” " Q)k
1 given by
7 —1 - n an r\q
(L0 = (e, ae ) 3 e 50D
n:() 9 n

Proof. Obviously the transformation given in (4.67) is linear, so we
only need to check that it acts properly on the monomials *. If we
take f(z) = 2¥ in (4.67) then

n ::r;q
Ta* = (ae”, ac wzqk et

Taking t = ag® in the generating function (4.66) gives

0 —if
E (ae”, ae™"; q)s0 0 . —if
Tox" = (aquZp’ aqke_w; Q)oo - (CL€ ; ae 7Q)k’7
which is indeed what we need. ]

The transformation 7; has an interesting isometric property, pre-

serving certain inner products.
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Proposition 4.7. Let (f, g)ais(a) be the discrete inner product

o n

)

1
(f, 9)disa) = e nof )

and (U, V) cont(a,p) be the continuous inner product

1

(1Dt = 5= [ wlayo(ayu(Bia. o)

“1
where w(#; a,blq) is the weight function (4.50). Then

<T f Tbg>cont (a,b) <f g>d15 (ab)-

Proof. By using (4.67) we find

(Tof, T59) cont(a,b) Z Z fa")g(d") (q; QC)L:?Z q)m

n=0 m=0
1
1 . o |
x=— [ (ae”, ae™" b be™"; q)oow(0; a, b|q) Ho (2] q) Hyn (2] q) ———=.
27 1 —a?
—1

The integral simplifies to

1
1 260 —2if dx (4 On
= ! s :5nm )
= [0 H ) Ho(ol) g = G
1

which follows from the orthogonality (4.65) of the continuous g-
Hermite polynomials. Hence the double sum becomes a single sum

and the result follows. []

As a corollary we see that the orthogonality relations of the Al-
Salam—Chihara polynomials follow from the orthogonality of the

little g-Laguerre polynomials. Indeed, by Theorem 4.5 we have



112

Tugn(z;ab/qlq) = pn(x;a,blq) and by interchanging a and b we also
have Tyq (5 ab/q|q) = pm(z; b, a|q) and the latter is equal to p,,(x; a, b|q).
Proposition 4.7 then shows that

1

1
o / (50, blg)prn(2; 0, blq) (6 a,blg) Y
~1
1 k k (ab)®
= an(q";ab/qlq)am(q"; ab/q|q ,
(q;q)m; ( /2l @) qm( /4l )(q;q)k

and the latter is 0 whenever m # n by the orthogonality (4.57) of
the little g-Laguerre polynomials. Clearly the norms of p,(x;a, b|q)

and ¢, (x;ab/q|q) are also connected.

4.2.2.2 Askey—Wilson polynomials and little g-Jacobi polynomials

The modified moments my, ; for the Askey—Wilson weight are given
by

1
2

ae ae™: q).(be” be ™ q)pw(6;a, b, c,d|q) db
j

)

S, O —,

w(8;aq’, bq", ¢, d|q) .

5|~

To evaluate this integral we use the Askey—Wilson integral [31, Eq.
(15.2.1)]

.7 (abed; q)
_ 0:a,b,c,d|q) df =
2T /w( » 3,9, €, ‘Q) (q; Q)oo(ab, ac, ad, be, bd, cd; Q)OO’
0

lal, 0], ||, |d] < 1, (4.68)
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which gives

(abedg®7; q) o
(43 @)oo (abg*™, acq?, adqi, beg®, bdgk, cd; q)
(abed; @)oo
(¢; @)oo (ab, ac, ad, be, bd, cd; q)
(ab; @)x+j(ac; q);(ad; q)(be; q)1(bd; q)r.
(ab0d7 Q)k+]

Mmkj =

(4.69)

This expression contains a Hankel part ¢ ; depending only on k+j,

with

. (ab; @)y . (abed; q) oo
abed; @) ~ (¢;9)0(ab, ac, ad, be, bd, cd; q) o
O(abed: q), 0 b d be.bd. cd

Cnh —

The sequence (c¢,)nen can again be identified as the moments of a
discrete measure on the ¢-lattice {¢* : k € N}. If we take z = bg" in
the g-binomial theorem (4.64), then

. ~(abg"; @) (ab; @)oo (B;q)n
kz:; (00D (039) (abiq)n

so that

1

Cy = / 2" dv(z), / flo)dv(z) =&y @5 DE () (o),

0

where ¢y = 1/(q; ac, ad, be, bd, cd; q) . This is the orthogonality mea-
sure for little g-Jacobi polynomials, see (4.58). We can now prove

the following result.

Theorem 4.8. Let T, .q: f +— Tyuca(f) be the linear transformation

that acts on polynomials as
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Then the Askey—Wilson polynomials p,(z;a,b,c,d|q) and little q-

Jacobi polynomials q,(x;a,blq) are connected by

pn(SU; a, b, C, d‘C[) = Ta,c,dQn(x; ab/Q? Cd/Q|Q)

Proof. If we insert (4.69) in the determinant (4.61), then we can
take out the factor (bc;q)i(bd;q)r in the kth row and the factor
(ac; q)j(ad; q); in the jth column, to find

Co C1 Co
n—1 n €1 C2 €3
pu(z;a,b,c,d|lq) = Cp H(bc, bd; q) H(ac, ad; q); det Co 3 4
k=0 =0 ) . )
Ao(flf) Al(x) 1212(90) T
where y y
Ak({,U) _ (ael 7a€_z ;Q)k:

(ac; q)r(ad; )
Recall that the little g-Jacobi polynomials satisfy the orthogonality
(4.58)

9 k. a k.o (bg; q) a0 —
;Qn(q @, blq)gm(q"; a, blq) (q;q>k( )" =0, (4.70)
m#mn, (4.71)

so the sequence (c,)nen contains the moments of the orthogonal-
ity measure for the little ¢-Jacobi polynomials ¢, (x;ab/q, cd/q|q).

The determinant representation of the little g-Jacobi polynomials is

Cn+1

Cn+42
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therefore given by

(CO ci Cp - Cn\

Ci C2 C3 -+ Cpyl

gn(z;ab/q,cd/qlq) = Crdet | ¢y c3 ¢4 -+ cpya |
Kl xr xz ... :U”)

where C), is a normalizing constant. Applying the linear trans-

formation 7, .4 shows that Ti.qq,(x; ab/q, cd/q|q) is proportional to
pu(T;a,b,c,d|q). The explicit expression for the little ¢g-Jacobi poly-

nomials is (4.60) hence applying the transformation 7y .4 to it gives

Ty c.aqn(x;ab/q, cd/qlq)

(7", @)(abedq" Y q)y, 1. (ae ae™; q);
(ab; @)r(q; q)k (ac; Q)r(ad; )

an)p

which is indeed the basic hypergeometric expression (4.55) for the

n

0

k=0
g ", abedq" ', ae’, ae™
= 4¢3

ab, ac, ad

Askey—Wilson polynomial. Hence the proportionality factor is 1 and
the result follows. []

The linear transformation 7 . 4 can also be given explicitly and is in

terms of the Al-Salam—Chihara polynomials. We will use a multiple

q7(1>-

of the polynomials p,(z;a,b|q) defined above and put

(ab; q)n

Qn(x; a, bIQ) =

ab; q q ", aew, ae” "
pn(z;a,b|q) = ( )”3¢2 (

a" ab, 0
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They have the following generating function ([37, Eq. (14.8.13)] [31,
Eq. (15.1.10)]

n b t, bt;
Z Q A \q <Cé Z> : x = cos . (4.72)
prt (teZ te " q) o
Theorem 4.9. The linear transformation T, . q that acts on polyno-
mials as , .
Ta,C,d.CCk = (ae”, ae™; g
(ac; q)x(ad; @)
1S given by
(ae, ae™; q) (z;¢,d|q)
Tocal)(z) = f(q" . 4.73
( /@) (ac, ad; q)oo nz% (q @)n (4.73)

Proof. The transformation in (4.73) is obviously linear, so we need

only to check how it acts on polynomials z*. Taking f(x) = ¥ in

(4.73) gives

. n d|q)
Tac SUk: (CL ,C] kn nQ ('CU C, :
o (ac ad 7)o Z (¢:@n

and if we put ¢t = ag¢” in the generating function (4.72), then this

gives
o (e aeg)o (acq’ adgtiq)o  _ (ac” ae™q);
el (CLC; ad; Q)oo (aqkeie, aqke_w; Q)oo (CLC, ad; Q)k
which is the desired result. O

This transformation was given explicitly in [32], see e.g. their equa-
tion (4.5). Their formula (4.7) also gives the Askey—Wilson polyno-
mials as the image of applying 7, .4 to little g-Jacobi polynomials.
When ¢ = d = 0 the transformation 7;.4 is equal to 7j, which
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reflects the fact that @, (z;0,0|q) = H,(x|q). This transformation

T4 ca also obeys a Plancherel type result in the following sense.

