
Université du Burundi

Dépôt institutionnel officiel https://repository.ub.edu.bi

Grenier du Savoir du Burundi Mémoires et Thèses

2019-12

q-Nonuniform difference classicalanalysis

Nuwacu Jean Paul

UB

https://repository.ub.edu.bi/handle/123456789/323

Téléchargé depuis le dépôt institutionnel officiel de l'Université du Burundi



University of Burundi
Doctoral School and Faculty of Sciences

Department of Mathematics
Center for Research in Mathematics and Physics

q-Nonuniform difference classical
analysis

Jean Paul Nuwacu

PhD Thesis

Composition of the Jury

Prof. Servat Nyandwi
(President, University of Burundi)

Prof. François Ndayiragije
(Secretary, University of Burundi)

Prof. Juma Shabani
(Member, University of Burundi)
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Abstract

This thesis is concerned in q-nonuniform difference classical analysis

that is classical analysis on q-nonuniform lattices.

The first two Chapters treat the standard fondements of this analysis

that is the q-nonuniform difference and integral calculus on one side

and the q-nonuniform difference equations on the other side.

The third Chapter sumirizes one of the advenced q-nonuniform cal-

culus that is the q-nonuniform difference control theory. This is one

of the proof that the q-nonuniform difference analysis has a coherent

theory.

The Chapters four and five are concerned in the main contributions of

this thesis. The fourth deals with the q-nonuniform orthogonal poly-

nomials and show how to obtain the multiple polynomial of Askey-

Wilson. We first show how one can obtain Al-Salam-Chihara polyno-

mials, continuous dual q-Hahn polynomials, and Askey-Wilson poly-

nomials from the little q-Laguerre and the little q-Jacobi polynomials

by using special transformations as showed in the figure 4.1. This
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procedure is then extended to obtain multiple Askey-Wilson, mul-

tiple continuous dual q-Hahn, and multiple Al-Salam-Chihara poly-

nomials from the multiple little q-Laguerre and the multiple little

q-Jacobi polynomials.

In the fifth, we prove the essential of classical integral inequalities

that is the q-nonuniform integral inequalities of Hölder, Cauchy-

Shwartz, and Minkowski based on the techniques used in classical

analysis, q-nonuniform integral inequalities of Grönwall and Bernoulli

based on the linear q-nonuniform difference equations of first or-

der and the corresponding Lagrange resolution method and the q-

nonuniforn integral inequality of Lyapunov based on q-nonuniform

Sturm-Liouville equation.

Finally, in the Chapter six, we judged better to expose one of the re-

cent result of q-nonuniform difference analysis that is the q-nonuniform

Laplace transform. It is a generalization of the Laplace transfrom,

Z-transform and q-Laplace transfrom applied respectively in differ-

ential analysis, difference analysis and q-difference analysis.



Résumé

Cette thèse s’intéresse à l’analyse classique aux différences q-non uni-

formes qui est une analyse classique sur le réseau q-non uniforme.

Les deux premiers chapitres traitent les fondements standards de

cette analyse, à savoir le calcul différentiel et intégral sur le réseau

q-non uniforme d’un côté et les équations différentielles sur le réseau

q-non uniforme de l’autre côté.

Le troisième chapitre résume l’un des calculs avancés sur le réseau

q-non uniforme qui est la théorie de contrôle sur le réseau q-non uni-

forme. C’est l’une des preuves que l’analyse mathématique sur le

réseau q-non uniforme admet une théorie cohérente.

Les chapitres quatre et cinq sont concernés par la contribution prin-

cipale de cette thèse. Le quatrième chapitre traite des polynômes or-

thogonaux sur le réseau q-non uniforme et montre comment obtenir

les polynômes d’Askey-Wilson multiples. Nous montrons d’abord

comment obtenir les polynômes d’Al-Salam-Chihara, de q-Hahn du-

als continus et les polynômes d’Askey-Wilson à partir des polynômes

dits petits q-Laguerre et petits q-Jacobi, en utilisant des transforma-

tions spéciales comme illustré sur la figure 4.1. Cette procédure est
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viii

ensuite étendue pour obtenir les polynômes d’Askey-Wilson multi-

ples, ceux dits q-Hahn duals continus multiples et Al-Salam-Chihara

multiples à partir des polynômes dits petits q-Laguerre multiples et

les polynmes dits petits q-Jacobi multiples.

Dans le cinquième chapitre, nous prouvons l’essentiel des inégalités

intégrales classiques, à savoir les inégalités intégrales sur le réseau

q-non uniforme de Hölder, Cauchy-Shwartz et Minkowski basées sur

les techniques utilisées en analyse classique, les inégalités intégrales

sur le réseau q-non uniforme de Grönwall et de Bernoulli basées sur

les équations aux différences linéaires q-non uniformes de premier

ordre et la méthode de résolution de Lagrange correspondante, et

en fin l’inégalité intégrale sur le réseau q-non uniforme de Lyapunov

basée sur l’ équation q-non uniforme de Sturm-Liouville.

Dans le dernier chapitre, nous avons jugé préférable d’exposer l’un

des résultats récents de l’analyse aux différences sur le réseau q-non

uniforme, à savoir la transformée q-non uniforme de Laplace. Il s’agit

d’une généralisation de la transformée de Laplace, de la transformée

en Z et de la q-transformée de Laplace en analyse différentielle, aux

différences et aux q-diffrences réspectivement.
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Introduction

Calculus on lattices appeared as part of the bubbling development of

the numerical calculus accompanying the wellknown numerical era

beginning with the second part of the 20th century.

The concept of calculus on lattices was initiated by Alphonse P. Mag-

nus in [43, 44] while generalizing orthogonality measure for polyno-

mials. A set of divided difference derivatives on lattices transform-

ing a polynomial of degree n into a polynomial of degree n− 1 was

there naturally derived. This set includes: the standard differen-

tial derivative, the difference derivative, the q-derivative or Jackson

derivative and the Askey-Wilson derivative, seen as the divided dif-

ference derivative on constant, uniform, q-uniform and q-nonuniform

lattices respectively.

We refer to the corresponding calculus and equations as the dif-

ferential (usual), difference, q-uniform difference and q-nonuniform

difference calculus and equations respectively.

The differential and difference calculus are already proud of their

classificality. At the beginning, q-calculus (or q-uniform difference

calculus) appeared as a new field in analysis for the investigation

of calculus without limits. F. H. Jackson introduced in [33] the q-

calculus in the early twentieth century, but the history of q-calculus

(and q-hypergeometric functions) dates back to the eighteenth cen-

tury.
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q-Calculus can in fact be taken as far back as Leonhard Euler (1707-

1783), who first introduced the q in [28] in the tracks of Newton’s

infinite series.

Recently it arose interest due to high demand of mathematics that

models quantum computing. Indeed, q-calculus has a lot of applica-

tions in different mathematical areas such as number theory, com-

binatorics, orthogonal polynomials, basic hyper-geometric functions

and other sciences. The book by Kac and Cheung [34] covers many

of the fundamental aspects of q-calculus or quantum calculus.

From the beginning of eighties, Alphonse P. Magnus rediscovered

and extended the q-calculus and his special cases, in his pionnering

work [43]. There, he considered the most general divided difference

derivative [43, 44],

Df(t(s)) =
f(t(s+ 1

2 ))−f(t(s−
1
2 ))

t(s+ 1
2 )−t(s−

1
2 )

, (1)

admitting the property that if f(t) = Pn(t(s)) is a polynomial of

degree n in t(s), then Df(t(s)) = P̃n−1(t(s)) is a polynomial in t(s)

of degree n − 1. Here t(s) is a complex-valued discrete variable

function satisfying the relation

F
(
t(s), t(s− 1

2
)
)

= F
(
t(s), t(s+

1

2
)
)

= 0, s ∈ Z+, (2)

where F is a two variables quadratic polynomial

F (x, y) = ax2 + 2bxy + cy2 + 2dx+ 2ey + f (3)
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with a, b, c, d, e, f ∈ C.

From (2) and (3) it follows that

t(s+
1

2
) = P (t(s))+

√
Q(t(s)), t(s− 1

2
) = P (t(s))−

√
Q(t(s)), (4)

where P (t(s)) and Q(t(s)) are polynomials of degree at most 1 and

2 respectively.

From (4) one derives the following most important canonical forms

for t(s) in order of increasing complexity:

t(s) = t(0); (5)

t(s) = s; (6)

t(s) = qs; (7)

t(s) =
qs + q−s

2
; q ∈ C, s ∈ Z. (8)

When the function t(s) is given by (5)-(7), the divided difference

derivative (1) leads to the ordinary differential derivative Df(t) =
d
dtf(t), finite difference derivative

∆f(s) = f(s+ 1)− f(s) = (e
d
ds − 1)f(s) (9)

and q-difference derivative (or Jackson derivative [33])

Dqf(t) =
f(qt)− f(t)

qt− t
=
q
d
dt − 1

qt− t
f(t) (10)

respectively. When t(s) = x(qs) is given by (8), the correspond-

ing derivative is usually referred to as the Askey-Wilson first order

divided difference operator [9] that one can write:

Df(x(z)) =
f(x(q

1
2z))− f(x(q−

1
2z))

x(q
1
2z)− x(q−

1
2z)

, (11)
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where x(z) = z+z−1

2 is the well known Joukowski transformation and

z = qs.

The calculus related to the differential derivative, the continuous or

differential calculus, is clearly wellknown. The one related to the

derivatives (9),(10), (11) (difference, q-difference and q-nonuniform

difference respectively) is referred to as the discrete calculus. Its in-

terest is two folds: On the one hand, it generalizes the continuous

calculus, and on the other hand, it uses a discrete variable.

We will note also that (11) is at our best knowledge, the most general

known divided difference derivative having the property of sending

a polynomial of degree n in a polynomial of degree n− 1.

This thesis is concerned in the q-nonuniform difference calculus, that

is the calculus generated by the derivative in (11). Our objective is to

expose, to introduce or to develop the basic cencepts of q-nonuniform

difference analysis or analysis on q-nonuniform lattices, which is cur-

rently in its infancy.

In this thesis, we mainly review the foundations already laid and then

continue with our own contributions in the area. We begin with the

standard preliminaries such as the q-nonuniform difference and inte-

gral calculus in Chapter 1, the q-nonuniform difference equations in

Chapter 2, continue with the q-nonuniform difference control theory

in Chapter 3.

In Chapter 4, we present our own contributions in an important

branch of q-nonuniform difference analysis which is the q-nonuniform
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difference orthogonal polynomials theory. Here we first show in Sec-

tion 4.2.2 how some families of basic hypergeometric polynomials are

related by linear transformation. This transformation is a q-analogue

of the Fourier–Jacobi transform that maps Jacobi polynomials to

Wilson polynomials [40].

Next, considering three families of basic hypergeometric polynomi-

als: the Al-Salam–Chihara polynomials, the continuous dual q-Hahn

polynomials and the Askey–Wilson polynomials, we show how they

can be obtained by a linear transformation from the little q-Laguerre

and the little q-Jacobi polynomials. We then extend this procedure

to multiple orthogonal polynomials in Section 4.2.3.

Finally, we recall multiple little q-Laguerre polynomials in Section

4.2.3.1 and multiple little q-Jacobi polynomials in Section 4.2.3.2 and

then apply the linear transformations to obtain multiple Al-Salam–

Chihara polynomials Section 4.2.3.3, multiple continuous dual q-

Hahn polynomials Section 4.2.3.4 and finally multiple Askey-Wilson

polynomials Section 4.2.3.5.

In Chapter 5, we give our own contributions in another important

area of q-nonuniform difference analysis which is the q-nonuniform

difference version of the classical integral inequalities. Here, using the

techniques used in classical analysis, we establish the q-nonuniform

difference versions of the wellknown in differential calculus, integral

inequalities of Hölder, Cauchy-Shwartz, and Minkowski (Section 5.1

and Section 5.2). Then using the linear q-nonuniform difference

equations of first order and the corresponding Lagrange resolution
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method, we establish the q-nonuniform difference versions of the in-

tegral inequalities of Grönwall and Bernoulli (Section 5.3 and Section

5.4).

We finally give the q-nonuniforn version of the Lyapunov ntegral

inequality by using the q-nonuniform Sturm-Liouville equation in

Section 5.5.

In Chapter 6, we present a recent developpement of q-nonuniform dif-

ference classical analysis which is the q-nonuniform difference Laplace

transform. This is a generalization of the Z-transform in difference

analysis [27] and q-Laplace transform in q-difference analysis [17].



Chapter 1

q-Nonuniform difference and

integral calculus

In the following lines, we first introduce basic concepts of q-nonuniform

difference calculus necessary for the sequel. The functions that are

considered in the q-nonuniform difference calculus are clearly defined

on the set

T =
{
x(qk), k ∈ Z

2
= {n

2
}n∈Z

}
, (1.1)

x(z) =
z + z−1

2
.

1.1 q-Nonuniform difference calculus

Here for clarity, we outline basic formula of the differentiation on

q-nonuniform lattices. This means that setting z = qs in (8), the

current variable is now x(z) = z+z−1

2
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1. Derivative of a product

D(fg)(x(z)) = f(x(q
1
2z))Dg(x(z)) + g(x(q−

1
2z))Df(x(z))

= g(x(q
1
2z))Df(x(z)) + f(x(q−

1
2z))Dg(x(z)). (1.2)

2. Derivative of a ratio

D(
f

g
) =

g(x(q−
1
2z))Df(x(z))− f(x(q−

1
2z))Dg(x(z))

g(x(q
1
2z))g(x(q−

1
2z))

. (1.3)

3. Derivative of a composite function

D(f(g))(x(z)) =

f(g(x(q
1
2z)))− f(g(x(q−

1
2z)))

g(x(q
1
2z))− g(x(q−

1
2z))

.
g(x(q

1
2z))− g(x(q−

1
2z))

x(q
1
2z)− x(q−

1
2z)

= Dgf.Dxg.

Hence

D(f(g))(x(z))
def
= Dgf.Dxg (1.4)

4. Derivative of the inverse function

Let y = f(x). Then x = f−1(y), where f−1 is the inverse to

f function. Applying the divided difference derivative on both

sides of the preceding equation, one obtains

1 =
f−1(y(x(q

1
2z)))− f−1(y(x(q−

1
2z))

x(q
1
2z)− x(q−

1
2z)

=
f−1(y(x(q

1
2z)))− f−1(y(x(q−

1
2z))

y(x(q
1
2z))− y(x(q−

1
2z))

.
y(x(q

1
2z))− y(x(q−

1
2z))

x(q
1
2z)− x(q−

1
2z)

= Dyf−1.Dxy.
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Hence

Dyf−1
def
=

1

Dxy
(1.5)

5. Derivative of a polynomial

Let Pn(x(z)) be a polynomial in the variable x(z) =
z + z−1

2
.