Proposition 4.10. Let (f, g)ais(ap) be the discrete inner product

S b; Q)
Z ('q;7

rt @

<f g>dls (a,b)

and (u, v)cont(%b,ad) be the continuous inner product

1
ac, ad, be, bd, cd; q)
(U, V) cont(abed) = ( Gy ) /u(:c)v(a:)w(ﬁ; a,b,c,d|q)

-1

dx
V1— 2?2

where w(0;a,b,c,d|q) is the Askey—Wilson weight function (4.54).
Then
< acdf Tbcdg>cont(abcd <f g>dls(abcd)

Proof. If we use the expression (4.73) for the transformation 7, .4
then

ab™m
(lC T C a C -
Tacal Toedg)asea sz q (¢ On(q; @)m(ac, ad, be, bd; q) oo

n=0 m=0

1 . .
X5 (ae, ae™; q) oo (€™, be™; ) 0o Qn(x; ¢, d|q) Qm(z; c; d|q)w(6; a, b, ¢, d) db.
m

Observe that the integral in this expression is

%0 —2i0.
(6 ’ 9 € ’ ) Q)OO d@
(cet ce= de? de=; q)u

1 ™
o / Qul: ¢, d|)Qu(x: . d|g)
0

. 5n,m

(" Q)0 (cdg™; @) o0

(see [37, Eq. (14.8.2)]), so that the double sum becomes a single sum

L . n n n( d; )n
(¢; @)oo (ac, ad, be, bd, cd; q) s nz:%f(q )9(q")(ab) cd; q
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which is the desired expression in terms of the discrete inner product

<f7 g>dis(ab,cd) . ]

As a corollary, the orthogonality for the Askey—Wilson polynomials
now follows from the orthogonality of the little g-Jacobi polynomi-
als. Indeed, if we use Theorem 4.8 then T, . 4q.(x;ab/q,cd/qlq) =
pn(x;a,b,c,d|q) and Ty . agm(x;ab/q,cd/qlq) = pm(x;b,a,c, d|q) and
the latter is equal to p,,(;a,b, ¢, d|q). Hence by Proposition 4.7

™

d,be, bd, cd; q) s
(ac, ad, be, bd, cd; q) /pn(x; a,b, ¢, d|q)pm(z;a,b, ¢, d|q)w(b; a, b, ¢, d|q) db

2m
) <q;2>°° kZ:O 0" ab/ 4, ¢4/ 2105 0B/ Cd/q\Q)(ab)k<((Z;qq)):,

and this is 0 whenever m # n because of the orthogonality rela-
tions (4.58) for the little g-Jacobi polynomials. Clearly one can also
relate the norms of p,(x;a,b,c,d|q) with those of ¢,(z;ab/q, cd/q|q)
by putting n = m.

4.2.2.3 Continuous dual ¢-Hahn polynomials and little ¢-Laguerre poly-

nomials

The modified moments for the continuous dual g-Hahn polynomials
correspond to the modified moments of the Askey—Wilson weight
with d = 0,

1 f . ) ) .
my; = %/(aew,aew;q)j((beza,beZe;q)kw(e\a,b,c\q) db
0

(ab; q)k+5(ac; q)(be; q)x
(qJ q)OO(aba aC, bc; Q)OO

(4.74)
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The Hankel part (ab;q)i+; corresponds to the moments of the dis-
crete measure p that we used in Section 4.2.2.1, which is the orthog-
onality measure for the little g-Laguerre polynomials. We can then

prove the following result

Theorem 4.11. Let T;,. : f — T, .f be the linear transformation

that acts on polynomials as

Tk (ae ae™; q)y,
a,c = .

(ac; @)k

Then the continuous dual q-Hahn polynomials p,(z;a,b, c|q) and the

little q-Laguerre polynomials q,(x;alq) are connected by

pn(xa a, b7 C’Q) - Ta,ch(x; CLb/(]’Q)

Proof. If we insert the modified moments (4.74) in (4.61), then we
can take out the factor (bc;q); in row k and the factor (ac;q); in
column j. This gives

Co C1 Co Cn
n—1 n
c Co C3 Cn+1
palz;a,b,clg) = Cy [ [ (be; @) [ J(ac; @); det .
k=0 j=0 :
Ao(z) Ai(x) As(x) Ap(z)
where : ; ; )
~ ae”,ae”";q)
Ap(z) = )
(CLC, Q)k

and (¢, )nen are the moments of the measure p, which is the measure
for the little g-Laguerre polynomials ¢, (z;ab/q|q). Hence applying
Toc to gn(x;ab/qlq) gives the continuous dual g-Hahn polynomials.

[]

The linear transformation 7;, . can again be given explicitly and is in

term of the continuous big ¢g-Hermite polynomials H,,(z; a|q), which
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are given in [37, §14.18]. The orthogonality relations are

3= | Hulasalo)Haasalo

-1

(e q)s dz  bpn

(ae® ae=?;q) /T — 22 (g™, q)os’

and they have a generating function

— (2 t; q)o
Z Mt” = ’e(a ’i]‘)e : x = cos 0. (4.75)
~ (a9 (te?, te=; q)o

Observe that for a = 0 they reduce to the continuous ¢-Hermite

polynomials that we used in Section 4.2.2.1.

Theorem 4.12. The linear transformation I, . that acts on polyno-

mials as ‘
T Lk (ae” ae™"; q)i
a,c (ac; q)
1S given by
(Toef)o) = 0 Zf Bolzicld) (470
’ (ac; q)oo (g; C])

k

Proof. The linearity is obvious and the action of 7j, . on 2" can easily

be checked, using the generating function (4.75). O

Proposition 4.13. Let (f, g)ais(a) be the discrete inner product

oo

1
(f 9)aisa) = D f(d")g(q @
S »4)n

Y

and (U, V)cont(a,b,c) the continuous inner product

27

M/u(g:)v(x)w(e; a,b, clq) df
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where w(6; a, b, c|q) is the weight function (4.52). Then
<Ta,cf7 Tb,cg>cont(a,b,c) = <f7 g>dis(ab)-

Proof. This follows from Proposition 4.10 by taking d = 0, or from
the orthogonality of the continuous big ¢-Hermite polynomials in a

similar way as in the proofs of Proposition 4.7 and 4.10. ]

As a corollary one can deduce the orthogonality of the continu-
ous dual g-Hahn polynomials from the orthogonality of the little

g-Laguerre polynomials, by using Theorem 4.11.

It is interesting to see how these various families of basic hyper-
geometric polynomials are connected, see Figure 4.1. Continuous
g-Hermite polynomials are at the bottom of the ¢g-Askey scheme of
basic hypergeometric polynomials [37, p. 413], with a weight function
w(f|q) = (¥, e7%Y: q)o. You need them for the transformation T},
that maps little ¢g-Laguerre polynomials to Al-Salam—Chihara poly-
nomials, which have a weight w(0;a, b|q) with two parameters a,b.
A more general transformation 7; . maps the same little ¢g-Laguerre
polynomials to continuous dual ¢-Hahn polynomials, which have a
weight function w(0; a, b, ¢|q) with three parameters. The Al-Salam—
Chihara polynomials in turn are needed for the transformation 7, . 4
which maps little ¢g-Jacobi polynomials to Askey—Wilson polynomials
which have a weight function w(#;a, b, ¢, d|q) with four parameters.
These transformations 15, T;, . and T, . q seem to be special cases of
the Askey—Wilson function transform given in [39, Eq. (5.9)] and [57,
p. 312], since the polynomials H,,(x|q), H,(x; a|q) and Q,(z;a, blq) in
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Askey—Wilson
pn(z;a,b,c, d|q)

continuous dual ¢-Hahn

p(z;a,b,clq)
Ta,c,d
Al-Salam—Chihara little g-Jacobi
pa(;a, blg) Tac n(; 03 blg)
15
continuous big g-Hermite little g-Laguerre
H,(x; alg) an (3 alq)

continuous ¢-Hermite

H,(z]q)

FIGURE 4.1: Schematic presentation of the hypergeometric orthogonal polyno-
mials and transformations.

our tranformations 7,7, . and T, .4 are special cases of the Askey—
Wilson polynomial p,(z;a,b,c,d|q), but this needs a little more in-
spection of those papers. Our Plancherel type formulas then corre-

spond to [39, Thm. 1 and Prop. 3] and [57, Thm. 5.1].
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4.2.3 Multiple basic hypergeometric polynomials

We will now use the results from the previous section to construct
multiple hypergeometric orthogonal polynomials for Askey—Wilson
weights, continuous dual g-Hahn weights and Al-Salam—Chihara weights
from discrete multiple orthogonal polynomials on the g-lattice {¢*, k €
N}. We always use r weights (wq, ..., w,) obtained by changing the
parameter a to a vector @ = (ay,...,a,). We start by recalling some
results for the multiple little g-Laguerre and the multiple little g-

Jacobi polynomials.

4.2.3.1 Little ¢g-Laguerre polynomials

The little ¢g-Laguerre polynomials are given by [37, §14.20]

qg "0
aq

qn (35 alq) = 201 (

%qsc)—i @55 ek (477)

— (¢ Qrlag;
When taking a = ¢“, they can be obtained by the Rodrigues formula

¢an(1—g)"
(ag; )n

(473 @)oot qn(x; alq) = Dz (qx; @)oo, (4.78)

where p = 1/q and D, is the p-difference operator

flor) = F@) __a for)— f@)

Note that these polynomials are neither monic nor orthonormal, but

they are normalized by ¢, (0;a|q) = 1.

Multiple little g-Laguerre polynomials ¢z (z; @|q) for the multi-index

n = (ny,ne,...,n,) depend on r parameters @ = (ay, as, ..., a,) and
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satisfy multiple orthogonality relations

N

iﬁqa\q E; —0, O0<k<n—1,  (479)
k=0

for 1 < 7 <r. They can be defined by the Rodrigues formula

r

(q7; @) ot (7; dlq) = C5(a) H (x_angj$”j+aj) (97; @)oo,  (4.80)
=1

where a; = ¢% and the p-difference operators =% D), 2" are

commuting.

Theorem 4.14. If we take the normalizing factor in (4.80) as

Ci(a@) = L—qWII (4.81)

a;q;9q

then an explicit expression for the multiple little q-Laguerre polyno-

mials is given by

r—l n;+1, k|
ajq ! 1tk (qx)
a(x;dlq) = il :
qJ—1 i=j+1
(4.82)

These multiple little q-Laguerre polynomaials are normalized so that

¢7(0;d|q) = 1.

Proof. We will use induction on r. For r = 1 we have the result

(4.77) for the usual little ¢g-Laguerre polynomials in [37, §14.20] and

qPa"(1 - g)"

Cnla) = (ag; @)n

(4.83)

as can be deduced from (4.78).
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Suppose the result is true for —1. The difference operators z~% D’ 2"+
1 < j < rare all commuting, so the order in which we take the prod-

uct of these operators is irrelevant. The Rodrigues formula (4.80) can

then be written as

r

(47 @)oot (w; dlg) = Cr(@)x Dyra™ o [ (a7 Dpa™*) (q2; ¢)o
=2

,

By the induction hypothesis, the product [[ can be written as an
j=2

(r — 1)-fold sum and we have

(qx; @)ooqi(x; dlq) =

x_anglinﬁal (975 @) soit—mye, (75 @ — a1€1]q)

e 1611;) ZHQQ CLJQQ)

T i g

k 1 T r
(CL gt ’q) Ejpitotke  >ong > ki

=2 =it

J=

X x*O‘nglx”ﬁO‘ﬁkﬁerkr(qx; q)o

The p-difference on the last line can be worked out using the Ro-

drigues formula (4.78) for r =1

N CCAT ) (2 arg
Cnl(alqk2+...+kT) ma

™M D;Llajnl+0¢1+k2+“'+kr(

),

4T3 q)oo

and if we use the sum (4.77) and the expression (4.83) for C,,, (a;g** %)
then after some calculus we find the desired expression (4.82), pro-
vided

(21) "l — g™

o ¢\?ai (1 —q) L L

Crla) = Ci_p.e (@ — a€1).
( ) (alq;Q)nl 1 1( 1 1)

This is achieved by taking Cz(a) as in (4.81). O
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4.2.3.2 Little ¢-Jacobi polynomials

Multiple little g-Jacobi polynomials were introduced in [53], where
two kinds were given. Here we only deal with the multiple little
g-Jacobi polynomials of the first kind and we will use a different

normalization. Recall that the little ¢g-Jacobi polynomials are given
by

q—n’ abanrl

(G Orag e 7
(4.84)

where a = ¢“ and b = ¢”. They are given by the Rodrigues formula

qn(z;a,b]q) = 201 (

. qx> _ - @ ae(abd™ @)y
k

aq 0

%az n(; a,blq) = Cy(a,b) D)z n+a(b;gfig3§)o®’ (4.85)
where ()
Culab) = Gy = L) (450

(ag; q)n
These little g-Jacobi polynomials have the orthogonality relations

S bg; q
> an(d";a,blg)am(d"; a, bla)g! , ik _0,  ngm
k=0

Observe that for b = 0 we retrieve the little g-Laguerre polynomials.

Multiple little g-Jacobi polynomials (of the first kind) ¢z (z; @, b|q) are
obtained by changing the parameter a to a vector @ = (aq,...,a,).

If 7 = (n1,n9,...,n,) the orthogonality relations then become

oo

> aald";d,blg) ’f“(bq’)j‘ 0, 0<{<n;—1, (4.87)
— (¢ @)

for 1 < 57 < r. One needs the condition o; — a; ¢ Z in order

that these orthogonality relations determine the multiple orthogonal
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polynomials in a unique way. In [53, Thm. 2.2] a Rodrigues formula
was given

r

(975 q) o L . i o (075000
———=q;(z;d,blq) = Cz(a,b @ DR "t = ,
(qu;q)ooq (: @ bl) (@ >H (« r ) (bgl 12 q) o

(4.88)

where Cz(a,b) is a constant that determines the normalization. An

j=1

expression in terms of a generalized basic hypergeometric function

q, bq:z:) :

Here we used the normalization so that ¢z(0;d,blq) = 1, which is

was given in [53, Eq. (2.7)]

. 7‘ﬁ| n1+1 nr+1
qr;q L g "/b,argm ", L ang
—( Joc gi(x;d, b|q) = 1110, ( '

(bq; @)oo aiq, asq, . .., a,q

different from the normalization in [53]. Note that the limit b — 0

gives the multiple little g-Laguerre polynomials gz (z; @|q), so that we

q, qﬁH:U) _

An expression for the multiple little g-Jacobi polynomials in terms

get the generalized hypergeometric representation

ni+1 n,+1
)

a1q™ . ang

a1q, aq, . .., arq

(97; @)setii(T; dlq) = + 1 (

of a finite r-fold sum is given by

Theorem 4.15. If we take the normalizing factor in (4.88) as Cyz(@;b) =
Cz(a) as in (4.81), then an explicit expression for the multiple little
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q-Jacobi polynomials (of the first kind) is given by

i n;+1
—nj. . i= . .
ny n. r (q ) Q)kj (a’j bq ! ) Q) Z ks
Qn(x,a,bIQ) = ZZH : : t=J
k=0 k=0 j=1 (43 D, (565 Q)i "
i=
r—1 A+l |];.'|
a )T
) o (LY
i=1 n;+1 2.5 2 i
J (ajbqizl : Q)kj+1+~--+k;r @=L

These multiple little q-Jacobi polynomials are normalized so that

Qﬁ(o; 5, b|q) = 1.
Note that for b = 0 we get the expression (4.82) in Theorem 4.14.