We calculate its derivative to make sure that it is polynomial in

x(z) with moreover a degree equal to n− 1. Using the fact that

any polynomial of degree k in x(z) = z+z−1

2 can be written as

Pk(x(z)) =
k∑
i=0

ai

(z + z−1

2

)i
=

k∑
j=0

bj(z
j + z−j) (1.6)

we obtain

DPn(x(z)) =

n∑
j=0

bj(q
j
2zj + q−

j
2z−j)−

n∑
j=0

bj(q
− j2zj + q

j
2z−j)

q−
1
2−q

1
2

2 (z − z−1)

=
n∑
j=1

2bj
q
j
2 − q− j2
q−

1
2 − q 1

2

zj − z−j

z − z−1

=
n∑
j=1

2bj
q
j
2 − q− j2
q−

1
2 − q 1

2

j−1∑
k=0

ck(z
k + z−k)

=
n∑
j=1

2bj
q
j
2 − q− j2
q−

1
2 − q 1

2

P̃j−1

(z + z−1

2

)
= ˜̃Pn−1

(z + z−1

2

)
.

1.2 q-Nonuniform integral calculus

1. Integration
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We consider the q-nonuniform divided difference derivative de-

fined by (from now on q ∈ R+, s ∈ Z+, as indicated below)

Df(x(z))
def
=
f(x(q

1
2z))− f(x(q−

1
2z))

x(q
1
2z)− x(q−

1
2z)

, (1.7)

x(z) =
z + z−1

2
(1.8)

⇒ x(qs) =
qs + q−s

2
, q ∈ R+, s ∈ Z+.

A function f(x(z)) is said to be q-nonuniform differentiable on

x(z) iff the ratio in the r.h.s. (right hand side) of (1.7) exists

and is finite. Clearly, every continuous function on T (in the

topology of R) is q-nonuniform differentiable on that set.

Let’s suppose that DF (x(z)) = f(x(z)); z = qs

or equivalently

F (x(qs+
1
2 ))− F (x(qs−

1
2 ))

x(qs+
1
2 )− x(qs−

1
2 )

= f(x(qs)). (1.9)

We have

F (x(qs−
1
2 ))− F (x(qs+

1
2 )) =

[
x(qs−

1
2 )− x(qs+

1
2 )
]
f(x(qs)),

then we have

F (x(qs))− F (x(qs+1)) =
[
x(qs)− x(qs+1)

]
f(x(qs+

1
2 ))

F (x(qs+1))− F (x(qs+2)) =
[
x(qs+1)− x(qs+2)

]
f(x(qs+

3
2 ))

...

F (x(qN−1))− F (x(qN)) =
[
x(qN−1)− x(qN)

]
f(x(qN−

1
2 )).
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By adding member by member, we get

F (x(qs))− F (x(qN)) =
N−1∑
r=s

[
x(qr)− x(qr+1)

]
f(x(qr+

1
2 )).

Hence

x(z)∫
x(qN )

f(x(z))dqx(z)
def
=

x(qN−1)∑
x(t)=x(z)

[
x(t)− x(qt)

]
f(x(tq

1
2 ))

=

qN−1∑
t=z

[
x(t)− x(qt)

]
f(x(tq

1
2 )), (1.10)

the q-nonuniform integral of the function f(x(z)) on the inter-

val [x(qN), x(z)].

This integral sends a polynomial (in x(z)) of degree n in a poly-

nomial of degree n+ 1 [13].

Replacing x(z) = z+z−1

2 in this last equation we have

x(z)∫
x(qN )

f(x(z))dqx(z) =
1

2
(1− q)

qN−1∑
t=z

t(1− 1

qt2
)f(x(tq

1
2 )). (1.11)

Let us stop for a moment on the appropriate writing of (1.11)

to verify in particular whether in these equations the integral in

the left hand side has a lower bound, actually lower than the up-

per bound. Note first that the function x(z) = z+z−1

2 , z ∈ R+,

is decreasing for 0 < z < 1 and increasing for 1 < z <∞.

Assume first that 0 < q < 1. In this case, since according to

the construction N > s > 0, one will have qN 6 z = qs and
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x(z) 6 x(qN) and the convenient writting of (1.11) is

x(qN )∫
x(z)

f(x(z))dqx(z) =
1

2
(1− q)

qN−1∑
t=z

t(
1

qt2
− 1)f(x(tq

1
2 )). (1.12)

On the other hand, if 1 < q < ∞, we will have z 6 qN and

x(z) 6 x(qN) and (1.11) becomes (1.12) again. On other side,

in (1.12), the factor

h(t) = (1− q)t( 1

qt2
− 1); t = qs, s ∈ Z+

is always positive regardless of whether 0 < q < 1 or 1 < q <∞
(let us agree from now on that 0 < q < 1 and therefore 0 6

z 6 1). This leads us to the following fundamental positivity

property of the integral in (1.12).

Property 1.1. If f(x(z)) > 0 and a = x(qα) 6 b = x(qβ), then

b∫
a

f(x(z))dqx(z) > 0.

Corollary 1.1. If f(x(z)) > g(x(z)) and a = x(qα) 6 b =

x(qβ), then

b∫
a

f(x(z))dqx(z) >

b∫
a

g(x(z))dqx(z).
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2. Connection between the q-integral and q-nonuniform in-

tegral

We have

x(qN )∫
x(z)

f(x(z))dqx(z) =
1

2

z∫
qN

(
1

qz2
− 1)f(x(q

1
2z))dqz. (1.13)

For N →∞
∞∫

x(z)

f(x(z))dqx(z) =
1

2

z∫
0

(
1

qz2
− 1)f(x(q

1
2z))dqz

=
1

2
(1− q)z

∞∑
i=0

(
1

q2i+1z2
− 1)f(x(qi+

1
2z))

(1.14)

and the integral with lower and upper finite bound can be writ-

ten

b∫
a

f(x(z))dqx(z) =

∞∫
a

f(x(z))dqx(z)−
∞∫
b

f(x(z))dqx(z) (1.15)

a = x(qα) 6 b = x(qβ) (if the integrals at the r.h.s. of (1.15)

exist).

A function f(x(z)) defined on T is said to be q-nonuniform

integrable on a finite interval [x(z), x(qN)] iff the sum in the r.h.s.

of (1.12) exists and is finite. If the upper bound is infinite, the

q-nonuniform integrability means the convergence of the infinite

series in the r.h.s. of (1.14). Every continuous function on T
(in the topology of R) is clearly q-nonuniform integrable on any

finite interval on that set.
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Remark 1.2. It is not difficult to notice that to deal with the case

where s > N > 0 it would suffice to replace in the preceding

formulas z = qs by qN and vice versa.

In this case, from (1.10), we obtain:

x(qN )∫
x(z)

f(x(z))dqx(z)
def
=

x(zq−1)∑
x(t)=x(qN )

[
x(t)− x(qt)

]
f(x(q

1
2 t))

=

zq−1∑
t=qN

[
x(t)− x(qt)

]
f(x(q

1
2 t)) (1.16)

or by replacing x(z) = z+z−1

2 in (1.16)

x(qN )∫
x(z)

f(x(z))dqx(z) =
1

2
(1− q)

zq−1∑
t=qN

t(1− 1

qt2
)f(x(q

1
2 t)). (1.17)

Passing to the q-integral, we will have

x(qN )∫
x(z)

f(x(z))dqx(z) =
1

2

z∫
qN

(
1

qt2
− 1)f(x(q

1
2 t))dqt. (1.18)

For N → 0

x(z)∫
1

f(x(z))dqx(z) =
1

2
(q − 1)

1∑
t=q−1z

t(1− 1

qt2
)f(x(q

1
2 t))

=
1

2
(q − 1)

s−1∑
i=0

qi(1− 1

q2i+1
)f(x(qi+

1
2 ))

=
1

2

z∫
1

(1− 1

qt2
)f(x(q

1
2 t))dqt. (1.19)
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Finally, if a = x(qα) 6 b = x(qβ),

b∫
a

f(x(z))dqx(z)
def
=

b∫
1

f(x(z))dqx(z)−
a∫

1

f(x(z))dqx(z)

=

1∫
a

f(x(z))dqx(z)−
1∫
b

f(x(z))dqx(z).

(1.20)

3. Fundamental principles of analysis

(i) We can formulate the statement of the fundamental prin-

ciple of analysis as follows: The q-nonuniform derivative of

the integral of a function is this function itself. This corre-

sponds to the formula:

D
[ x(z)∫
x(qN )

f(x(z))dqx(z)
]

= D
[ x(qN− 1

2 )∑
x(q

1
2 z)

[x(q−
1
2z)− x(q

1
2z)]f(x(z))

]

=

[ x(qN− 1
2 )∑

x(z)

−
x(qN−

1
2 )∑

x(qz)

][
x(q−

1
2z)− x(q

1
2z)
]
f(x(z))

x(q−
1
2z)− x(q

1
2z)

= f(x(z))

Hence

D
[ x(z)∫
x(qN )

f(x(z))dqx(z)
]

= f(x(z)). (1.21)

(ii) This is the q-nonuniform version of the Newton-Leibnitz

formula:
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x(z)∫
x(qN )

[
Df
]
(x(z))dqx(z) =

x(qN−
1
2 )∑

z(q
1
2 z)

[x(q−
1
2z)− x(q

1
2z)](Df)(x(z))

=

x(qN−
1
2 )∑

z(q
1
2 z)

[f(x(q−
1
2z))− f(x(q

1
2z))]

= f(x(z))− f(x(qz)).

Hence

x(z)∫
x(qN )

[
Df
]
(x(z))dqx(z) = f(x(z))− f(x(qN)) (1.22)
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4. Integration by parts

By integrating the formula

f(x(q
1
2z))Dg(x(z)) = D

[
fg
]
(x(z))− g(x(q−

1
2z))Df(x(z))

(1.23)

and using the second fundamental principle of the analysis, one

obtains

x(z)∫
x(qN )

[
f(x(q

1
2z))Dg(x(z))

]
dqx(z) =

[
fg
]x(z)
x(qN )

−
x(z)∫

x(qN )

g(x(q−
1
2z))Df(x(z))dqx(z). (1.24)

5. Integral of a polynomial

We now calculate the integral of a polynomial Pn(x(z)) of de-

gree n in the variable x(z) = z+z−1

2 and make sure that it is

a polynomial in x(z) with moreover a degree equal to n + 1.

The relation (1.6) will also be used. So, for a given polynomial

Pn(x(z)), we search a function f(x(z)) such that

Df(x(z)) =
f(x(q

1
2z))− f(x(q−

1
2z))

x(q
1
2z)− x(q−

1
2z)

= Pn(x(z)) (1.25)



18

Hence

f(x(q−
1
2z))− f(x(q

1
2z)) = x(q−

1
2z)− x(q

1
2z)Pn(x(z))

=
q−

1
2 − q 1

2

2
(z − z−1)Pn

(z + z−1

2

)
=

n+1∑
j=1

aj(z
j − z−j)

= P 1
n+1(z) + P 2

n+2(z)

where

P 1
n+1(z) =

n+1∑
i=1

aiz
i, P 2

n+1(z) = −
n+1∑
i=1

aiz
−i (1.26)

Now, let us consider two functions f1(x(z)) and f2(x(z)) such

that f(x(z)) = f1(x(z)) + f2(x(z)) and

f1(x(q−
1
2z))− f1(x(q

1
2z)) = P 1

n+1(z) (1.27)

f2(x(q−
1
2z))− f2(x(q

1
2z)) = P 2

n+1(z) (1.28)

From (1.27) and (1.28) it follows, respectively, that

f1(x(z)) =
∞∑
i=0

P 1
n+1(q

i+ 1
2z) + c1 =

n+1∑
i=1

aiq
i
2

1− qi
zi + c1 (1.29)

f2(x(z)) = −
∞∑
i=0

P 2
n+1(q

−i− 1
2z) + c2 =

n+1∑
i=1

aiq
i
2

1− qi
z−i + c2 (1.30)
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Hence

f(x(z)) = f1(x(z)) + f2(x(z))

= c+
n+1∑
i=1

aiq
i
2

1− qi
(zi + z−i)

= P̃
(z + z−1

2

)
. (1.31)





Chapter 2

q-Nonuniform difference

equations

2.1 q-Nonuniform difference equations of first or-

der and elementary functions

2.1.1 Linear q-nonuniform difference equations of first or-

der

Consider the first order q-nonuniform difference equation

Dy(x(z)) = a(x(z))y(x(q−
1
2z)) + b(x(z)). (2.1)

As in differential or difference calculus, to solve it, we first solve the

corresponding homogeneous equation

Dy(x(z)) = a(x(z))y(x(q−
1
2z)). (2.2)

Developping it

y0(x(zq
1
2 )− y0(x(zq−

1
2 )

x(zq
1
2 )− x(zq−

1
2 )

= a(x(z))y0(x(zq−
1
2 )),
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we get

y0(x(zq
1
2 )) = p(x(z))y0(x(zq−

1
2 )) (2.3)

where

p(x(z)) = 1 + (x(zq
1
2 )− x(zq−

1
2 ))a(x(z))

= 1 +
q

1
2 − q− 1

2

2
(z − z−1)a(x(z)). (2.4)

By the recursion

y0(x(z)) = [p(x(zq
1
2 ))]−1y0(x(zq)), (2.5)

we get

y0(x(z)) = y0(x(zqN))
N−1∏
i=0

[
p(x(zq

1
2+i))

]−1
. (2.6)

Consider now the following equation

Dỹ(x(z)) = ã(x(z))ỹ(x(zq
1
2 )) + b̃(x(z)) (2.7)

and its homogenous part

Dỹ(x(z)) = ã(x(z))ỹ(x(zq
1
2 )). (2.8)

Developping the latter, we get the relation

ỹ(x(zq
1
2 ))p̃(x(z)) = ỹ(x(zq−

1
2 )). (2.9)
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where

p̃(x(z)) = 1− (x(zq
1
2 )− x(zq−

1
2 ))a(x(z))

= 1− q
1
2 − q− 1

2

2
(z − z−1)ã(x(z)). (2.10)

Using the recursion

ỹ0(x(z)) = p̃(x(zq
1
2 ))ỹ0(x(zq)), (2.11)

we get

ỹ0(x(z)) = ỹ0(x(z0))

q−1z0∏
t=z

p̃(x(tq
1
2 )), (2.12)

or

ỹ0(x(z)) =

(
N−1∏
i=0

p̃(x(zq
1
2+i))

)
ỹ0(x(zqN)). (2.13)

Clearly, if ã = −a, then

ỹ0(x(z)).y0(x(z)) = ỹ0(x(qNz)).y0(x(qNz)). (2.14)

Consequently, if for certain N , ỹ0(x(qNz)).y0(x(qNz)) = 1, then the

two solutions are mutually inverse.

More generally, we have the following

Theorem 2.1. If y(x(z)) and ỹ(x(z)) are respective solutions of the

equations

Dy(x(z)) = a(x(z))y(x(zq−
1
2 )),

Dỹ(x(z)) = −a(x(z))ỹ(x(zq−
1
2 )), (2.15)
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satifying the conditions

y(x(z0))ỹ(x(z0)) = 1, (2.16)

then

y(x(z))ỹ(x(z)) = 1. (2.17)

Proof.

D(yỹ) = y(x(q−
1
2z))Dỹ + ỹ(x(zq

1
2 ))Dy

= y(x(q−
1
2z))(−a)ỹ(x(zq

1
2 )) + ỹ(x(zq

1
2 ))(a)y(x(q−

1
2z))

= 0.

This means that yỹ = const, which, by (2.16) gives (2.17).

To ensure the exponential shape of the solution of (2.2), we solve it

heuristically as follows. First, we write it in the form of a q-difference

equation in the z-variable:

Dqy(x(z)) = γ(z)y(x(z)), (2.18)

where

γ(z) =
1

2
a(x(q

1
2z))(1− 1

qz2
). (2.19)

To deal with (2.18), define a q-version of the logarithm function (of

function as variable) by setting

(l̃nqf)(z) =def

z∫
z0

Dqf(z)

f(z)
dqz, (2.20)
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where z0 = f−1(1); and a q-version of the exponential function as

the inverse of the q-logarithm

ẽq =def l̃n
−1
q . (2.21)

This means that

f(z) = ẽ

z∫
z0

Dqf(z)

f(z) dqz

q . (2.22)

Examples.

1. By (2.20)

l̃nqz
b =

z∫
1

Dqz
b

zb
dqz =

qb − 1

q − 1

z∫
1

1

z
dqz

=
qb − 1

ln q
lnq z = logq z

qb−1 (2.23)

2. If ezq =
∞∑
k=0

zk

[k]q!
is the usual q-exponential function, then by (2.22)

we have that

Dqe
az
q = aeazq ⇒ eazq = ẽ

z∫
0

adqz

q = ẽazq , (2.24)

and

Dqe
z2

q2 = (q + 1)zez
2

q2 ⇒ ez
2

q2 = ẽ

z∫
0

(q+1)zdqz

q = ẽz
2

q . (2.25)

More generally

Dqe
zb

qb = (Dqz
b)ez

b

qb ⇒ ez
b

qb = ẽ

z∫
0

(Dqz
b)dqz

q = ẽz
b

q . (2.26)
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On the other side by (2.24), (2.25) and (2.26), we have that

l̃nq(e
az
q ) = az = lnq(e

az
q ), (2.27)

l̃nq(e
z2

q2) = z2 6= lnq(e
z2

q2), (2.28)

l̃nq(e
zb

qb) = zb 6= lnq(e
zb

qb), (2.29)

where lnq is the inverse to usual q-exponential eq.

It is also worth noting that unlike the usual q-exponential and

q-logarithm cases, from (2.20) and (2.22), follow clearly the for-

mulae

Dq l̃nqu(z) =
Dqu(z)

u(z)
, Dqẽ

v(z)
q = ẽv(z)q Dqv(z) (2.30)

similarly to the differential situations.

We can now write formally the solution of (2.18)-(2.19) as

y(x(z)) = ẽ

1
2

z∫
z0

a(x(zq
1
2 ))(1− 1

qz2
)dqz

q = ẽ

z∫
z0

a(x(zq
1
2 ))(Dqx(z))dqz

q . (2.31)

To compare (2.6) with (2.31), let us write the former as

y0(x(z)) = [
z∏

t=q−1z0

p(tq
1
2 )]−1y0(x(z0)), z = z0.q

−kz (2.32)

for some positive integer kz and complex z0 6= 0. Hence one can

write

ẽ

1
2

z∫
z0

a(x(zq
1
2 ))(1− 1

qz2
)dqz

q =

 z∏
t=q−1z0

p(tq
1
2 )

−1 , z = z0.q
−kz , (2.33)

where we deleted the factor y0(x(z0)), since in the definition (2.20),

z0 was chosen so that y(x(z0)) = 1.
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If z0 = 0 then

ẽ

1
2

z∫
0

a(x(zq
1
2 ))(1− 1

qz2
)dqz

q = [
∞∏
i=0

p(q
1
2+iz)]−1 (2.34)

provided the convergence of the involved integral and product. It

is not difficult to see that the convergence of the product in right

is linked to that of the corresponding q-integral in lhs. Indeed,

if h(z) = 1
2a(x(zq

1
2 ))(1 − 1

qz2 ) is the integrated function in lhs of

(2.34), then p(q
1
2z) = (q − 1)zh(z) + 1 and consequently, the con-

vergence of the product in (2.34) is equivalent to that of the series
∞∑
i=0

(q − 1)zqih(zqi) = −
z∫
0

h(z)dqz.

Consider now the non homogeneous equation (2.1). y0(x(z)) being

the solution of the corresponding homogeneous equation (2.2), we

are led to search its solution by the method of variation of constants

under the form

y(x(z)) = c(x(z))y0(x(z)), (2.35)

for unknown c(x(z)). Loading (2.35) in (2.1) gives

c(x(z)) = c+

x(z)∫
x(z0)

y−10 (x(q
1
2 t))b(x(t))dqx(t). (2.36)

By (2.35) we then get the general form of the solution of (2.1):

y(x(z)) = φ(x(z), x(z0))[y(x(z0)) +

x(z)∫
x(z0)

φ(x(z0), x(q
1
2 t))b(x(t))dqx(t)], (2.37)
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where

φ(a, b) = y0(a)y−10 (b). (2.38)

For the associated equation (2.7), the general solution reads

ỹ(x(z)) = φ̃(x(z), x(z0))[ỹ(x(z0)) +

x(z)∫
x(z0)

φ̃(x(z0), x(q−
1
2 t))b̃(x(t))dqx(t)], (2.39)

where now

φ̃(a, b) = ỹ0(a)ỹ−10 (b). (2.40)

We will now consider some special cases of equation (2.1). Since by

(2.37), the essential of the solution of (2.1) consists in solving (2.2),

we can consider here only homogeneous cases:

Case 1.

Dy(x(z)) = ay(x(q−
1
2z)), (2.41)

a-const. We can solve this equation in two ways: First formally, we

simply use (2.31) to get

y(x(z)) = ẽ

a
2

z∫
z0

(1− 1
qz2

)dqz

q = ẽ
a
z∫
z0

(Dqx(z))dqz

q = ẽ
a
2 (z+z

−1)
q = ẽax(z)q (2.42)

as a solution of (2.41), y(z0) = 1 for z0 = ±i.
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To solve (2.41) explicitly, we use (2.5). Factorizing p(q1/2z) with

a(x(z)) = a, (2.5) gives

y0(x(z)) = c
1

(1− z1z−1)(1− zz−12 )
y0(x(qz)) (2.43)

where

c =
2

(1− q)az2
; z1,2 =

−q ± [q2 + q(q − 1)2a2]
1
2

aq(q − 1)
(2.44)

and whose solution reads

y0(x(z)) = z
ln c
ln q

(z1qz
−1; q)∞

(z−12 z; q)∞
, (2.45)

where (α; q)n =
n−1∏
i=0

(1− qiα) and (α; q)∞ = limn→∞(α; q)n.

Comparing (2.42) and (2.45), one obtains an explicit expression for

ẽ
ax(z)
q :

ẽax(z)q = K(z0)z
ln c
ln q

(z1qz
−1; q)∞

(z−12 z; q)∞
(2.46)

where K(z0) is a constant determined by the condition ẽ
ax(z0)
q = 1

Case 2.

Dy(x(z)) = a.x(z)y(x(q−
1
2z)). (2.47)

As in the previous case, to solve it in the formal way, we first write

it in the form of a q-difference equation in the z-variable:

Dqy(x(z)) = β(z)y(x(z)), (2.48)



30

where

β(z) =
a

4
(q

1
2z − q

−3
2 z−3) = a

q
1
2

q + 1
Dqx

2(z), (2.49)

and we find

y(x(z) = ẽ

z∫
z0

β(z)dqz

q = ẽ
a
4
q
1
2

q+1 (z+z
−1)2

q = ẽ
a q

1
2

q+1x
2(z)

q , (2.50)

again for z0 = ±i, as the solution of (2.41).

To solve (2.41) explicitly, we also use (2.5). Factorizing p(q1/2z) with

a(x(z)) = a.x(z), (2.5) gives

y0(x(z)) = c
1

(1− z1z−2)(1− z2z−12 )
y0(x(qz)) (2.51)

where

c =
4

(1− q)q 1
2az2

; z1,2 =
−2q

1
2 ± [4q + (q − 1)2a2]

1
2

aq(q − 1)
(2.52)

and whose solution reads

y0(x(z)) = z
ln c
ln q

(z1q
2z−2; q2)∞

(z−12 z2; q2)∞
. (2.53)

Hence

ẽ
a q

1
2

q+1x
2(z)

q = K(z0)z
ln c
ln q

(z1q
2z−2; q2)∞

(z−12 z2; q2)∞
(2.54)

where K(z0) is determined by the condition ẽ
a q

1
2

q+1x
2(z0)

q = 1.
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Case 3.

Dy(x(z)) =
1

x(zq−
1
2 ) + ν

y(x(q−
1
2z)). (2.55)

Using (2.31), we get

y(x(z)) = ẽ

z∫
z0

Dq(x(z)+ν)

x(z)+ν dqz

q = ẽl̃nq(x(z)+ν)q = x(z) + ν, (2.56)

while x(z0) + ν = 1.

Case 4.

Dy(x(z)) =
q + 1

q
1
2

x(z)

x2(zq−
1
2 ) + µ

y(x(q−
1
2z)). (2.57)

Again, using (2.31), we get

y(x(z)) = ẽ

z∫
z0

Dq(x
2(z)+µ)

x2(z)+µ
dqz

q = ẽl̃nq(x
2(z)+µ)

q = x2(z) + µ, (2.58)

while x2(z0) + ν = 1.

Case 5.

Dy(x(z)) =
a

x(bz)
y(x(q−

1
2z)). (2.59)

Here we search the series solution y(x(z)) =
+∞∑

n=−∞
cnz

n. Loading the

latter in (2.59) and comparing the coefficients, one gets the easily

solvable first order difference equation

c̃n =
ba(q

1
2 − q− 1

2 )q−n+1 − 2b2(qn−1 − q−n+1)

2(qn − q−n) + ba(q
1
2 − q− 1

2 )q−n
c̃n−1; c̃0, (2.60)

where c̃n = c2n.
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Case 6. Similarly to the previous case, one can solve the following

equation

Dy(x(z)) =
a.x(z)

x2(bz)− 2
y(x(q−

1
2z)). (2.61)

It is useful to note that from the preceding, one deduces directly that

the function

y(x(z)) = ẽ
−ax(z)
q−1 =

1

K(z0)
z−

ln c
ln q

(z−12 z; q)∞
(z1qz−1; q)∞

, (2.62)

which is the inverse of ẽ
ax(z)
q = z

ln c
ln q

(z1qz
−1;q)∞

(z−12 z;q)∞
, is the solution of the

equation

Dy(x(z)) = −ay(x(q
1
2z)). (2.63)

Similarly the function y(x(z)) = ẽ
−a q

1
2

q+1x
2(z)

q−1 = 1
K(z0)

z−
ln c
ln q

(z−12 z2;q2)∞
(z1qz−2;q2)∞

is

the solution of

Dy(x(z)) = −ax(z)y(x(q
1
2z)), (2.64)

while y(x(z)) = 1
x(z)+ν and y(x(z)) = 1

x2(z)+µ solve the equations

Dy(x(z)) = − 1

x(zq−
1
2 ) + ν

y(x(q
1
2z)), (2.65)

and

Dy(x(z)) = −q + 1

q
1
2

x(z)

x2(zq−
1
2 ) + µ

y(x(q
1
2z)) (2.66)

respectively.
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2.1.2 Nonlinear q-nonuniform difference equations trans-

formable in linear equations

Here, we consider some nonlinear q-nonuniform difference equations

transformable in linear equations.

Case 1. Riccati type equations:

Dy(x(z)) = a(x)y(x(zq
1
2 )) + b(x)y(x(zq−

1
2 ))y(x(zq

1
2 )). (2.67)

To solve this equation, we set y(x) = 1/u(x) and obtain

Du(x(z)) = −[a(x)u(x(zq−
1
2 )) + b(x)]. (2.68)

Case 2. Homogenous equations of the form

f(Dy(x)y(x) , x) = 0. (2.69)

They can be transformed into linear equations in u(x) with u(x) =
Dy(x)
y(x) .

Example. Solve the equation

[Dy(x)]2 − 5y(x)Dy(x) + 6[y(x)]2 = 0. (2.70)

To solve the equation, we divide it by [y(x)]2. We get

[
Dy(x)

y(x)
]2 − 2[

Dy(x)

y(x)
]− 3 = 0, (2.71)

or u2(x) − 5u(x) + 6 = 0, u(x) = Dy(x)
y(x) . This gives u(x) = 3 and

u(x) = 2, or y(x) = ce3xq and y(x) = ce2xq , respectively.
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2.1.3 q-Nonuniform exponential and trigonometric func-

tions

Define the exponential function

E
q−

1
2
(a; z0; z)

def
=


q−1z0∏
t=z

[
p(x(tq

1
2 ))
]−1

, z > z0,

1, z = z0 > 0.

(2.72)

Clearly, we have the relation

E
q−

1
2
(a; z0; z) =

[
p(x(zq

1
2 ))
]−1

E
q−

1
2
(a; z0; qz). (2.73)

This means that E
q−

1
2
(a; z0; z) is a solution of (2.11) and conse-

quently, that of (2.5). Morever,

E
q−

1
2
(a; z0; z) =

[
p(x(z0q

− 1
2 ))
]−1

E
q−

1
2
(a; q−1z0; z). (2.74)

From the definition (2.72), we can evaluate

E
q−

1
2
(a; 0; z) =

∞∏
i=0

[
p(x(qizq

1
2 ))
]−1

, (2.75)

and

E
q−

1
2
(a; z0;∞) =

∞∏
i=0

[
p(x(q−iq−1z0q

1
2 ))
]−1

=
−∞∏
i=−1

[
p(x(qiz0q

1
2 ))
]−1

.(2.76)

Also, one easily verifies that E
q−

1
2
(a; z0;∞) is a solution of (2.74) for

z =∞.

If we set z = z0 = 1 in (2.75) and (2.76), we get

E
q−

1
2
(a; 0;∞) =

∞∏
i=−∞

[
p(x(qiq

1
2 ))
]−1

. (2.77)
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On the other side, since 0 < q < 1, then, for a(x(z)) = a = const,

z0, z 6= 0,∞, one can verify that

E
q−

1
2
(a; 0; z) = 0 = E

q−
1
2
(a; z0;∞). (2.78)

Indeed,

p(x(zq
1
2 )) = 1 +

q
1
2 − q− 1

2

2
(q

1
2z − q−

1
2z−1)a

=
a(q − 1)

2

(z − z1)(z − z2)
z

; (2.79)

with

z1 =
1− 2q + 2

√
q2 − 2a2q2 + a2q3 + a2q

2(aq2 − aq)
,

z2 =
1− 2q − 2

√
q2 − 2a2q2 + a2q3 + a2q

2(aq2 − aq)
.

Hence

E
q−

1
2
(a; 0; z) =

∞∏
i=0

[
p(x(qizq

1
2 ))
]−1

=
2z

a(q − 1)z1z2

1

(z−11 z; q)∞(z−12 z; q)∞
.

∞∏
i=0

qi = 0, (2.80)

where (u; q)∞
def
=
∞∏
i=0

(1−uqi). Similarly, one proves that E
q−

1
2
(a; z0;∞) =

0.