Proof. The proof is again by induction on r. For r = 1 one has
the usual little g-Jacobi polynomials in (4.84) with C),(a,b) given in
(4.86). Observe that this normalizing factor is independent of b.

Suppose that the result holds for » — 1. Then the Rodrigues formula
(4.88) gives

(973 @) S
——qji(z;d,blq) =
(bgx; q)oo il 9)
,
A~ —Q ny ,.N1+oq —Q n; _ni+o (qx;Q)oo
Cn(a,b)x Dp T gm JDpJ:L‘ 3T (bq|ﬁ|+1’q)oo

Cz(a,b) Y
- DN T Mg e (2 d — ar€1; bg™
i, (@ — ma,b) 7 Git-me; (€30 — a1€130¢™ q),

where we used the Rodrigues formula (4.88) with r — 1 for the prod-

uct J]. Now use the induction hypothesis to express ¢z, (;d —
j=2
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ai€1,bq"|q) as an (r — 1)-fold sum to find

¢i(z;d,blg) =

X =7t q =01 P e kot (973 4)oc

; p b1 :
. . k; q 4
=2 (ajbqi; nl+1; q) ) qJZ2n] _%1 ( )oo

Now use the Rodrigues formula (4.85) for » =1 to find

DM gprtarthate (q:zs; Q)oo
! (bg™ ™ @)oo

_ 1 (975 9) IR —
Ch, (arghzt+kr bgm) (bq; q) oo

Gn, (25 ag"™ " 0q).

Then use the sum (4.84) and (4.86) to find

q(n?l)aﬂf(l — @)"Ch_n,e, (@ — a1d, b)

J
Znﬁ—l
 (abg= )

S S T

¢q(z; d,blg) =

.
Il
N\

(a;jq™ ™ q)
kot etk +1 kot +ky+ni+1.

i .
i=j+1 (alq ) Q)n1 (albq ) Q)lﬂ (qx)|k|

=2 ( 2]: ni+1 (alqk2+...+kT+1; q)k1 XT: " XT: . .
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Now use
(alqkz+~-~+kr;q)m _ (alcﬁQ)nl(alqn1+1;Q)k2+...+kT’
(a1 @)yt
(alqk2+...+k7.;q)k1 _ a1q;q)kl+...+kr |
(v ) —
(arbghtHhrtmtl gy - = a1bq™ ™ Q) py ik,

(a1bg™ ™5 @)yt v,
to find the r-fold sum in (4.89). The normalization ¢;(0;a, blq) = 1

is obtained when

Cﬁ(a, b) (alq; Q)m
q(n21)a711<1 — q)nCﬁ_nlé’l (C_i - al&; b)

which holds for Cz(a,b) = Cz(a@) in (4.81). Observe that this factor
does not depend on b. [

4.2.3.3 Multiple Al-Salam—Chihara polynomials

In this section we will take r weights (wy, ws, ..., w,) on [—1, 1] with
w,(0) = w(B;aj,blq), where w(#;a,blq) is the Al-Salam-Chihara
weight given in (4.50) and @ = (a,...,a,) such that a; = ¢* and
a; — a & Z whenever ¢ # j. As usual with the Al-Salam-Chihara
weight, we take |a;| < 1 and |b| < 1. The corresponding multiple or-
thogonal polynomials can then be obtained from the little g-Laguerre
polynomials by using Proposition 4.7 and the transformation 7; given
in Theorem 4.6. In fact Theorem 4.5 can be extended to multiple

orthogonal polynomials as follows.

Theorem 4.16. The multiple Al-Salam—Chihara polynomials pz(x; d, b|q)
for the weights w(0; a1, b|q), w(0; as, blq), ..., w(0;a,, blq), with w(0; a, b|q)
given in (4.50), are given by pz(x; d, blq) = Tyqa(z; gcﬂq), where Ty, 1s

the linear transformation given in Theorem 4.6 and qz(x; %cﬂq) are
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the multiple little g-Laguerre polynomaials given in Section 4.2.5.1.
An explicit expression is given by

r—1 )
@jbqn 'CI) rEa—

pa(: @, blg) = Z ZH ajbq)kj

(

X #(beiea be_MQ Q)|;;|-

Proof. Let Ty, be the linear tarnsformation that acts on polynomials
like
Tbxk = (66207 be_w; Q)k’a

then we apply this to the multiple little g-Laguerre polynomials with

a1b a,b
parameters 2@ = [ —, ..., — ) to find Tyqii(x; bdlq). If we use
q q q q
Proposition 4.7 then

b_ b
<Tajx€a TbQﬁ(x; 5G‘Q)>cont(aj7b) <$ QH( 5Q‘Q)>d15(ajb)
which is
1
1 dx

- 0 ) T . O:-a: b
- [ (a5 aje"s ) Togalos o) B bl)

V1 — 22

The latter sum is 0 because of (4.79) when 0 < ¢ < n; — 1 for
1 < j < r. This shows that quﬁ(x;gcﬂq) satisfies the multiple
orthogonality conditions with respect to the r Al-Salam—Chihara
weights w(6; ay, b|q), w(0;asz,blq), ..., w(l;a.,blg). The explicit ex-
pression as an r-fold sum is obtained by applying T; to the sum

(4.82) in Theorem 4.14 for the parameters ba;/q. O
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4.2.3.4 Multiple continuous dual ¢-Hahn polynomials

We now take r weights (wq,...,w,) on [—1,1] by using the con-
tinuous dual ¢-Hahn weight w(6; a;, b, c|q) of (4.52) with r different
parameters @ = (ay, ..., a,), keeping b, ¢ fixed. Again we let a; = ¢%
and assume that a; — o; € Z whenever ¢ # j. This ensures that the

multiple orthogonality conditions

1

/1pﬁ(a:; a,b, c|q)x'w(0; a;, b, c|q) \/% =0, 0</l<mn;—1,
for 1 < j < r, give |7i| equations that determine the pz(z;d, b, c|q)
uniquely (up to a multiplicative factor). These multiple continuous
dual g-Hahn polynomials can be obtained by using the linear trans-
formation T . given in Theorem 4.12 to the multiple little g-Laguerre
polynomials. The extension of Theorem 4.11 to multiple continuous

dual g-Hahn polynomials is:

Theorem 4.17. The multiple continuous dual q-Hahn polynomials
pi(x; d, b, clq) for the weights w(0; ay, b, c|q), w(0;as, b, c|q), ..., w(0;a.,b,c|q),
with w(6; a,b, c|q) given in (4.52), are given by pz(x; d, b, c|q) = Ty .qq(x; gcﬂq),
where Ty, . is the linear transformation giwen in Theorem 4.12 and
qi(x; gcﬂq) are the multiple little q-Laguerre polynomials given in Sec-

tion 4.2.3.1. An explicit expression is given by

- T (0" @)y
el =3 1] 11 et

ol aab Q) by oy (04%; @yt
q|k:| (beiG’ be—iﬁ; q)
Siam v ko (G

q i=j+1

X

||
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Proof. If we use Proposition 4.13 then

b b—)
<TCL] cx Ty cqn( qa’q»con’ﬂ(% be) — <:U€, Qﬁ(x; 5a|Q)>dis(ajb)v

which is

YT e a\Q) (0;a;,b,clq)

1
(ajc, bcqoo/ “0: ), dx
ajcq q V1—a?

and the latter sum is 0 whenever 0 < ¢ < n;—1 because of the multi-
ple orthogonality conditions (4.79) for the multiple little ¢-Laguerre
polynomials. This shows that T} .qq(z; gd’\q) satisfies the multiple
orthogonality conditions with respect to the r continuous dual g-
Hahn weights w(0;a1,b,c|q),...,w(0;a,,b,c|qg). The r-fold sum is
obtained by applying T}, to the r-fold sum (4.82) for the multiple
little g-Laguerre polynomials. ]

Observe that for ¢ = 0 one has the multiple Al-Salam—Chihara poly-

nomials given in Theorem 4.16.