Define the other exponential function

E
q
1
2
(ã; z0; z)

def
=


q−1z0∏
t=z

p̃(x(tq
1
2 )), z > z0,

1, z = z0 > 0.

(2.81)

Here also, the function E
q
1
2
(ã; z0; z) admet representations and prop-

erties similar to that of E
q−

1
2
(a; z0; z). In particular, E

q
1
2
(ã; z0; z)
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verifies the relation

E
q
1
2
(ã; z0; z) = p̃(x(zq

1
2 ))E

q
1
2
(ã; z0; zq). (2.82)

This means that E
q
1
2
(ã; z0; z) is a solution of (2.11) and consequently,

that of (2.8). Morever,

E
q
1
2
(ã; z0; z) = p̃(x(z0q

− 1
2 ))E

q
1
2
(ã; q−1z0; z). (2.83)

Similarly, we evaluate

E
q
1
2
(ã; 0; z) =

∞∏
i=0

p(x(qizq
1
2 )), (2.84)

and

E
q
1
2
(ã; z0;∞) =

−∞∏
i=−1

p̃(x(qiz0q
1
2 )). (2.85)

Also, one easily verifies that E
q
1
2
(ã; z0;∞) is a solution of (2.83) for

z =∞.

Also

E
q
1
2
(ã; 0;∞) =

∞∏
i=−∞

p̃(x(qiz0q
1
2 )), (2.86)

and

E
q
1
2
(ã; 0; z) =∞ = E

q
1
2
(ã; z0;∞). (2.87)
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Consider now the product h(z) = E
q−

1
2
(a; z0; z).E

q
1
2
(ã; z0; z). Define

Ka,ã by

Ka,ã = h(∞) = E
q−

1
2
(a; z0;∞).E

q
1
2
(ã; z0;∞)

=
∞∏
i=1

p̃(x(q−iz0q
1
2 ))

p(x(q−iz0q
1
2 ))
. (2.88)

Simple computations give

Ka,ã =
−ã
a

(1− z−10 z1)(1− z−10 z2)

(1− z−10 z̃1)(1− z−10 z̃2)

(z−10 z̃1; q)∞(z−10 z̃2; q)∞

(z−10 z1; q)∞(z−10 z2; q)∞
, (2.89)

where z1, z2 and z̃1, z̃2 are finite roots of p(q
1
2z) = 0 and p̃(q

1
2z) =

0, respectively, knowing that p̃(x(z)) is obtained from p(x(z)) by

replacing a by −ã.

From (2.4), (2.72), (2.10) and (2.81), we get the following special

case of theorem 2.1.

Theorem 2.2.

E
q−

1
2
(a; z0; z).E

q
1
2
(−a; z0; z) = 1 = E

q−
1
2
(−a; z0; z).E

q
1
2
(a; z0; z).(2.90)

Consider next the following definitions

1.

cos
q
1
2
(a; z0; z)

def
=
E
q
1
2
(ai; z0; z) + E

q
1
2
(−ai; z0; z)

2
;

sin
q
1
2
(a; z0; z)

def
=
E
q
1
2
(ai; z0; z)− E

q
1
2
(−ai; z0; z)

2i
;

cosh
q
1
2
(a; z0; z)

def
=
E
q
1
2
(a; z0; z) + E

q
1
2
(−a; z0; z)

2
;

sinh
q
1
2
(a; z0; z)

def
=
E
q
1
2
(a; z0; z)− E

q
1
2
(−a; z0; z)

2
. (2.91)
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2.

cos
q−

1
2
(a; z0; z)

def
=
E
q−

1
2
(ai; z0; z) + E

q−
1
2
(−ai; z0; z)

2
;

sin
q−

1
2
(a; z0; z)

def
=
E
q−

1
2
(ai; z0; z)− E

q−
1
2
(−ai; z0; z)

2i
;

cosh
q−

1
2
(a; z0; z)

def
=
E
q−

1
2
(a; z0; z) + E

q−
1
2
(−a; z0; z)

2
;

sinh
q−

1
2
(a; z0; z)

def
=
E
q−

1
2
(a; z0; z)− E

q−
1
2
(−a; z0; z)

2
. (2.92)

3.

cos
q
1
2 q−

1
2
(a; z0; z)

def
=
E
q
1
2
(ai; z0; z) + E

q−
1
2
(−ai; z0; z)

2
;

sin
q
1
2 q−

1
2
(a; z0; z)

def
=
E
q
1
2
(ai; z0; z)− E

q−
1
2
(−ai; z0; z)

2i
;

cosh
q
1
2 q−

1
2
(a; z0; z)

def
=
E
q
1
2
(a; z0; z) + E

q−
1
2
(−a; z0; z)

2
;

sinh
q
1
2 q−

1
2
(a; z0; z)

def
=
E
q
1
2
(a; z0; z)− E

q−
1
2
(−a; z0; z)

2
. (2.93)

We get

D cos
q
1
2
(a; z0; z) = −a sin

q
1
2
(a; z0; zq

1
2 );

D− cos
q
1
2
(a; z0; z) = −a sin

q
1
2
(a; z0; z),

D sin
q
1
2
(a; z0; z) = a cos

q
1
2
(a; z0; zq

1
2 );

D− sin
q
1
2
(a; z0; z) = a cos

q
1
2
(a; z0; z), (2.94)

where D−f(x(z)) = Df(x(z))|
z:=zq−

1
2
. Hence

[D−]2 cos
q
1
2
(a; z0; z) = −a2 cos

q
1
2
(a; z0; z),

[D−]2 sin
q
1
2
(a; z0; z) = −a2 sin

q
1
2
(a; z0; z). (2.95)
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Similarly

D cosh
q
1
2
(a; z0; z) = a sinh

q
1
2
(a; z0; zq

1
2 );

D− cosh
q
1
2
(a; z0; z) = a sinh

q
1
2
(a; z0; z),

D sinh
q
1
2
(a; z0; z) = a cosh

q
1
2
(a; z0; zq

1
2 );

D− sinh
q
1
2
(a; z0; z) = a cosh

q
1
2
(a; z0; z), (2.96)

and consequently

[D−]2 cosh
q
1
2
(a; z0; z) = a2 cosh

q
1
2
(a; z0; z),

[D−]2 sinh
q
1
2
(a; z0; z) = a2 sinh

q
1
2
(a; z0; z). (2.97)

On the other side, we have

D cos
q−

1
2
(a; z0; z) = −a sin

q−
1
2
(a; z0; zq

− 1
2 );

D+ cos
q−

1
2
(a; z0; z) = −a sin

q−
1
2
(a; z0; z),

D sin
q−

1
2
(a; z0; z) = a cos

q−
1
2
(a; z0; zq

− 1
2 );

D+ sin
q−

1
2
(a; z0; z) = a cos

q−
1
2
(a; z0; z), (2.98)

where D+f(x(z)) = Df(x(z))|
z:=zq

1
2
. Hence

[D+]2 cos
q−

1
2
(a; z0; z) = −a2 cos

q−
1
2
(a; z0; z),

[D+]2 sin
q−

1
2
(a; z0; z) = −a2 sin

q−
1
2
(a; z0; z). (2.99)

Similarly

D cosh
q−

1
2
(a; z0; z) = a sinh

q−
1
2
(a; z0; zq

− 1
2 );

D− cosh
q−

1
2
(a; z0; z) = a sinh

q−
1
2
(a; z0; z),

D sinh
q−

1
2
(a; z0; z) = a cosh

q−
1
2
(a; z0; zq

− 1
2 );

D− sinh
q−

1
2
(a; z0; z) = a cosh

q−
1
2
(a; z0; z),
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and consequently

[D+]2 cosh
q−

1
2
(a; z0; z) = a2 cosh

q−
1
2
(a; z0; z),

[D+]2 sinh
q−

1
2
(a; z0; z) = a2 sinh

q−
1
2
(a; z0; z). (2.100)

From the preceding, one easily verifies that

a)

cos2
q
1
2 q−

1
2
(a; z0; z) + sin2

q
1
2 q−

1
2
(a; z0; z) = 1, (2.101)

b)

cosh2

q
1
2 q−

1
2
(a; z0; z)− sinh2

q
1
2 q−

1
2
(a; z0; z) = 1, (2.102)

c)

cos
q
1
2
(a; z0; z) cos

q−
1
2
(a; z0; z)+

sin
q
1
2
(a; z0; z) sin

q−
1
2
(a; z0; z) = 1, (2.103)

d)

cosh
q
1
2
(a; z0; z) cosh

q−
1
2
(a; z0; z)−

sinh
q
1
2
(a; z0; z) sinh

q−
1
2
(a; z0; z) = 1. (2.104)
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2.2 Systems of linear q-Nonuniform difference equa-

tions

2.2.1 The general theory

A linear q-nonuniform difference system may be written as

Dy(x(z)) = A(x(z))y(x(q−
1
2z)) + b(x(z)), (2.105)

or equivalently by replacing q by q−1,

Dỹ(x(z)) = Ã(x(z))ỹ(x(q
1
2z)) + b̃(x(z)). (2.106)

where y, ỹ, b and b̃ are k-vectors, A and Ã, k × k non singular

matrices.

The homogenous part of the equation (2.105), which is

Dy(x(z)) = A(x(z))y(x(q−
1
2z)) (2.107)

may be expressed recursively as

y(x(q
1
2z)) = P (z)y(x(q−

1
2z)) (2.108)

where

P (z) = I + q
1
2−q−

1
2

2 (z − z−1)A(x(z)) (2.109)

admitting a recursive solution

y(x(z)) =

[
N−1∏
i=0

[
P (q

1
2+iz)

]−1]
y(x(qNz)). (2.110)
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Next, consider the associated linear matrix systems

DY (x(z)) = A(x(z))Y (x(q−
1
2z)), (2.111)

and

DỸ (x(z)) = Ỹ (x(q
1
2z))Ã(x(z)). (2.112)

In recursive forms they read

Y (x(q
1
2z)) = P (z)Y (x(q−

1
2z)) (2.113)

and

Ỹ (x(q
1
2z))P̃ (z) = Ỹ (x(q−

1
2z)) (2.114)

where

P (z) = I + q
1
2−q−

1
2

2 (z − z−1)A(x(z)) (2.115)

and

P̃ (z) = I − q
1
2−q−

1
2

2 (z − z−1)Ã(x(z)). (2.116)

The solution of (2.111) verifies

Y (x(z)) =

[
N−1∏
i=0

[
P (q

1
2+iz)

]−1]
Y (x(qNz)) (2.117)

while that of (2.112) verifies

Ỹ (x(z)) = Ỹ (x(qNz))

[
0∏

i=N−1

P̃ (q
1
2+iz)

]
. (2.118)
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As in the scalar case, we can also define the exponential matrix

funtions

E
q−

1
2
(P ;N ; z)

def
=

N−1∏
i=0

[P (q
1
2+iz)]−1, (2.119)

and

E
q
1
2
(P̃ ;N ; z)

def
=

0∏
i=N−1

P̃ (q
1
2+iz). (2.120)

From (2.115) and (2.116) it is clear that for Ã(x(z)) = −A(x(z)),

then P̃ (x(z)) = P (x(z)) and multiplying of (2.117) with (2.118) gives

Ỹ (x(z))Y (x(z)) = Ỹ (x(qNz))Y (x(qNz)). This means that multiply-

ing the solutions of (2.111) and (2.112) with Ã(x(z)) = −A(x(z))

gives a constant matrix. In case this matrix is unitary, the solutions

are mutually inverse. More generally we have

Theorem 2.3. If Y (x(z)) and Ỹ (x(z)) are respective solutions of

the associated matrix systems

DY (x(z)) = A(x(z))Y (x(q−
1
2z)) (2.121)

DỸ (x(z)) = −Ỹ (x(q
1
2z))A(x(z)) (2.122)

satisfying the conditions

Ỹ (x(z0))Y (x(z0)) = I (2.123)

then these matrix functions are mutually inverse.

Proof. Applying the q-nonuniform derivative to the product

Ỹ (x(z))Y (x(z))
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we get

D(Ỹ Y ) = DỸ .Y (x(zq−
1
2 )) + Ỹ (x(zq

1
2 )).DY

= −Ỹ (x(zq
1
2 ))A(x(z))Y (x(zq−

1
2 )) + Ỹ (x(zq

1
2 ))A(x(z))Y (x(q−

1
2 )) = 0.

(2.124)

This means that Ỹ (x(z))Y (x(z)) = const, and the condition (2.123)

brings the desired result.

Corollary 2.4. The exponential matrix functions (2.119) and (2.120)

are mutually inverse, that is

E
q
1
2
(−P ;N ; z).E

q−
1
2
(P ;N ; z) = 1.

The theorem 2.3 will also be used in the proof of the q-nonuniform

duality theorem of the next chapter.

Return now to the linear systems (2.105), (2.107). It is easily seen

that if a nonsingular matrix Y0(x(z)) solves (2.111), then the general

solution of (2.107) reads y = Y0c for constant k-vector c. Using the

method of variation of constants, one finds next, the general solution

of the non homogeneous system (2.105):

y(x(z)) = Φ(x(z), x(z0))[y(x(z0)) (2.125)

+

x(z)∫
x(z0)

Φ(x(z0), x(q
1
2z))b(x(z))dqx(z)],

where Φ(a, b) is given by

Φ(a, b) = Y0(a)Y −10 (b), (2.126)
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and is referred to as the q-nonuniform transition matrix. The general

solution of the system (2.106) associated to the system (2.105) reads

y(x(z)) = Φ̃(x(z), x(z0))[y(x(z0)) (2.127)

+

x(z)∫
x(z0)

Φ̃(x(z0), x(q−
1
2z))b(x(z))dqx(z)],

where Φ̃(a, b) is given by

Φ̃(a, b) = Ỹ0(a)Ỹ −10 (b), (2.128)

The second section of the next chapter is devoted to the controlla-

bility of type (2.105) systems with b(x(z)) = B(x(z))u(x(z)), B-a

k × m matrix, and u-a m × 1 control function. As we will see, in

controllability theory, the form (2.126) for the solution of (2.105) is

the most adequate for the analysis.

2.2.2 Autonomous systems

The treatement of the autonomous systems cases of the equations

(2.105) and (2.106) are in general similar to the one done for scalar

cases of first paragraph, and we will note reproduice them here.

Instead, we will consider the following case of the q-nonuniform linear

first order autonomous system

Dy(x(z)) = Ay(x(z)) (2.129)
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where A-a k × k matrix and b-a k vector.

Contrarly to the systems (2.105) and (2.106), this system can be

solved by the well known method of Picard approximations. For

that, we consider the following sequence

y0(x(z)) = y0, yk(x(z)) =

x(z)∫
x(z0)

A(x(z))yk−1(x(z))d(x(z)), k = 1, 2, ...

(2.130)

and we can then easily check that the formal series

y(x(z)) =
∞∑
k=0

yk(x(z)), (2.131)

satisfies the equation (2.129).

In this case

yk(x(z)) = AkPk(x(z)) (2.132)

where Pk(x(z)) are polynomials of degree k in x(z) and defined by

P0(x(z)) = 1, Pk(x(z)) =

x(z)∫
x(z0)

Pk−1(x(z))dx(z), k = 1, 2, · · · .

(2.133)

The solution of (2.129) is then the following formal series

Eq(A;x(z))
def
=

∞∑
k=0

AkPk(x(z)). (2.134)

Here, we have used the first fundamental principle of q-nonuniform

calculus as defined in the first chapter and the fact that a q-nonuniform
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integral of a polynomial of degre k− 1 in x(z) gives a polynomial of

degre k in x(z). However, the polynomials Pk(x)z)) must be under-

stood here as q-nonuniform versions of the powers (t−t0)k
k!

2.3 q-Nonuniform difference equations of higher

order

2.3.1 The general theory

Consider the linear q-nonuniform difference equations of higher or-

der

[a0(x(z))(D+)n + a1(x(z))(D+)n−1 + · · ·+ an(x(z))]y(x(z)) = g(x(z)) (2.135)

and its homogenous part

[a0(x(z))(D+)n + a1(x(z))(D+)n−1 + · · ·+ an(x(z)]y(x(z)) = 0. (2.136)

The scalar equation (2.135) can be handled as a particular case of

the system (2.105). Indeed, by the change of variables

u1(x) = y(x);

u2(x) = D+y(x); . . . ;uk(x) = (D+)k−1y(x), (2.137)
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simple operations transform (2.135) in type (2.105) system namely

D+u1(x) = u2(x),

D+u2(x) = u3(x),

. . .

D+uk−1(x) = uk(x)

D+uk(x) = −(a1(x)uk(x) + · · ·+ ak(x)u1(x)) + g(x) (2.138)

In matrices terms, we have

Du(x(z)) = A(x(z))u(x(q−
1
2z)) + h(x(z)) (2.139)

where u(x) = (u1(x), . . . , uk(x))t,

A(x(z)) =



0 1 0 0 . . . 0

0 0 1 0 . . . 0

. . . . . .

0 . . . 0 1

−ak(x(zq−
1
2 )), . . . . −a1(x(zq−

1
2 ))


(2.140)

and h(x(z)) = (0, . . . , 0, g(x(q−
1
2z)))t. So, from (2.137), it follows

that the existence of a unique solution of (2.135) under the initial

constraints y(x0) = y0, D+y(x0) = y1, . . . , (D+)k−1y(x0) = yk−1, is

equivalent to the existence of a unique solution of (2.139) under the

constraints (u1(x0), . . . , uk(x0))
t = (y0, . . . , yk−1)

t. As a consequence,

the existence of a fundamental system of solutions y1(x), . . . , yk(x)

of (2.136) is equivalent to the existence of a fundamental system

(y1(x),D+y1(x), . . . , (D+)k−1y1(x))t, . . . , (yk(x),D+yk(x), . . . , (D+)k−1yk(x))t of

the system

Du(x) = A(x)u(x(zq−
1
2 )), (2.141)
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with the fundamental matrix

Φ(x) =


y1(x) y2(x) . . . yk(x)

D+y1(x) D+y2(x) . . . D+yk(x)

. . . .

(D+)k−1y1(x) (D+)k−1y2(x) . . . (D+)k−1yk(x)

 .(2.142)

As in differential equations theory, this relation allows us to derive

the general solution of (2.135) using the knowledge of the general

solution of linear systems. If y1(x), . . . , yk(x) is a fundamental system

of solutions of the homogenous equation (2.136), corresponding to

the fundamental matrix Φ(x), then according to the general theory

of q-nonuniform difference systems, the general solution of (2.139) is

found as

u(x) = Φ(x).c(x) (2.143)

where Φ(x) is given by (2.142) and c(x) = (c1(x), . . . , ck(x))t is the

solution of the system

Φ(x(zq
1
2 ))Dc(x) = h(x). (2.144)

Hence the general solution of (2.135) reads

y(x) = u1(x) =
k∑
i=1

ci(x)yi(x), (2.145)

as in differential equation theory.
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2.3.2 Nonlinear q-nonuniform difference equations trans-

formable in linear equations

As in the case of first order, some nonlinear q-nonuniform difference

equations are transformable into linear ones. This is the case of

Riccati type equation [44]

a0(x)Dy(x(z)) = b0(x)y(x(zq
1
2 ))y(x(zq−

1
2 ))

+ c0(x)
y(x(zq

1
2 )) + y(x(zq−

1
2 ))

2
+ d0(x).(2.146)

It is transformable in linear q-nonuniform second order difference

equation by first writing it in the homographic form

y(x(zq
1
2 )) = a(z)y(x(zq−

1
2 ))+b(z)

c(z)y(x(zq−
1
2 ))+d(z)

. (2.147)

where a(z) = a0(x(z))

x(zq
1
2 )−x(zq−

1
2 )

+ c0(x(z))
2 ; d(z) = a0(x(z))

x(zq
1
2 )−x(zq−

1
2 )
− c0(x(z))

2 ;

b(z) = d0(x(z)); c(z) = −b0(x(z)) and then make the change of

variable

u(x(zq
1
2 ))/u(x(zq−

1
2 ) = c(z)y(x(zq−

1
2 )) + d(z). (2.148)

The resulting second order linear q-nonuniform difference equation

reads

[c(z)]u(x(zq3/2)) + [−c(z)d(qz)− c(qz)a(z)]u(x(zq1/2))

+[c(qz)a(z)d(z)− c(qz)b(z)c(z)]u(x(zq−1/2)) = 0. (2.149)
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2.3.3 Linear q-nonuniform difference equations of second

order

Consider now the q-nonuniform linear difference equations of second

order. It is clear from the solvability of the first order equation that

the derivative to be considered here is not D but the derivatives D+

and D− defined by

D+y(x(z)) =
f(x(qz))− f(x(z))

x(qz)− x(z)
;

D−y(x(z)) =
f(x(z))− f(x(z/q))

x(z)− x(z/q)
(2.150)

Thus, we study q-nonuniform linear difference equations of second

order of the form

a0(x(z))[D+]2y(x(z)) + a1(x(z))D+y(x(z))

+ a2(x(z))y(x(z)) = 0, (2.151)

or these of the form

h0(x(z))D−D+y(x(z)) + h1(x(z))D+y(x(z)) + h2(x(z))y(x(z)) = 0,

a0, h0 6= 0, (2.152)

when we are interested in the self-adjointness property.

1. Solvability

As in the differential or difference cases, there is no general way

of solving type (2.151) or (2.152) in quadratures for general

coefficients h0(x(z)), h1(x(z)), h2(x(z)), a0(x(z)), a1(x(z)) and

a2(x(z)). However, some particular cases can be solved explic-

itly.
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(i) Consider the equation (2.151) and suppose that one of its

two independent solutions, say y1(x(z)), is known. So the other

solution, say y2(x(z)), can be found as in differential or differ-

ence calculus using the q-nonuniform version of the Liouville

formula. We find the latter by comparing equation (2.151) with

the following

det


y(x(z)) y1(x(z)) y2(x(z))

D+y(x(z)) D+y1(x(z)) D+y2(x(z))

(D+)2y(x(z)) (D+)2y1(x(z)) (D+)2y2(x(z))

 = 0, (2.153)

and simple computations show that we have

D+W (y1, y2) = (2.154)

[−ã1(x(z)) + ã2(x(z))(x(qz)− x(z))]W (y1, y2),

where W (u, v) = uD+v − vD+u is the Vronskian, and ã1 =

a1/a0, ã2 = a2/a0.

Equation (2.154) is equivalent to the first order q-nonuniform

equation for W (x(z)) = W (y1, y2)(x(z))

DW (x(z)) = a(x(z))W (x(zq−
1
2 )), (2.155)

where a(x(z)) = −ã1(x(zq−
1
2 ))+ ã2(x(zq−

1
2 ))(x(zq

1
2 )−x(zq−

1
2 )),

whose solution gives the required q-nonuniform Liouville for-

mula:

W (x(z)) = {
∏z

t=qz0
p(tq−

1
2 )W (x(z0)), z = z0.q

kz

(
∏z

t=q−1z0
p(tq

1
2 ))−1W (x(z0)), z = z0.q

−kz ,
(2.156)

where p(z) is given as in (2.4), or more compactly

W (x(z)) = W (x(z0))ẽ
1
2

∫ z
z0
a(x(zq

1
2 ))(1− 1

qz2
)dqz

q . (2.157)
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(ii) The next example is when the coefficients in equation

(2.151) are constant. We can solve it by first factorizing it as

[(D+ − k2)(D+ − k1)]y(x(z)) = 0 (2.158)

where k1, k2 are the roots of the characteristic algebraic equation

a0k
2 + a1k + a2 = 0 (2.159)

and then solve the two resulting first order equations. If k1 6= k2,

one obtains the two required independent solutions: y1(x(z)) =

ẽ
k1x(z)
q and y2(x(z)) = ẽ

k2x(z)
q . For example, the trigonometric

functions c̃osqx(z) = ẽ
ix(z)
q +ẽ

−ix(z)
q

2 , s̃inqx(z) = ẽ
ix(z)
q −ẽ−ix(z)q

2i and the

hyperbolic ones c̃oshqx(z) = ẽ
x(z)
q +ẽ

−x(z)
q

2 , s̃inhqx(z) = ẽ
x(z)
q −ẽ−x(z)q

2

are solutions of the equations

(D+)2y(x(z)) + y(x(z)) = 0 (2.160)

and

(D+)2y(x(z))− y(x(z)) = 0 (2.161)

respectively. On the other hand, if (2.159) admits a double root,

then one uses the Liouville formula in (2.157) to find the second

independent solution.

(iii) A particular case of (2.152) is well known: If

h0(x(z)) =
x(qz)− x(z)

x(zq
1
2 )− x(zq−

1
2 )
[σ(x(z))− 1

2
τ(x(z))(x(zq

1
2 )− x(zq−

1
2 ))] (2.162)

and

h1(x(z)) = τ(x(z)); h2(x(z)) = const, (2.163)
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where σ and τ are polynomials of degree ≤ 2 and 1 respec-

tively, then (2.152) admits a system of polynomial solutions,

the famous Askey-Wilson polynomials [9]. The equation will be

solved in section 4.1, using the factorization method studied in

[11].

2. Orthogonality

Consider the eigenvalue equation

a(x(z))D−D+y(x(z)) + b(x(z))D+y(x(z)) = λy(x(z)).(2.164)

We can write it under the self-adjoint form

D−[a(x(qz))%(x(qz))D+y(x(z))] = λ%(x(z))y(x(z)). (2.165)

where

D−[a(x(qz))%(x(qz))] = %(x(z))b(x(z)). (2.166)

Suppose that we also have

D−[a(x(qz))%(x(qz))D+ỹ(x(z))] = λ̃%(x(z))ỹ(x(z)), (2.167)

for distinct λ̃ and λ. Next, multiply equation (2.165) by ỹ((z))

and equation (2.167) by y((z)) and subtract member by mem-

ber. We get

ỹ(x(z))D−[a(x(qz))%(x(qz))D+y(x(z))]

−y(x(z))D−[a(x(qz))%(x(qz))D+ỹ(x(z))]

= (λ− λ̃)%(x(z))y(x(z))ỹ(x(z)). (2.168)
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Next, by the easily verified identity

D−
[
p(uD+v − vD+u)

]
= uD−(pD+v)− vD−(pD+u)(2.169)

we obtain

D−
[
a(x(qz))%(x(qz))[ỹD+y − yD+ỹ]

]
= (λ− λ̃)%(x(z))y(x(z))ỹ(x(z)), (2.170)

or

D− [a(x(qz))%(x(qz))W (ỹ, y)] =

(λ− λ̃)%(x(z))y(x(z))ỹ(x(z)). (2.171)

Integrating both sides of the equality from say, x(z0) to x(z1),

noting that (D−F )(z) = (DF )(q−
1
2z), we get

(λ− λ̃)

∫ x(z1)

x(z0)

%(x(z))y(x(z))ỹ(x(z))dqx(z)

=

∫ x(z1)

x(z0)

D− [a(x(qz))%(x(qz))W (ỹ, y)] dq(x(z))

= a(x(qz))%(x(qz))W (ỹ, y) |x(z1q
− 1

2 )

x(z0q
− 1

2 )
. (2.172)

The latter gives the orthogonality condition for two eigenfunc-

tions y(x(z)) and ỹ(x(z)) of (2.164) corresponding to distinct

eigenvalues λ and λ̃, on the interval [x(z0), x(z1)], with a q-

nonuniform discrete weight %(x(z)) given by (2.166):

a(x(qz))%(x(qz))W (ỹ(x(z)), y(x(z))) |x(z1q
− 1

2 )

x(z0q
− 1

2 )
= 0. (2.173)





Chapter 3

q-Nonuniform difference control

theory

3.1 q-Nonuniform difference variational calculus

This chapter concerns the generalization of the variational calculus.

The difference variational calculus was proposed in [26], while in [12],

the q-uniform difference variational calculus was studied. Here, we

consider the q-nonuniform difference variational calculus studied in

[13]. More precisely, we discuss q-nonuniform difference versions of

the basic concepts of variational calculus such as the Euler-Lagrange

equation, the isoperimetric, Lagrange and optimal control problems.

Also, some interconnections between the q-nonuniform difference

Euler-Lagrange equation, the q-nonuniform difference Hamilton and

Hamilton-Pontryaguin systems are discussed.

57
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3.1.1 q-Nonuniform difference Euler-Lagrange equation

We consider the following functional given as a q-nonuniform inte-

gral:

J(y(x(z))) =
b∫
a

F [x(z), y(x(q−
1
2z)),Dy(x(z))]dqx(z)

=
qβ∑

z=qα
γ(z)F [x(z), y(x(q−

1
2z)),Dy(x(z))] (3.1)

where γ(z) is given by

γ(z) = x(q−
1
2z)− x(q

1
2z) (3.2)

and a = x(qβ+
1
2 ), b = x(qα−

1
2 ) with the supposition that β ≥ α.

In (3.1), F is a differentiable function with respect to all its argu-

ments. The function y belongs to the variety E ′ of functions satis-

fying boundary constraints

y(qα−
1
2 ) = y(qβ+

1
2 ) = c, (3.3)

in the linear space E of functions f(x(z)) defined and bounded to-

gether with Df(x(z)), on the set

L = {qα− 1
2+

i
2 , i = 0, 1, . . . , 2(1 + β − α)} (3.4)

and equipped with the norm

‖f‖ = max(sup
z∈L
|f(x(z))|, sup

z∈L
|Df(x(z))|). (3.5)

The extremum problem consists then in finding the extremals for the

functional (3.1) under the constraints (3.3). As F is a differentiable

function with respect to all its arguments, we can calculate the first
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variation of the functional:

δJ(y(x(z)), h(x(z))) =
d

dt
J(y(x) + th(x))|t=0

=
d

dt

 b∫
a

F [x(z), y(x(q−
1
2 z)) + th(x(q−

1
2 z)),Dy(x(z)) + tDh(x(z))]dqx(z)


t=0

.