4.2.3.5 Multiple Askey—Wilson polynomials

Finally we will obtain the multiple Askey—Wilson polynomials by
extending Theorem 4.8. We choose the r weights (wy,...,w,) on
[—1, 1] by taking the Askey—Wilson weights w(#; a;, b, ¢, d|q) of (4.54)
with 7 different parameters @ = (ay,...,a,), keeping b, c,d fixed.
Of course we could have taken r different parameters (by,...,b,),
keeping a, c,d fixed or r different ¢ or d parameters, but since the

Askey—Wilson weight is symmetric in (a, b, ¢, d) this would not give
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anything new. Again we let a; = ¢* and assume that o; —a; € Z

whenever ¢ # j to ensure that the multiple orthogonality conditions

1
dx
A(x:d, b, e, dlg)x‘w(0;a;,b, c,d|q) —— = 0, 0</t<n;—1,
/pn( |q) ( J |Q) m J
“1
for 1 < j < r, give |ii| equations that determine the pz(z;d, b, c|q)

uniquely (up to a multiplicative factor).

Theorem 4.18. The multiple Askey—Wilson polynomials pz(z;d, b, ¢, d|q)
for the weights w(0; a1, b, c,d|q), w(0; as, b, c,d|q), ..., w(0;a,,b,c, d|q),
with w(0;a, b, c,d|q) given in (4.54), are given by pz(x;d, b, c,d|q) =
Ty c.aqm(; gd’, %i\q), where Ty, . 4 is the linear transformation given in
Theorem 4.9 and qz(x; gc?, %d\q) are the multiple little q-Jacobi poly-

nomials given in Section 4.2.3.2. An explicit expression is given by

Y 3 i1
o @Ok (abedgS )
pﬁ(xa&)7bac;d|Q) - ZZH . . —
k=0 k.=0j=1 (45 @)r, ;b q)i ki
i=j
y s (30" Q)yy ek, C]"a (be'?, be™"; Q)\EI
(ajbedgi= 5 @)y bty @ T
Proof. Proposition 4.10 gives
b_ cd b_ cd
<Taj,c,dxé; Tb,c,dQﬁ(x; 500 ;|Q)>cont(aj,b,c,d) = <CC€, Qﬁ(x; 5&, E’qwdis(ajb,cd):

which is

(aje, aid, be,bd, cd; q) oo / (ajew, aje_ie; q)e
2T
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and the latter sum is 0 whenever 0 < ¢ < n; — 1 because of the mul-
tiple orthogonality condition (4.87) for the multiple little ¢-Jacobi
polynomials. This shows that T} . qqq(x; SFL, %d\q) satisfies the multi-
ple orthogonality conditions with respect to the r continuous dual
Askey—Wilson weights w(0; a1,b, ¢, d|q), ..., w(0;a,,b,¢c,d|q). The r-
fold sum is obtained by applying 7} .4 to the r-fold sum (4.89) for
the multiple little g-Jacobi polynomials, where we first replace b by
cd/q and then a; by ba;/q. O

Observe that for d = 0 one has the multiple continuous dual ¢-Hahn
polynomials given in Theorem 4.17, and for ¢ = d = 0 the multiple

Al-Salam—Chihara polynomials given in Theorem 4.16.






Chapter 5

g-Nonuniform difference integral

inequalities

In this this chapter, as in [21], we will first establish ¢g-nonuniform
versions of some integral inequalities of classical mathematical anal-
ysis such as the integral inequalities of Holder, Cauchy-Schwarz and
Minkowski. It can be seen that the techniques used in classical anal-
ysis remain valid here. Then we establish ¢g-nonuniform versions of
some other integral inequalities based on the linear g-nonuniform dif-
ference equations of first order and the corresponding Lagrange res-
olution method: the inequalities of Gronwall, Bernoulli, and finally
prove the Lyapunov inequality for the solutions of the ¢g-nonuniform
Sturm-Liouville equation. The difference versions of the same inte-

gral inequalities were established in [20].

5.1 ¢-Nonuniform Holder and Cauchy-Shwartz

inequalities

Theorem 5.1. (g-nonuniform Hélder inequality): Let a,b €

[1,00[NT. For all real valued functions f, g, defined and q-nonuniform

137
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integrable on |a,b], we have:

b b
/ gl < ([ 1)) ([ loe@) )
" ’ (5.1)
with a > 1 and%%—%:l.
Proof. Let’s first show that for A, B € [1, co[ we have
1.1 A B
A« B? < PR (5.2)

Indeed, since é—i—% =1,A,Be[l,o0], —+ ’ runs through the seg-

ment [A®, B%] while %—kbgf runs throuth the segment linking the

points (A%, log A%) and (A’ log A%). By concavity of the logarithm
function, we conclude that log ( + B;) > loed? | logB = log(AB).

«

By applying the exponential to the two members of thls inequality,
we obtain (5.2).

Let us now take

x(z))|" 2
Ao = —UE gy @I
J 1 f(z(2))|*dgz(2) flg 2))|Pdgx(2)

considering that

([ 1@l / 9P da(z)) £0 (5.3

(otherwise, clearly f =0 or ¢ =0 and (5.1) becomes equality). Due
to the Property 1.1 and its Corollary on the positivity of the integral,

™=
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by substituting A(x(z)) and B(z(z)) in (5.2), and integrating on

[a, b], we have

/ | f(z(2))| : |g(x(2))| ()
a(fvu@mwwwﬂ o(r(2))Pdya(2))”
b
{g + g}dqx(z)

:/{1 |f((2)]*

b
flf dgr(z) [ lg(z(2)Pdgz(2)

b
L f ey S 1y
/ 15 (e)lodye ) 5/ Flote() g2
1 1
— 4o =1
a f

which gives us directly the ¢g-nonuniform Holder inequality

b

/U@@M@@M%ﬂ@<

If we take @« = f = 2 in the g-nonuniform Holder inequality (5.1),

we have the ¢g-nonuniform Cauchy-Shwartz inequality.
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Corollary 5.2. (g-nonuniform Cauchy-Schwartz inequality):
Let a,b € [1,00[NT. For all real valued functions f, g, defined and

q-nonuniform integrable on [a,b], we have:

b b b

[1r6EsaElda < | ([ aekdae) ([ lgekda).

a a a

5.2 ¢-Nonuniform Minkowski inequality

We can now use the g-nonuniform Holder inequality to deduce the

g-nonuniform Minkowski inequality:

Theorem 5.3. (¢g-nonuniform Minkowski inequality): Leta,b €
[1,00[NT. For all real valued functions f, g, defined and q-nonuniform

integrable on |a,b], we have

u/u Dedga(z))" + ,/W M)’ 56

withé—l—%zlwhereoz>1and5>1.
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Proof. We have

b b

/\(f+g)(x(2))\“dq$(2) = / [(f + ) @) + 9)(x(2))|dga(2)

b

</kf+mu@»w1umuM%aa

b

+/uf+mmunwwmm@n%ma.

a

(5.7)

Using the g-nonuniform Holder inequality with 8 = 25, we will

obtain

b 1
Dividing both sides of this inequality by { [ 1(f+g)(x(2))]¥|dgx(2) } 7

we have
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1

/\f+g (Ddga(z)) <

b

{[ireenraee) + !/m Wdax)}. (59

a

Q=

As 1 — % = é, this gives us the g-nonuniform Minkowski inequality.