Hence

δJ(y(x(z)), h(x(z))) =
qβ∑

z=qα
γ(z){Fv0[x(z), y(x(q−

1
2z)),Dy(x(z))]h(x(q−

1
2z))

+Fv1[x(z), y(x(q−
1
2z)),Dy(x(z))]Dh(x(z))} (3.6)

where Fvi = ∂F
∂vi

means the derivative of F with respect to its (i+2)th

argument, i = 0, 1. As y+ th belongs also to E ′, it follows from (3.3)

that

h(qα−
1
2 ) = h(qβ+

1
2 ) = 0. (3.7)

Using (1.24) and (3.7), one transforms (3.6) in

δJ(y(x(z)), h(x(z))) =
qβ∑

z=qα
γ(z){Fv0[x(z), y(x(q−

1
2z)),Dy(x(z))]

−D[Fv1[x(zq−
1
2 ), y(x(q−1z)),Dy(x(q−

1
2z))]]}h(x(q−

1
2z)). (3.8)

To obtain the Euler-Lagrange equation form (3.8), we need the fol-

lowing q-nonuniform difference version of the ”fundamental lemma

of variational calculus”

Lemma 3.1. Suppose that for a given function f(z), one has

qβ∑
qα
γ(z)f(z)p(z) = 0 (3.9)
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for any function p(z) belonging to the space E, then f(z) ≡ 0.

Proof. For various functions pi(z), the equation (3.9) gives a sys-

tem of equations that one can write in matrix (may be infinite

dimensional) form as Ay = 0 where Aij = γ(qα+j)pi(q
α+j) and

yj = f(qα+j), i, j = 0, . . . , β − α. To obtain f(z) ≡ 0, it suffices

to choose the pi(q
α+j) so that the matrix A be invertible, which

proves the lemma.

Applying the lemma to the equation (3.8), one obtains

Fv0[x(z), y(x(q−
1
2z)),Dy(x(z))]

−D[Fv1[x(zq−
1
2 ), y(x(q−1z)),Dy(x(q−

1
2z))]] = 0, (3.10)

which is the Euler-Lagrange equation giving the necessary condition

for the q-nounuform difference extremum problem. It is a second

order q-nonuniform difference equation, which in principle is solved

uniquely under the boundary constraints (3.3).

Remark 3.2. If the function under the sign of integration F is given

by F = F (x, y1, . . . , yn,Dy1, . . . ,Dyn), so the extremum necessary

condition is given by n equations similar to (3.10), one equation for

each variable, the other variables being supposed fixed.

Remark 3.3. If the function under the sign of integration F is given

by F = F (x, y,Dy, . . . ,Dny), so the change of variables y1 = y, y2 =

Dy, . . . , yn = Dn−1y leads to the case of remark 1, with additional

constraints: Dy1 = y2,Dy2 = y3 . . . ,Dyn−1 = yn. This gives a par-

ticular case of the ”Lagrange problem” which will be discussed in

the next section.
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3.1.2 Applications

1. q-Nonuniform difference isoperimetric problem

The problem. Consider the q-nonuniform integration func-

tional

J0(y(x(z))) =
b∫
a

F0[x(z), y(x(q−
1
2z)),Dy(x(z))]dqx(z)

=
qβ∑

z=qα
γ(z)F0[x(z), y(x(q−

1
2z)),Dy(x(z))] (3.11)

defined in E ′. Let next be given a set of other functionals

Ji(y(x(z))) =
b∫
a

Fi[x(z), y(x(q−
1
2z)),Dy(x(z))]dqx(z)

=
qβ∑

z=qα
γ(z)Fi[x(z), y(x(q−

1
2z)),Dy(x(z))], (3.12)

defined also in E ′ and consider the equations

Ji(y(x)) = ci, i = 1, . . . ,m. (3.13)

The isoperimetric problem consists in finding extremals of the

functional J0(y), among all the functions belonging in E ′ and

satisfying (3.13).

The solution. The settled isoperimetric problem can be solved

in a more general setting by the following theorem (see for ex

[36]).

Theorem 3.4. Suppose that is given a set of functionals Ji(y), i =

0, 1, . . . ,m defined on a variety E ′ of a linear normed space E

and admitting on E ′ the first variation δJi(y, h) with δJi(y, h),

i = 1, . . . ,m linearly independent functionals. Suppose next that
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y0 is an extremal of J0(y) under the constraints Ji(y) = ci, i =

1, . . . ,m and δJi(y0, h) 6≡ 0, i = 1, . . . ,m. In that case, y0 is an

ordinary extremal for the functional J∗(y) = J0(y) +
m∑
i=1

λiJi(y),

where the λi are some constants.

Proof. Applied to our functionals (3.11), (3.12) and constraints

(3.13), the theorem implies that if the functions under the signs

of integration F0 and Fi are differentiable with respect to all

its arguments (this is sufficient for the functionals to have the

first variation), and the variational derivatives (i.e. the function

in the lhs of the corresponding Euler-Lagrange equation) of the

functionals (3.12) are linearly independent (this is sufficient for

the first variations to be so), then the extremals of J0(y) under

the constraints (3.13) are included in the union of the set of

solutions of the equations δJi(y, h) = 0, i = 1, . . . ,m, and that

of δJ∗(y, h) = 0, where J∗(y) = J0(y) +
m∑
i=1

λiJi(y).

Example. Suppose it required to find the extremum of the

q-nonuniform integration functional

J0(y(x(z))) =
b∫
a

[1
2
(Dy(x(z)))2 − a(q + q2 + 2q

3
2 )y(x(q−

1
2 z))]dqx(z)

=
qβ∑

z=qα
γ(z)[1

2
(Dy(x(z)))2 − a(q + q2 + 2q

3
2 )y(x(q−

1
2 z))] (3.14)

under the constraint

J1(y(x(z))) = 4aq
3
2

b∫
a

[x2(q−
3
4z)y(x(q−

1
2z))]dqx(z)

= 4aq
3
2

qβ∑
z=qα

γ(z)[x2(q−
3
4z)y(x(q−

1
2z))] = c1. (3.15)
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According to the theorem 3.4, this is equivalent to the problem

of finding the ordinary extremum for the functional

J∗(y(x(z))) =
b∫
a

F ∗[x(z), y(x(q−
1
2z)),Dy(x(z))]dqx(z)

=
qβ∑

z=qα
γ(z)F ∗[x(z), y(x(q−

1
2z)),Dy(x(z))] (3.16)

where

F ∗ = 1
2(Dy(x(z)))2

+[4λaq
3
2x2(q−

3
4z)− a(q + q2 + 2q

3
2 )]y(x(q−

1
2z)). (3.17)

The Euler-Lagrange equation for this problem is

D[Dy(q−
1
2z)] = 4λaq

3
2x2(q−

3
4z)− a(q + q2 + 2q

3
2 ). (3.18)

Its solution reads

y(x(z)) = 4aq4

(q3+q2+q+1)(q2+q+1)
x4((z))− qa(q5+q4+4q3+4q2+q+1)

(q2+1)(q2+q+1)
x2((z))

+ q(q4+q3+3q2+q+1)
2(q3+q2+q+1)

+ p1(x(z)), λ = 1, (3.19)

where p1(x(z)) is any first degree polynomial in x(z).

2. q-Nonuniform difference Lagrange problem

The Problem. Let now be given a q-nonuniform integration

functional

J0(ȳ(x)) =
b∫
a

F0[x(z), ȳ(x(q−
1
2z)),Dȳ(x(z))]dqx(z)

=
qβ∑

z=qα
γ(z)F0[x(z), ȳ(x(q−

1
2z)),Dȳ(x(z))] (3.20)
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defined in E ′n. Here ȳ(x) = (y1(x), . . . , yn(x)). Let moreover be

given a set of q-nonuniform difference equations

φi[x(z), ȳ(x(q−
1
2z)),Dȳ(x(z))] = 0, i = 1, . . . ,m < n.(3.21)

The Lagrange problem consists in finding extremals of the func-

tional (3.20) under the constraints (3.21).

The solution. The Lagrange problem can be reduced to the

isoperimetric one by transforming (3.21) in type (3.13) con-

straints. For that, we multiply the both sides of (3.21) by

arbitrary functions λi(x), and then take the integral on the q-

nonuniform lattice from a to b. We obtain new constraints

Ji(ȳ(x)) =
b∫
a

λi(x)φi[x(z), ȳ(x(q−
1
2z)),Dȳ(x(z))]dqx(z) = 0,

i = 1, . . .m. (3.22)

Under the conditions of theorem 3.4, the solutions (y1(x), . . . , yn(x))

of the isoperimetric problem (3.20), (3.22) satisfy the Euler-

Lagrange equation for the functional

Ĵ(ȳ) = J0(ȳ) +
m∑
i=1

λ̂iJi(ȳ), (3.23)

for some constants λ̂i. But since clearly from (3.21) follows

(3.22), the solutions of the Lagrange problem (3.20), (3.21) sat-

isfy as well the Euler-Lagrange equation for the same functional

(3.23).
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Example. Suppose now that it is required to find the extremum

of the functional

J0(x, y, u) = 1
2

b∫
a

[u2(t(z))− x2(t(q− 1
2z))]dqt(z)

= 1
2

qβ∑
z=qα

γ(z)[u2(t(z))− x2(t(q− 1
2z))], (3.24)

under the constraints

Dx(t(z)) = y(t(q−
1
2z)); Dy(t(z)) = u(t(z)). (3.25)

This is a Lagrange type problem hence it is equivalent to the

problem of finding an ordinary extremum for the functional

J∗(x, y, u, λ1, λ2) =

b∫
a

F ∗[t(z), x(t(q−
1
2 z)), y(t(q−

1
2 z)), u(t(z)),Dx(t(z)),Dy(t(z))]dqt(z)

=

qβ∑
z=qα

γ(z)F ∗[t(z), x(t(q−
1
2 z)), y(t(q−

1
2 z)), u(t(z)),Dx(t(z)),Dy(t(z))],

(3.26)

where

F ∗ = 1
2(u2(t(z))− x2(t(q− 1

2z))) + λ1(t)(Dx(t(z))

−y(t(q−
1
2z))) + λ2(t)(Dy(t(z))− u(t(z))). (3.27)

The Euler-Lagrange equation for this problem reads

x(t(z))) = D+D−D−D+x(t(z))). (3.28)

Searching the solution under the form

x(t(z)) =
∞∑
j=0

(ajz
j + a−jz

−j), (3.29)
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one finds the following recurrence relations for the coefficients

aj =
+∫
a

−∫
a

−∫
a

+∫
a

(aj) (3.30)

where the applications
±∫
a

:

±∫
a

: (a±(j−1), a±j, a±(j+1)) −→ a±±j (3.31)

are given by

a±j = γ0q
j
2

1−qj (aj−1q
∓ j−1

2 − aj+1q
∓ j+1

2 ), γ0 = q−
1
2−q

1
2

2

a±−j = γ0q
j
2

1−qj (a−j+1q
± j−1

2 − a−j−1q±
j+1
2 ), j = 2, . . .

a±1 = γ0(2a0 − a2q∓); a±−1 = γ0(2a0 − a−2q±); a±0 = cte. (3.32)

such that the applications

±∫
:
∞∑
j=0

(ajz
j + a−jz

−j) −→
∞∑
j=0

(a±j z
j + a±−jz

−j) , (3.33)

are the inverses of D±. Additional constraints to (3.29) are

obtained by the fact that the applications
+∫

and
−∫

are defined

on series
∞∑
j=0

(bjz
j + b−jz

−j) for which b1 = qb−1 and b−1 = qb1,

respectively.
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3. q-Nonuniform difference optimal control problem

The problem. Consider now the q-nonuniform integration

functional

J(ȳ(x), ū(x)) =
b∫
a

f 0[x(z), ȳ(x(q−
1
2z)), ū(x(z))]dqx(z)

=
qβ∑

z=qα
γ(z)f 0[x(z), ȳ(x(q−

1
2z)), ū(x(z))] (3.34)

where ȳ(x) = (y1(x), . . . , yn(x)) and ū(x) = (u1(x), . . . , um(x)),

m ≤ n. The functional is defined on E ′n union the set of ad-

missible (that is which values belong to a fixed set U in Rn)

functions ū(x), where E ′n is the subset of En which elements

satisfy the boundary constraints

ȳ(qα−
1
2 ) = ȳ(qβ+

1
2 ) = C. (3.35)

Consider then the q-nonuniform difference equations

Dyi(x(z)) = fi[x(z), ȳ(x(q−
1
2 z)), ū(x(z))], i = 1, . . . , n. (3.36)

The optimal control problem consists in finding among all ad-

missible vector functions ū(x), that for which the corresponding

solution of (3.35), (3.36) is an extremal of the functional (3.34).

The functions ȳ(x) and ū(x) are said to constitute an optimal

process and are called optimal trajectory and optimal control re-

spectively.

The solution. To solve the optimal control problem, we con-

sider it as a n+m dimensional Lagrange problem: Find n+m
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functions (y1(x), . . . , yn(x)) and (u1(x), . . . , um(x)) that are ex-

tremals for (3.34) under the conditions (3.35) and

φi(x, ȳ(x(q−
1
2z)), ū(x(z))) = 0 (3.37)

where

φi(x, ȳ(x(q−
1
2 z)), ū(x(z)))

= Dyi(x(z))− fi[x(z), ȳ(x(q−
1
2 z)), ū(x(z))], i = 1, . . . , n. (3.38)

According to the discussions done in the preceding subsection,

the solutions of such an extremum problem satisfy necessarily

the Euler-Lagrange system of the functional

J∗(ȳ(x), ū(x)) =
b∫
a

F ∗[x(z), ȳ(x(q−
1
2z)), ū(x(z))]dqx(z)

=
qβ∑

z=qα
γ(z)F ∗[x(z), ȳ(x(q−

1
2z)), ū(x(z))] (3.39)

where

F ∗[x(z), ȳ(x(q−
1
2z)), ū(x(z))] = f 0[x(z), ȳ(x(q−

1
2z)), ū(x(z))]

+
n∑
i=1

ψi(x)[Dyi(x)− fi[x(z), ȳ(x(q−
1
2z)), ū(x(q−

1
2z))]](3.40)

The corresponding Euler-Lagrange system is then

f 0vj −
n∑
i=1

ψi(x)fivj −D[ψi(x(q−
1
2z))] = 0, j = 1, . . . , n(3.41)

f 0wj −
n∑
i=1

ψi(x)fiwj = 0, j = 1, . . . ,m. (3.42)

Here f 0i and fi have as arguments x(z), ȳ(x(q−
1
2z)), ū(x(q−

1
2z))

and gvj and gwj mean the partial derivatives of g with respect
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to its (j+ 1)th and (n+ j+ 1)th arguments respectively. Setting

H = −f 0[x(z), ȳ(x(q−
1
2z)), ū(x(z))]

+
n∑
i=1

ψi(x)[fi[x(z), ȳ(x(q−
1
2z)), ū(x(z))]], (3.43)

so, (3.36), (3.41) and (3.42) give respectively

Dyi(x) = Hψi (3.44)

D[ψi(x(q−
1
2z))] = −Hyi, j = 1, . . . , n (3.45)

and

Hui = 0, j = 1, . . . ,m. (3.46)

Thus, the necessary condition for the optimal control problem

is given by (3.46), provided is solved the system (3.44)-(3.45).