[]

5.3 ¢-Nonuniform Gronwall inequality

Let’s first introduce the following inequalities based on the Lagrange
method for the linear g-nonuniform difference non-homogeneous equa-

tions.

Lemma 5.4. Lety, f be real valued functions defined and g-nonuniform

integrable on [c,d], Ve,d € [1,00[NT. Let a(x(z)) such that p(xz(2)) =

1

1+ (¢7 — ¢ 2)(z — 2 Ya(z(2)) > 0. That means a(x(z)) > 0.

Suppose that yo(x(2)) is a solution of

1

Dyo(x(2)) = a(x(2))yo(x(2q2)) (5.10)

such that yo(x(2)) = 1.

Dy(x(2)) < a(z(2))y(e(2q 7)) + f(2(2))  Va(z) € [1,00], (5.11)
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y(@(2)) < pol@(2)y(@(z0)) + yo(@(2) [ yo ' (x(tg2)f (@()dga(?).

(5.12)

Proof. Let yo(z(2)) be the solution of the homogeneous equation

1

Dyo(x(2)) = a(@(2))yo(x(2q2)) (5.13)

such that yo(x(z0)) = 1. By looking for the function y(z(z)) satisfy-
ing (5.11) by the Lagrange method,

y(x(2)) = c(x(2))yo(x(2)) (5.14)

where ¢(z(z)) is indeterminate, we replace (5.14) in (5.11) and we

have:

De(@(=)pol(2))| < ala(2))|e(@(za}))m(e(za )| + f(2(2)

(5.15)
yo(x(22))De((2)) + e(w(2q7%))Dyo((2)) <
a(z(2))e(x(2))yo(x(2q2)) + f(a(2)). (5.16)
Using (5.13), we have
yo(2(2q2))De(w(2)) + e(z(2q72))a(x(2))yo(z(2g7%))
< a(z(2))e(x(2q72))yo(x(2q72)) + f(2(2)). (5.17)

Simplifying this gives

yo(x(2q2))De((2)) < f(x(2)) (5.18)
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or
De(w(2)) <y ' (2(242)) f(2(2)), (5.19)
since a(z(z)) € RT implies yo(z(z)) > 0. By integrating the two

members of the equality from z(z) to x(z), we will have:

x(z)
c(x(2)) — c((20)) < /yo1($(tq5))f($(t))dq$(t)- (5.20)
(20)

But, from (5.14) follows c¢(x(zy)) = y(x(20)), given that yo(x(z)) =
1. Hence
z(2)
c(z(2)) < y(z(20)) + / v (@) f ((t))dga (1), (5.21)
(20)

Placing (5.21) in (5.14), we get

y(x(2)) = c(z(2))yolz(2)) <

z(z

() [vlata) + [ 0 @) fa@dan]. 622
(20)

~—

which gives the desired result

z(2)
Y@(2) < mla(=ylal) +wel(=) [ o' ().
T (5.23)
[]

Taking account of theorem 2.2, and the fact that by the definition
E _i(x(20);2(20)) = B 1(2(20);2(20)) = 1, we obtain

a,q a,q



145

Corollary 5.5. If y, f and a are functions satisfying conditions of
Lemma 5.4, then

4B, y(@l).a(2) [ B, y(eta)alte) fa)dal). (520

Lemma 5.6. Let y, [ be real valued functions defined and q-non

unifom integrable on [c,d], Ve,d € [1,00[NT . Let a(z(z)) such that

p(z) =1— (¢ — g *)(z — 2 Da(z(2)) > 0.

This means that a(x(z)) < 0.
Suppose that yo(x(2)) is a solution of

Dyo(x(2)) = a(z(2))yo(2(2q?))

such that yo(x(zp)) = 1.
In that case, if

Dy(x(2)) < a((2)y(((2q7)) + f(2(2),  Va(z) € [1,00], (5.25)

then, for all z(z) € [1, 00 we have

(a(2) < eyl () + iz / i 2t ) (a(t) dya(t)

(5.26)

Proof. Let yo(z(z)) be a solution of the homogeneous equation

Dyo(w(2)) = a(w(2)yo((2q2)),  yolx(20)) = 1. (5.27)
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Looking for the function y(x(z)) satisfying (5.25) by the Lagrange
method,

y((z)) = c(z(2))yo((2)) (5.28)

where c¢(z(z)) is indeterminate, we replace the function y(z(z)) in

(5.25) and we have:

D[C(fE(Z))yo(ﬂc(Z)) < a(@(2))e((2q2))yo(w(2q?)) + f(x(2))

or

c(2(2q2)) Dyo((2)) + yo(x(2q~2))De((2)) <
a(z(2))e(z(2q72))yo(z(2q72)) + fla(2)).

Using (5.27), we have
c(x(2q2))ala(2))yo(x(2q7)) + yo(w(2q72))De(x(2)) <
a(z(2))e(z(2q2))yo(w(2¢2)) + f(x(2)). (5.29)

Simplifying this gives

yo(x(2q72))De(x(2)) < fla(2)) (5.30)

or
1

De(w(2)) <y (2(2¢72)) f(x(2)) (5.31)
since a(x(z)) < 0 implies yo(z(2)) > 0. By integrating the two

members of the equality above from x(z) to x(z), we will have:

1

c(x(2)) — c(x(20)) < /yol(x(tq2))f(93(t))dq$(t)- (5.32)
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But, from (5.28) follows c(z(z0)) = y(z(z0)), given that yo(z(zp)) =
1. This gives

Then, we obtain

y(x(z)) = c(z(2))yo(z(z)) <
x(2)

() [vlaa) + [ 0" @ta I 0], (630
(20)
which gives the desired result:
z(2)
y((2)) < wole(2))y((20)) + yo(x(2)) / v " (@(tq2)) f ((t)dg ().

z(20)

(5.35)
O

As well as for the corrollary 5.5, we deduce

Corollary 5.7. If y, f and a satisfy the conditions of the Lemma
5.0, then

ye(2) <E,
x(2)
B o)) [ B (el alta )G, (536)

z(20)

(#(20), #(2))y(2(20))+

Theorem 5.8. (g-nonuniform Gronwall inequality): Lety, f

be real valued and g-non unifom integrable functions on [c,d], Ve, d €
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[1,00[NT, and a > 0. If

(20)
then
y(x(2)) < fla(z))+
B, y(@(20),2(2)) [ a(e@®)f(@(tg 2)E_, ) (x(z0);x(tq?))dy(t)
(20)
(5.38)
Proof. Let’s define
val@) = [ slalte DalOa). (639
(20)
Then v(z(z)) = 0 and Dv = y(z(zq2))a(z(2)).
Hence the hypothesis (5.37) gives
y(z(2)) < f2(2) + v(z(2)) (5.40)

and

1 1 1

Dy(a(2)) = y(e(zq~)a(2()) < | f(2(zq7H) + vle(zg ) |a((2),
(5.41)

or

1 1

Dy(x(z)) < f(2(2q72))alx(2)) + v(x(zq72))a(z(2).  (542)
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From Lemma 5.4, the inequality (5.42) gives

v((2)) < v(z(20))E, -y (2(20);2(2))+

a,q

which is the ¢g-nonuniform Gronwall inequality. ]

As a direct consequence, we get the following results

Corollary 5.9. Let y, f be real valued functions defined and q-
nonuniform integrable on [c,d], Vc,d € [1,00[NT and a(xz(z)) such
that 1+ (q2 — ¢ 2)(z — 2 Ya(x(z)) > 0. That means a(x(z)) > 0.
Then

y(a(z)) < / y(w(tq2))a(e(t))dg (1), (5.45)
for all x(z), implies that y(z(z)) < 0.

Proof. This is due to the Theorem 5.8 with f(z(z)) =0 ]
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Corollary 5.10. Let a > 0 and o € R. If

s <a+ [yt Doty 640

Lo

for all xo = z(20) > 0, then y(v(2)) <ok _i(vo,7(2)).

a,q

Proof. By the ¢g-nonuniform Gronwall integral inequality (5.38), if
we take f(z(2)) = a, then

x(2)
y(x(z)) <a+ Ea 1z, x / aa(r (xg,x(tq%))dqa:(t)

_ (1 _E 1(x0,x(z))<E @0 T(@) =B (xo,xo))>
= — Ozqu_%(:Uo, v(2))E (o x(2) + b _i(w0,7(2))
=B, (w0, 2(2))

5.4 ¢-Nonuniform Bernoulli inequality

Theorem 5.11. (¢-nonuniform Bernoulli inequality): Let o €

R. Then Vx(z), xo=x(z) € [1,00] with z(zq"2) > ¢ we have

E (20, 2(2)) =2 1+ a(x(z) — o). (5.47)

a,q
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Proof. Let’s take y(2(2)) = a(x(z) — x9), x(2¢"2) > 29, Vz. Then
Dy(x(z)) = a and we have:

1 1

ay(r(2q72)) + a = o?(z(2q72) — 29) + a = a = Dy(x(2)),

which implies that Dy(z(z)) < ay(z(zq2)) + o

On the other hand, by Lemma 5.4, we get (with y(z¢) = 0)

y(a(2)) < y(zo)E, -3 (0, 2(2))
B, a2) [ B, G n(ta)dgr ()
x(z
—E (. / 3 (a0, 2())dga(t)
—E _ 37(), E %l’(), )—1)

= —1—|—E _1(wo, 2(2)).

That is why Ea’q_%(a:o, z(2) 2 1+y(z(z) =1+ a(x(z) —x9). O

5.5 ¢-Nonuniform Lyapunov inequality

Let us now turn to ¢g-nonuniform Lyapunov inequality regarding the
derivative and integral introduced. For that, consider the following

g-nonuniform Sturm-Liouville equation,

DD u(a(2)) + f(x(2))u(z(2¢2)) = 0 (5.48)
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where D7 is defined by DT f(z(z2)) = f(l"(zq()])—f(x(z)).

Let’s define the function F' by

b

Fiy) = [ [(Putele) = ) (vlaeat) Jdsalz). (549)

a

Lemma 5.12. Let u be a non-trivial solution of the g-nonuniform
Sturm-Liouville equation (5.48). Then for all y belonging to the do-

main of F', the following equality remains verified:

Fly) = F(u) = F(y—u) = 2(y — u)(0)D* u(b) — 2(y — u)(a)D*u(a).
(5.50)

Proof. We have

1 1

— f(e(2)y(a(2})ulz(2g%) pya(2)



Lemma 5.13. Let y be in the domain of F, then Ya,b € [1,00[NT
and ¢,d € [a,b] T such that a < ¢ < d < b, we have

/(py@(z)))?dqx(z) . (s(d) ~ () |

Proof. Let’s take
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Then D*u(z(z)) = X949 and DD u(x(2)) = 0. Which proves that
u(x(z)) is a solution of (5.48) with f(x(z)) = 0, Vz(z) € [1,00[NT

and
b

Fly) = [ (Dyfa() diat2),
Vy(z(2)) from the domain Zf F. From Lemma 5.12, we get
F(y)~ F(u) ~Fly—u) = 2(y—u)(BYD u(t) ~2(y—u)(@)D " u(a) = 0.
Consequently

F(y) = F(u) + F(y —u) =2 F(u).

This leads us to the following result

| (Pota) dyatz) > [ (Puta(e)) diato

[]

Theorem 5.14. (¢g-nonuniform Lyapunov inequality): Let f
be a real valued function defined and q-nonuniform differentiable on
[a,b], Va,b € [1,00|NT, a < b and let u(x(2)) be a non-trivial solu-
tion of the equation (5.48) with u(a) = u(b) = 0, then

b

[ s = - [ PR ) >

(5.52)

a
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Proof. From Lemma 5.12 with y = 0 and u(a) = u(b) = 0, we have

b

Flu) = [ [(Puta()) ~ (o) (utalza') Jdgalz) = 0. (553)

Let M = maz{u?(x(2¢2)); 2(¢22) € [a,b]NT} and ¢ € [a,b] NT such
that u?(c) = M. Then

M =u?(c) > u*(z(2q%)) > 0,

M [ fa(@)da) > [ Fa@)dee)dale)

/b(m())d
/

(m@—um» +(mm—u@0

V

b—c
:M[claeri } (u(a) = u(b) =0 and u*(c)
B (a+b— 2c)? 4
_Mh (b — o) (b= @+b—J
>Mb4

b
which implies that [ f(z(2))d,z(z) > M3*.

The g-nonuniform Lyapunov inequality is thus proved. ]






Chapter 6

g-Nonuniform Laplace transform

For a given function f(z(z)), we define its g-nonuniform Laplace
transform or Laplace transform on the q-nonuniform lattice x(z) =

(z+271/2,2=¢*,0< g< 1, —00 < s < 400, as the function [19]

Fp) = L3{f(a(2)))

x(00)=00 1
o e D) p=s o e C

(z0)=z0 !
We denote f(x(2)) =4 F(p), and we say that f(z(z)) is the original
of F(p) while F'(p) is the image of f(x(z)) by the Laplace transform

on g-nonuniform lattices.

6.1 Properties of the g-nonuniform Laplace trans-

form

6.1.1 Linearity.

By the linearity of the integral, it becomes clear that

L o{af(x(2)) + Bg(x(2))} = oL ({f(x(2))} + BL 3{g(x(2))}.

157
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6.1.2 Transform of derivatives.
We have
£ADIGEN) = [T E(piz D))
= [Bs(pi2)f ()]
- [ falaDE, (22

= ) +p [ ) E, y(piz ()
= pL{f(@(zq2))} = f(2(z0); (6.1)

where we used the g-nonuniform integration by parts:
a(2) )
| statea D5 (ae)dol)
Ox(z) )
— lge NI - [ e Dyele)dsl), (62)

and (2.78). Thus

1)
L ADf(@(2)} = pL {f(2(24*)} = f(a(0)), (6.3)
and
L ADf(w(24")} = pL A f (@(2q""2))} = f(2(g"20))  (6.4)
Hence

Df(x(2q72)) = 4 pF(p) — f(2(20072)), (6.5)

q2
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and

Df(x(zq*)) = 3 Ly {f(2(z0)} = f(w(200?)). (6.6)

Using (6.3), one easily obtains

2)
L {D*f(2(2)} = £ {D(DSf (x(2))}
= p°L 1/ (@(20))} — pf (@(q>20)) — Df (@(20)). (6.7)
Hence
£ AD* f(a(2q%))} =
PL S (@(2¢0)} = pf(a(920)) = Df(x(a220)).  (6.8)
3)

LD f(2(2)} = £, (DD (a(2))} = p*L 3 { Fla(zq}))}
P f(elaz0) + pDf (x(ab ) + D2 fla(z))]. (6.9)

LD f(2(2)} = p"L  {f(x(2q2))}
— [P (2™ 20)) + P PDf (a(q" 20)) + -+ D f(w(=0)) |, (6.10)



or equivalently

L D" (ol 22)} = "Ly {f (@(2)))
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— P f(2(g 2 20)) + PP EDF (g 20)) + -+ DV f(w(gF %)) | - (6.11)

For example, for n = 2, we have

LD f(e(za7)) =

P°L{f(x(2))} = [pf(2(q7220)) + Df (2(g"20))].