Due to similarities with the continuous case [29], one can refer

to H and (3.44)-(3.45) as q-nonuniform Hamilton-Pontryaguin

function and system respectively.

Example. q-Nonuniform linear quadratic problem:

The problem now is that of finding a control function u(x) such

that the corresponding solution to the boundary value problem

Dy = −ay(x(zq−
1
2z)) + u(x(z)), a > 0

y(qα−
1
2 ) = y(qβ+

1
2 ) (3.47)
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is an extremal for the functional (quadratic cost functional on

q-nonuniform lattices)

J(y, u) = 1
2

b∫
a

[u2(x(z)) + y2(x(q−
1
2z))]dqx(z)

= 1
2

qβ∑
z=qα

γ(z)[u2(x(z)) + y2(x(q−
1
2z))]. (3.48)

The problem is of optimal control type. The Hamilton-Pontryaguin

function and system are respectively

H = −1

2
[y2(x(q−

1
2z)) + u2(x(z))]

+ ψ(x(z))[−ay(x(zq−
1
2z)) + u(x(z))] (3.49)

and

Dy = −ay(x(zq−
1
2z)) + u(x(z)),

D[ψ(x(q−
1
2z))] = aψ(x(z)) + y(x(zq−

1
2 ))

ψ = u. (3.50)

The equation for y(x(z)) then becomes

D[dy(x(q−
1
2z)) + ay(x(q−1z))] =

aDy + (a2 + 1)y(x(q−
1
2z)). (3.51)

Searching the solution y(x(z)) under a series of the form (3.29),

so the recurrence relations satisfied by the coefficients are given

by

y =
−∫
y − a

+∫
y + (a2 + 1)

−∫ +∫
y (3.52)

where the applications
±∫

are defined in (3.32)-(3.33).
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3.1.3 Interconnection between the q-nonuniform difference

variational calculus, optimal control and Hamilton

system.

Consider now the case of pure q-nonuniform variational calculus that

is the control function and the control system are not present explic-

itly: Find extremals of the functional

J(y(x(z))) =
b∫
a

F [x(z), y(x(q−
1
2z)),Dy(x(z))]dqx(z)

=
qβ∑

z=qα
γ(z)F [x(z), y(x(q−

1
2z)),Dy(x(z))] (3.53)

defined in E ′. Our objective is to show the following proposition

Proposition 3.5. On q-nonuniform lattices, are equivalent: the Euler-

Lagrange equation, the Hamilton and the Hamilton-Pontryaguin sys-

tems.

Proof. We show this in three steps:

a) We first show how to obtain the Hamilton system from the Euler-

Lagrange equation. For the functional in (3.53), the Euler-Lagrange

equation reads

Fv0[x(z), y(x(q−
1
2z)),Dy(x(z))]

−D[Fv1[x(zq−
1
2 ), y(x(q−1z)),Dy(x(q−

1
2z))]] = 0. (3.54)

Letting

ψ(x) = Fv1[x(z), y(x(q−
1
2z)),Dy(x(z))], (3.55)

and

H = −F + ψ(x)Dy, (3.56)
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then we get from (3.54),(3.55) and (3.56) the Hamilton system

Dy(x(z)) = Hψ[y(x(q−
1
2z)), ψ(x(z)),Dy(x(z))]

D[ψ(x(q−
1
2z))] = −Hy[y(x(q−

1
2z)), ψ(x(z)),Dy(x(z))] (3.57)

b) To get the Hamilton-Pontryaguin system from the Hamilton sys-

tem (3.57), it suffices to suppose u(x(z)) = Dy(x(z)) to be the con-

trol equation for the given initial non controlled extremum problem.

In that case, (3.57) gives

Dy(x(z)) = Hψ[y(x(q−
1
2z)), ψ(x(z)), u(x(z))]

D[ψ(x(q−
1
2z))] = −Hy[y(x(q−

1
2z)), ψ(x(z)), u(x(z))] (3.58)

with

H = −F [y(x(q−
1
2z)), u(x)] + ψ(x(z))u(x(z)), (3.59)

the Hamilton-Pontryaguin function, and from (3.55) we get the third

equation in (3.36):

Hu = 0. (3.60)

c) We finally show how to obtain the Euler-Lagrange equation (3.54)

from the Hamilton-Pontryaguin system (3.58), (3.59) and (3.60).

From (3.59) and (3.60), we have

ψ(x(z)) = Fv1[y(x(q−
1
2z)), u(x(z))] =

F1[y(x(q−
1
2z)), Dqy(x(z))], (3.61)
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while from (3.58) we get

D[ψ(x(q−
1
2z))]

= Fv0[y(x(q−
1
2z)), u(x(z))] = Fv0[y(x(q−

1
2z)), Dqy(x(z))].(3.62)

Finally, (3.61) and (3.62) give the Euler-Lagrange equation (3.54),

which proves the proposition.

3.2 q-Nonuniform difference linear control sys-

tems

The linear control systems theory consists in the study of controlla-

bility of linear systems, that is, a set of well defined interconnected

objects which interactions can be mathematically modeled by lin-

ear systems of divided difference functional equations. Thus a q-

nonuniform difference linear control system can be modeled as [16]

Dy(x(z)) = A(x(z))y(x(zq−
1
2 )) +B(x(z))u(x(z)) (3.63)

where y is a k-vector, A a k × k-matrix, B a k ×m-matrix, and u,

a m-vector. The vector y stands for the state variable of the sys-

tem, describing the state of the system at a given time s (z = qs),

while u stands for the input or the external force constraining the

system that is the resulting trajectory to adopt a predetermined

behavior. Thus, u controls the system, which is why we speak of

control systems. The matrices A and B are intrinsic characteriza-

tions or descriptions of the system. In (3.63), the state of the system

is described by k variables and the external forces act with m inputs.
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In practice, it is often difficult, even impossible, to determine the

state of a system itself because it is generally characterized by very

numerous variables. Instead, one observes the output of the system

v(x), characterized by a small number of variables. Hence, a mathe-

matical model more suitable than (3.63) for the study of the systems

controllability reads

Dy(x(z)) = A(x(z))y(x(zq−
1
2 )) +B(x(z))u(x(z))

v(x(z)) = C(x(z))y(x(zq
1
2 )). (3.64)

with C, a r × k-matrix and v, a r-vector, r < k.

3.2.1 Controllability

There are many versions of definition of the concept of controllabil-

ity in mathematical control theory: The controllability of the state,

controllability of the output, controllability at the origin, complete

controllability and so on. The following definition adopted in this

work, consists in the complete controllability of the state system.

Definition 3.6. The system (3.64) is said to be completely control-

lable (c.c.) if for any given value of x = x0 = x(z0), and any initial

value of y = y0 = y(x0), and any final value of y = yf , there exists a

finite value x = x1 = x(z1), and a control function u(x), x0 ≤ x ≤ x1

such that y(x1) = yf .

According to (2.126), the solution of (3.64) reads

y(x(z)) =

Φ(x(z), x0)[y0 +

x(z)∫
x0

Φ(x0, x(zq
1
2 ))B(x(z))u(x(z))dqx(z)] (3.65)
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where Φ(a, b) = Y0(a)Y −10 (b), Y0(x(z)) being the nonsingular matrix

solution of the homogeneous system corresponding to the first equa-

tion in equations (3.64). Hence, the system is c.c. if for any value

x0 = x(z0) and any values y0 and yf , there exists a finite value x1

and a q-nonuniform discrete function u(x), x0 ≤ x ≤ x1, such that

yf = y(x1) =

Φ(x1, x0)[y0 +

x1∫
x0

Φ(x0, x(zq
1
2 ))B(x(z))u(x(z))dqx(z)] (3.66)

It is not difficult to imagine an example of a non c.c. system. The

classical one is similar to the following system

Dy1(x(z)) = a11y1(x(zq−
1
2 )) + a12y2(x(zq−

1
2 )) + u(x(z))

Dy2(x(z)) = a22y2(x(zq−
1
2 )). (3.67)

This system is not c.c. since y2(x(z)) = E
q−

1
2
(a22; z0; z); and conse-

quently u(x(z)) has no control over it.

The following controllability criterion is valid not only for constant

systems but also for varying ones. Moreover, it gives an explicit

expression for the control function u(x).

Theorem 3.7. The system (3.64) is c.c. iff the k × k symmetric

matrix

U(x0, x1) =
x1∫
x0

Φ(x0, x(zq
1
2 ))B(x(z))BT (x(z))Φ(x0, x(zq

1
2 ))Tdqx(z) (3.68)
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is nonsingular. In the latter case, the control function is given by

u(x(z)) = −BT (x(z))Φ(x0, x(zq
1
2 ))TU−1(x0, x1)[y0 − Φ(x0, x1)yf ]

x0 ≤ x ≤ x1 (3.69)

and transfers y0 = y(x0) to yf = y(x1).

Proof. Necessity. By contradiction: Suppose that the system is c.c.

and the matrix U(x0, x1) is singular. For an arbitrary k-vector α, we

have

αTUα =
x1∫
x0

φT (x(z), x0)φ(x(z), x0)dqx(z)

=
x1∫
x0

‖ φ ‖2 dqx(z) ≥ 0 (3.70)

where φ(x, x0) = BT (x)ΦT (x0, x(zq
1
2 ))α. Thus U is positive semi-

definite. It remains to show that the inequality is rigorous. Suppose

that there exists α̂ : α̂TUα̂ = 0. In that case

x1∫
x0

‖ φ̂ ‖2 dqx(z) = 0⇒ φ̂ = BT (x)ΦT (x0, x(zq
1
2 ))α̂ = 0 (3.71)

(‖ φ̂ ‖= 0⇔ φ̂ = 0). (3.72)

As the system is c.c. let û(x) be the control that transfers y(x0) = α̂

in y(x1) = 0. We get

α̂ = −
x1∫
x0

Φ(x0, x(zq
1
2 ))B(x(z))û(x(z))dqx(z). (3.73)
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Hence

‖ α̂ ‖2= α̂T α̂

= −
x1∫
x0

ûT (x(z))BT (x(z))ΦT (x0, x(zq
1
2 ))α̂dqx(z) = 0 (3.74)

⇔ α̂ = 0. (3.75)

Thus U is positive definite hence it is nonsingular.

Sufficiency. If U is nonsingular, the control in (3.69) is defined and

we need to show that it transfers y0 = y(x0) to yf = y(x1). Loading

(3.69) in (3.66) gives

y(x1) = Φ(x, x0)[y0

−(
x1∫
x0

Φ(x0, x(zq
1
2 ))B(x(z))BT (x(z))ΦT (x0, x(zq

1
2 ))dqx(z))U−1(x0, x1)

(y0 − Φ(x0, x1)yf)]

= Φ(x, x0)[y0 − (y0 − Φ(x0, x1)yf)] = yf (3.76)

and the theorem is proved.

Note that a scalar control system (k=m=1)

Dy(x(z)) = a(x(z))y(x(zq−
1
2 )) + b(x(z))u(x(z)) (3.77)

is necessarily c.c. since, in such a case, (3.68) is necessarily non sin-

gular.

If the system is not c.c., for some y0 and yf , there can be or not

a control u(x) that joins them. The existence of such a connection

control between two given states is given by the following
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Theorem 3.8. If for given (x0, y0) and (x1, yf), there exists a k-

vector γ such that

U(x0, x1)γ = y0 − Φ(x0, x1)yf (3.78)

then the control u(x) = BT (x)ΦT (x0, x)γ transfers y0 = y(x0) in yf .

Proof. Loading u(x) in (3.66) gives

Φ(x1, x0)[y0 − (
x1∫
x0

Φ(x0, x(zq
1
2 ))B(x(z))BT (x(z))ΦT (x0, x(zq

1
2 ))γ]

= Φ(x1, x0)[y0 − (y0 − Φ(x0, x1)yf)] = yf . (3.79)

3.2.2 Observability

The concept of observability is closely related to that of controlla-

bility. Generally speaking, a system is completely observable if and

only if the knowledge of the input and output during a sufficient time

suffices to determine the state of the system.

Definition 3.9. The system (3.64) is completely observable (c.o.) if

for any x0, there exists a finite x1 such that the knowledge of v(x)

and u(x) for x0 ≤ x ≤ x1 suffices to determine y0 = y(x0).

Similarly to Theorem 3.7, the basic observability criterion for time

varying systems reads
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Theorem 3.10. The system (3.64) is c.o. iff the k × k symmetric

matrix

V (x0, x1) =
x1∫
x0

ΦT (x(zq
1
2 ), x0)C

T (x(z))C(x(z))Φ(x(zq
1
2 ), x0)dqx(z) (3.80)

is nonsingular. In the latter case, we have

y0 = V −1(x0, x1)

x1∫
x0

ΦT (x(zq
1
2 ), x0)C

T (x)v(x(z))dqx(z). (3.81)

Proof. Necessity. The proof is similar to the corresponding one in

Theorem 3.7.

Sufficiency. Supposing that u(x) ≡ 0 (this does not decrease the

generalities), x0 ≤ x ≤ x1 , we have y(x) = Φ(x, x0)y0. Hence

v(x) = C(x)y(x(zq
1
2 )) = C(x)Φ(x(zq

1
2 ), x0)y0. Multiplying on the

left by ΦT (x, x0)C
T (x) and integrating from x0 to x1, we obtain

x1∫
x0

ΦT (x(z), x0)C
T (z)v(x)dqx(z)

= (
x1∫
x0

ΦT (x, x0)C
T (x)C(x)Φ(x(zq

1
2 ), x0)dqx(z))y0

= V (x0, x1)y0. (3.82)

Thus if V (x0, x1) is nonsingular, we have

y0 = V −1(x0, x1)
x1∫
x0

ΦT (x(zq
1
2 ), x0)C

T (x)v(x)dqx(z). (3.83)

The controllability and observability are two concepts with physically

distinct meanings but that are mathematically equivalent as shows
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the following q-nonuniform duality theorem:

Theorem 3.11. The system (3.64) is c.c. iff the dual system

Dy(x(z)) = −AT (x(z))y(x(zq
1
2 )) + CT (x(z))u(x(z))

v(x(z)) = BT (x(z))y(x(zq−
1
2 )) (3.84)

is c.o. and conversely.

Proof. Considering (3.64),(3.68),(3.80), and (3.84), we remark that

to prove the necessity, it suffices to prove that if

DΦ(x(z), x0) = A(x(z))Φ(x(zq−
1
2 ), x0) (3.85)

then

DΦT (x0, x(z)) = −AT (x(z))ΦT (x0, x(zq
1
2 )). (3.86)

From Theorem 2.3, it follows that if Φ(x(z), x0) satisfies

DY (x(z)) = A(x(z))Y (x(zq−
1
2 )) (3.87)

then its inverse, that is, Φ(x0, x(z)) satisfies

DZ(x) = −Z(x(zq
1
2 ))A(x(z)).

Hence

DΦ(x0, x(z)) = −Φ(x0, x(zq
1
2 ))A(x(z)). (3.88)

Carrying out the transpose on both sides, one gets the required equal-

ity (3.86). The sufficiency is proved similarly.