6.1.3 Transform of integrals.

In the equation

LADS(x(2)} = L {f(w(a*2)} = fla(20)).

set
fa) = [ gale)ds(e)
We have
2(2q%)
L atg(@(2))} = pL 4{ g(x(2))dz(2)}
Hence

(6.12)

(6.13)

(6.14)

(6.15)
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6.2 ¢-Nonuniform Laplace transform for some el-

ementary functions

1. f(z(z)) =1. We have

{1} :/ Eq_%(—p;zo;q_%z)da:(z)

1 (0.9]
= —— DE _1(—p; 20; 2)dx(2
L PE A

o0
20

= ——E _;(=p;2;2)

(6.16)

2. f(x(2)) = z(2q2). We have

£y {x(z})}

:/ ﬂf(zqé)Eq-;(—p;zo;q‘§2)dx(2)

1 [ 1
— __/ :c(zqi)DEq_%(—p; 20; 2)dx(2)
p i)
1 A -3
- {x(z)Eq;(—p;Zo;Z)} +z3/ E -y (=pi 20 q 2 2)dz(2)

20

s}

x(z9) 1 [ o
P Zﬁ/xo DEq_%(—p, 20; 2)dx(2)
x(z9) 1 N
= D - Z? |:Eq%(_p7 ZO?'Z):|
1
GO —.
p p

20

(6.17)
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1 [ 1
= - / E _y(a;20:q?2)DE 4 (=p; 20; 2)dw(2)

(0.9]

20

+ / Eq;(—p;20;q_§Z)DEq;(a;wo;Z)dx(Z)
To

1 a [ 1 1
= ot [ B k) o),
1
2447
p p
Hence
1
I= (6.18)
p—a

‘ | E ,%(ai;Zo;q%Z)JrE ,%(—ai;ZO;q%Z)
4. f(z(z)) = cosq,%(az;zo;qiz) = 4 5 . Us-

ing the preceding case, we obtain

1 1 1 1 D
L ateos e 20:4°2)} = 5 <p it ai) = s (6.19)

E

. 1 (aiiz0:q22)~E 1 (—aizz0iq22)
5. f(z(2)) = Sinq_%(ai;zo;qiz) — ¢ ? . . Sim-

ilarly, we get

: 1 1 1 1 a
Eq%{sm _1(a;20,q%2)} = % <p ) =5 (6.20)

q —ai p+a 2+ a®



163

6. f(z(z)) = Coshq,%(a; 20,q22) = R . Here

also, we obtain

, 1/ 1 1 P
/jq% {coshq_%(a; 20;q22)} = 3 ( + ) G (6.21)

_ . E ,%(G;ZO;Q%Z)—E %(—G;Zo;q%Z) o
7. f(z(2)) = smhq,%(a;zo;q?z) = ¢ 5 . Simi-
larly,
: 1 1 1 1 a
£y {sinh (0 20:q72)} = 5 <p Sy ) =g 622)

q2
- By (=piz0iq 22)E y(a; 20 ¢22)da(2)
To
I !
S / E 3 (@; 20, ¢>2)DE ) (=p; 20; 2)d(2)
1 e}
1 o0
+‘/ E _y(=p; 204 22)DE ) (a; vo; 2)da(z)
p Zo
1 o0
— —]—) |:Eq% (Cl, Z07’2>Eq—%(_p’ ZO’Z)i| 20
+g/ By (=pi20;q 2 2)E ) (a5 20 07 2)da(2).
p i)
1 o RN R
— _]_? {Eq% (a,zo,z)Eq_%(—p, ZO’Z)LO + Z_?I.

(6.23)
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Hence
-Or = e 2)E h
( o ]_?) - _]_) |: q—%(_pa 2072) q%(a,ﬂfo,Z) 0
1 1E 7
= p_p q—%(—p, 20; Q) q%(% 20; Q)
Consequently
1 1 1-K_,,
I = — E _1(—p; 20;0)E 1(a; z; 00) = ——2%(6.24)
p—a p—a 9° 7? p—a

where K_,, = F _

1
q 2

(—p; 20; oo)Eq% (a; zp; 00) (see (2.88)).

. 1 . 1
E 1 (at;20;q2 2)+E 1 (—ai;20;q2 2)
42 q2

9. f(z(2)) = cosq%(ai;zo;q%z) = 5 . Using

the preceding case, we obtain

1— K_pﬂi + 11— K—p,—ai

1 1
Eq%{COSq%<a; <03 q22)} - 5 ( p— ar P+ a

) . (6.25)

. 1 . 1
E 1 (ais20;922)—E 1 (—ai;20592 2)

10. f(z(2)) = sinq%(ai;zo;q%z) = 5 . Simi-

larly, we get

. 1 1
Eq%{smq% (a;20;q22)} = % (

p— ai P+ ar
. E 1 (a2 q%z)—l—E 1(—a zo;q%z)
1. f(z(z)) = coshq%(a; 20;q2z) = & 5L . Here

also, we obtain

1 1
Lq%{coshq% (a;20;q%2)} = 5 (
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12. f(z(2)) = sinhq%(a; 20, q22) = : . Simi-

larly,

1 (1 —K 0 1-K_,_,

. 1
L‘q%{smhq%(a; 20:¢°2)} =5 p—a p+a

5 ) . (6.28)

6.3 Inverse of the ¢g-nonuniform Laplace trans-

form

For searching the original function from its image, we have to use, as
in other cases of Laplace transforms, the g-nonuniform Laplace trans-
form properties of the subsection 6.1 and the g-nonuniform Laplace

transform of elementary functions of the subsection 6.2.

6.4 Applications of g-nonuniform Laplace trans-

form on ¢g-nonuniform difference equations

In the same way that the Laplace transfrom, Z-transform and ¢-
Laplace transfrom are applied respectively in differential, difference
and ¢-difference equations [15], the g-nonuniform Laplace transform
is expected to be applied in g-nonuniform difference equations [14].
For question of simplicity, we suppose that the order of the equation
isn = 2.

So, consider the second order g-nonuniform difference equation

aoD*y(x(q'2)) + arDy(x(q 22)) + azy(z(2)) = g(z(2)), (6.29)

with the initial conditions

y(a:(q_%zo)) = yo; Dy(z(q '20)) = 1. (6.30)
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Applying the g-nonuniform Laplace transform as in the subsection

6.1, we obtain

L {D%(a(q'2)} =
P°L {y(=(2))} - py(x(q 220)) — Dy(a(q ' 20)), (6.31)

£ ADy(a(q 22)} = pL 3 {y(@(2)} = yl(a(a ). (6.32)

Applying the g-nonuniform Laplace transform on both sides of the
equation (6.29) and using (6.30), (6.31) and (6.32), we get

aop’L 1 {y((2))} — aoyop — aoyr + arpL 1 {y(x(2))}
g + 2Ly (w(x(2)} = Glp)
& ap®L ) {y(e()} + apL (y(a(2))} + 0Ly {y((2)))
= G(p) + aoyop + aoy1 + a1yo.

Setting Eq% {y(x(2))} = Y(p), we obtain

Y (p)(app® 4+ aip + as) = G(p) + agyop + aoy1 + a1y

Consequently, Y (p) = G(p)zzggf;;iy;j =% and y(z(z)) = Eq_%l{y(p)}'



Conclusion and outlooks

The first major concern of this thesis (the first three chapters) deals
with the introduction of the basic concepts of g-nonuniform difference
calculus such as the differentiation and integrationn on ¢g-nonuniform
lattices and the use of those concepts to solve g-nonuniform differ-
ence equations of first order, systems of linear g-nonuniform differ-
ence equations and g-nonuniform difference equations of higher or-
der. We introduce also the basic concepts of g-nonuniform difference

control theory and its applications.

In Chapter 4, we have given a number of new families of multiple
orthogonal polynomials starting from the discrete multiple little g-
Jacobi polynomials and working our way up to the multiples Askey—

Wilson polynomials.

In Chapter 5, g-nonuniform difference versions of the integral in-
equalities of Holder, Cauchy-Shwartz, Minkowski, Gronwall, Bernoulli

and Lyapunov were proved.

Finaly, in Chapter 6, the concepts of g-nonuniform difference version
of the integral Laplace transform and some of its applications were

discussed.
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An interesting outlook consists in using the transformation in Section
4.2 of (multiple) little g-Jacobi polynomials, to transform modified
(multiple) little g-Jacobi polynomials (which have a non classical
weight) [18] in modified (multiple) Askey-Wilson polynomials (ad-

mitting a non classical weight).
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