This duality clearly allows to relate results in controllability and

observability theories.
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3.2.3 Linear optimal controllability

Consider now the q-nonuniform integration functional

J(y(x), u(x)) =
b∫
a

f 0[x(z), y(x(q−
1
2z)), u(x(z))]dqx(z)

=
qβ∑

z=qα
γ(z)f 0[x(z), y(x(q−

1
2z)), u(x(z))]. (3.89)

The functional is defined on the cartesian product Ek × U where U

is the set of admissible (that is which values belong to a fixed set

in Rk) functions u(x), and Ek is the set of k-vector functions y(x)

satisfying the boundary constraints

y(qα−
1
2 ) = C1; y(qβ+

1
2 ) = C2, (3.90)

C1, C2 - some constants. Consider then the q-nonuniform difference

linear control system

Dy(x(z)) = A(x(z))y(x(q−
1
2z)) +B(x(z))u(x(z)), (3.91)

subject to the boundary constraints (3.90). This system may be

written in coordinates form as

Dyi(x(z)) = fi[x(z), y(x(q−
1
2z)), u(x(z))], i = 1, . . . , k. (3.92)

where

fi[x(z), y(x(q−
1
2z)), u(x(z))] =

n∑
j=1

aij(x(z))yj(x(zq−
1
2 ))

+
m∑
j=1

bij(x(z))uj(x(z)), i = 1, . . . , k. (3.93)
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The linear optimal control problem consists in finding among all

admissible vector functions u(x), that for which the corresponding

solution of (3.90), (3.91) (which is supposed to be c.c.) is an extremal

of the functional (3.89). The functions y(x) and u(x) are said to con-

stitute a q-nonuniform optimal process and are called q-nonuniform

optimal trajectory and q-nonuniform optimal control respectively.

According to the general theory of the first paragraph, the necessary

condition for the above linear optimal control problem is given by

the q-nonuniform Hamilton-Pontryaguin system

Dyi(x) = Hψi (3.94)

D[ψj(x(z))] = −Hyj , j = 1, . . . , k (3.95)

and

Huj = 0, j = 1, . . . ,m. (3.96)

where

H = f 0[x(z), y(x(q−
1
2z)), u(x(z))]

+
n∑
i=1

ψi(x(zq
1
2 ))[fi[x(z), y(x(q−

1
2z)), u(x(z))]], (3.97)

is the q-nonuniform Hamilton-Pontryaguin function.

Using (3.93), (3.97) the system (3.94)-(3.96) reduces to

Dyi(x) =
n∑
j=1

aij(x(z))yj(x(zq−
1
2 )) +

m∑
j=1

bij(x(z))uj(x(z))(3.98)

D[ψj(x(z))] =

−f 0yj −
n∑
i=1

aij(x(z))ψi(x(zq
1
2 )), i, j = 1, . . . , k (3.99)
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and

f 0uj +
m∑
i=1

bij(x(z))ψi(x(zq
1
2 )) = 0, j = 1, . . . ,m. (3.100)

Example. The q-nonuniform Ramsey model:

The continuous Ramsey model [22, 48] consists in finding the maxi-

mum of the utility functional

X∫
0

e−pxv(c(x))dx (3.101)

under the constraint

w′(x) = rw(x)− c(x) (3.102)

where v(.) is the instantaneous utility function, c(.) the consumption,

w(.) the production, p the discount rate, r the yield rate.

This problem may be seen as a Lagrange problem or more generally

as an optimal control problem. In the latter case, the optimality

necessary condition for the problem is the Hamilton-Pontryaguin

system

ẇ(x) = H ′ψ, (3.103)

ψ̇(x) = −H ′w, (3.104)

H ′c = 0. (3.105)

where the Hamilton-Pontryaguin function

H(x,w(x), ψ(x)) = e−pxv(c(x)) + ψ(x)[rw(x)− c(x)], (3.106)

is the total utility and ψ(x) the shadow price (see [22] for the eco-

nomic sense). (3.103) is nothing but (3.102) while (3.104) and (3.105)
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give

d
dxv
′(c(x)) = (p− r)v′(c(x)). (3.107)

We can now generalize the model to the q-nonuniform difference

calculus. Since (3.102) can be written as

c(x) = −erx[e−rxw(x)]′, (3.108)

the q-nonuniform difference Ramsey model consists in finding the

maximum of the utility functional

X∫
0

E
q−

1
2
(−p; z0; z)v(c(x(z)))dx(z) (3.109)

under the constraint

c(x(z)) = −E
q−

1
2
(r; z0; q

1
2z)D

[
E
q
1
2
(−r; z0; z)w(x(z))

]
.(3.110)

By the rule of q-nonuniform derivation of a product and the formula

DE
q
1
2
(a; z0; z) = aE

q
1
2
(a; z0; q

1
2z), (3.111)

the constraint (3.110) simplifies in the q-nonuniform difference linear

control system

Dw(x(z)) = rw(x(zq−
1
2 ))− c(x(z)), (3.112)

which is c.c. since it is a scalar one, as (3.77). Then, the q-nonuniform

Hamilton-Pontryaguin system reads

Dw(x(z)) = H ′ψ, (3.113)

Dψ(x(z)) = −H ′w, (3.114)

H ′c = 0, (3.115)
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where

H(x,w(x), ψ(x)) = E
qq
− 1

2
(−p; z0; z)v(c(x(z)))

+ψ(x(q
1
2z))[rw(x(q−

1
2z))− c(x(z))], (3.116)

is the the q-nonuniform Hamilton-Pontryaguin function.

(3.113) is nothing but (3.112) while (3.114) and (3.115) give respec-

tively the equations

Dψ(x(z)) = −rψ(x(q
1
2z)), (3.117)

ψ(x(q
1
2z)) = E

q−
1
2
(−p; z0; z)v′(c(x(z))). (3.118)

Combining (3.117), (3.118) and using the formula

DE
q−

1
2
(−a; z0; z) = −aE

q−
1
2
(−a; z0; q

− 1
2z), (3.119)

we obtain

Dv̂(z) = pv̂(zq−
1
2 )− rv̂(zq

1
2 ); v̂(z) = v′(c(x(zq−

1
2 ))), (3.120)

a q-nonuniform version of the optimality condition (3.107). This

equation clearly generalizes the equation (40) in [48] since the Askey-

Wilson derivative generalizes the Hahn quantum derivative (see e.g.

[43, 44, 50]).





Chapter 4

q-Nonuniform difference multiple

orthogonal polynomials

4.1 The Askey-Wilson polynomials

We consider the second-order divided difference operator [50]:

σ(s)
∆

∆t(s− 1
2)
.
∇
∇t(s)

+ τ(s)
∆

∆t(s)
(4.1)

where

σ(s) = σ̂(t(s))− 1
2 τ̂(t(s))∆t(s− 1

2)

τ(s) = τ̂(t(s)); (4.2)

σ̂ and τ̂ being polynomials of degree ≤ 2 and 1 respectively,

t(s) = c1q
s + c2q

−s + c3 (4.3)

87
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the lattice, and ∆h(s) = h(s+ 1)− h(s);∇h(s) = h(s)− h(s− 1).

The form of the operator in (4.1) being invariant under the transfor-

mations

t −→ At+B; s −→ s− s0, (4.4)

we can use them to transform the lattice in (4.3) in its canonical (see

(8)) form

t(s) =
qs + q−s

2
. (4.5)

In that case, up to a multiplication by a constant, the operator in

(4.1) can, after simple computations, be reduced to [11]:

£ =
1

z − z−1
(
A(z)Eq − [A(z) + B(z)] + B(z)E−1q

)
(4.6)

where

A(z) = A−2z
−2+A−1z

−1+A0+A1z+A2z
2

qz−z−1

B(z) = A2z
−2+A1z

−1+A0+A−1z+A−2z
2

z−qz−1

A−2 = 1;A−1 = −(a+ b+ c+ d);A0 = ab+ ac+ ad+ bc+ bd+ cd

A1 = −(abc+ abd+ bcd+ acd);A2 = abcd

z = qs

a = qs1; b = qs2; c = qs3; d = qs4

Ei
q(k(z)) = k(qiz), i ∈ Z, (4.7)

s1, s2, s3 and s4 being the (mutually-different) roots of σ(s).

The operator £ can also be written as [38]:

£(z) = υ(z)Eq − (υ(z) + υ(z−1)) + υ(z−1)E−1q ,

υ(z) = (1−az)(1−bz)(1−cz)(1−dz)
(1−z2)(1−qz2) . (4.8)
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Letting D, be the Askey-Wilson first-order divided difference opera-

tor (11), one can also write £ as:

£ =
[
(q−1)2

4q
z2−1
zω(z)D

z2−1
z υ(q−

1
2z)ω(q−

1
2z)
]
D, (4.9)

where

ω(qz)
ω(z) = υ(z)

υ((qz)−1) . (4.10)

The Askey-Wilson polynomials (AWP) [9], Pn(x(z)), are defined by:

Pn(x(z)) =
(ab, ac, ad; q)n

an 4
φ3

(
q−n, abcdqn−1, az, az−1

ab, ac, ad

∣∣∣∣∣ q; q
)
(4.11)

where the basic hypergeometric (or q-hypergeometric) series rφs read:

rφs

(
a1, . . . , ar

b1, . . . , bs

∣∣∣∣∣ q; z
)

:=
∞∑
k=0

(a1, . . . , ar; q)k
(b1, . . . , bs; q)k

(−1)(1+s−r)kq(1+s−r)(
k
2) zk

(q; q)k

with

(a1, . . . , ar; q)k := (a1; q)k . . . (ar; q)k,

while

(σ; q)0 := 1, (σ; q)k :=
k−1∏
i=0

(1− σqi), k = 1, 2, 3, . . . (4.12)

and satisfy the second order q-(nonuniform) difference equation:

£Pn(x(z)) = λ(n)Pn(x(z)) (4.13)
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where

λ(n) = −(1− q−n)(1− abcdqn−1). (4.14)

The operator £ was shown in [35] to be self-adjoint (more precisely,

the operator in square brackets, in the r.h.s. of (4.9), is adjoint to

the first-order Askey-Wilson divided difference operator) in the space

Sa,b,c,d of real polynomials in x(z) with the inner product

(h1, h2) :=
1

2πi

∮
C

h1(x(z))h2(x(z))ω(z)
dz

z
, (4.15)

where ω(z) is given by (4.10) and C is a deformation of the unit

circle.

Considering the representation in (4.9) and the equation in (4.13),

we will refer to £, everywhere in this work, as the Askey-Wilson

second order q-(nonuniform) difference operator.

In this section, we apply the factorization method discussed in [11],

to the operator £.

The factorization that we are going to carry out for the Askey-Wilson

second order q-(nonuniform) difference operator will furnish various

formulas such as strict (i.e. without any perturbation of parameters)

difference relations, recurrence relations and Rodrigues type formu-

las for the general sequences of eigenfunctions of the Askey-Wilson

second order q-(nonuniform) difference operator, including the se-

quence of the Askey-Wilson polynomials. Such formulas appeared

firstly in [11].
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As already noted, the Askey-Wilson polynomials are polynomial so-

lutions the following second order q-(nonuniform) difference equation

[38]:

£Pn(x(z)) = λ(n)Pn(x(z)). (4.16)

In anticipation on the coming q-factorization, we are led to reformu-

late, before the factorization, the equation (4.16) as follows:

{A(qz)E2
q − [A(qz) + B(qz) +K(qz)λ(n)]Eq + B(qz)}Pn(x(z)) = 0 (4.17)

where A(z) and B(z) are given in (4.7) and K(z) = z − z−1.

Consider next the following q-difference operator

H(z;n) = A(z)
[
A(qz)E2

q − [A(qz) + B(qz) +K(qz)λ(n)]Eq + B(qz)
]
. (4.18)

The central result of this section is the following

Theorem 4.1. The operator H in (4.18) factorizes into

H(z;n)− µ(n) = (A(z)Eq + G(z;n))(A(z)Eq + F(z;n))

H(z;n+ 1)− µ(n) = (A(z)Eq + F(z;n))(A(z)Eq + G(z;n))(4.19)

where F , G and µ(n) are such that

µ(−1) = 0 (4.20)

and

F(z;n)− G(z;n− 1) = C1(n)x(z) + C2(n). (4.21)
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Proof. As one can verify, the operatorial relations (4.19) are equiva-

lent to the system:

F(qz;n) + G(z;n) = −(A(qz) + B(qz) +K(qz)λ(n))

F(z;n)G(z;n) = A(z)B(qz)− µ(n)

∆q(F(z;n)− G(z;n)) = (λ(n+ 1)− λ(n))K(qz). (4.22)

Using the q-integration, we first transform the system (4.22) in :

F(z;n) + F(qz;n) = −(A(qz) + B(qz))− (β−1 − λ(n)
q )z−1 − β0

−(β1 + λ(n)q)z

F(z;n)G(z;n) = A(z)B(qz)− µ(n)

G(z;n)−F(z;n) =
i=1∑
i=−1

βiz
i (4.23)

where β−1 = λ(n+1)−λ(n)
1−q ; β1 = qβ−1; β0 remaining arbitrary for the

moment.

Observing the first equation in (4.23) and then using the last one, it

becomes sensible to search F(z;n) and then G(z;n) under the forms:

F(z;n) := F−2z
−2+F−1z

−1+F0+F1z+F2z
2

qz−z−1

G(z;n) := (F−2−β−1)z−2+(F−1−β0)z−1+F0+(F1+β0q)z+(F2+β1q)z
2

qz−z−1 . (4.24)

Taking µ, β0, F−2, F−1, F0, F1, F2 as unknowns, the system (4.22)

will then be transformed in an algebraic system of 16 equations for 7

unknowns. To solve it, one first determines those unknowns from 7

equations and then ensures himself that they satisfy all the remaining

9 equations.
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The result is:

F−2(n) : λ(n)−qλ(n+1)
q2−1 − q+A2

q2+q (4.25)

F2(n) : λ(n)q−λ(n+1)
1−q2 q2 − q2+qA2

q+1

β0(n) : 1−q
(λ(n)−λ(n+1))q3{(2

λ(n)q−λ(n+1)
1−q2 q2 + λ(n+1)−λ(n)

1−q q2

−2q
2+qA2

1+q )(A1 + qA−1) + (2A1q
2 + 2A2A−1q)}

F−1(n) : β0(n)
2 −

A1+qA−1
2q

F1(n) : −qβ0(n)
2 − A1+qA−1

2

F0(n) : 1
q+q2{q

2 − q3 − A0(q + q2) + A2(q − 1) + q2(λ(n) + λ(n+ 1))}

µ(n) : A0 + A1A−1q
−1 + A0A2q

−2 + F0(n)β−1(n) + F−1(n)β0(n)

−2F−2(n)F0(n)− F 2
−1(n).

Thus, (4.24) is determined and a solution of the factorization system

(4.22) is found. It remains to prove (4.20) and (4.21). Direct compu-

tations allow to confirm the equation (4.20) and to get the following

identity

F(z;n)− G(z;n− 1) =

[2A2q
−1qn − 2q−n]x(z)− β0(n)+β0(n−1)

2 , (∀n ∈ Z). (4.26)

that is the relation (4.21) with

C1(n) = 2A2q
−1qn − 2q−n

C2(n) = −β0(n)+β0(n−1)
2 . (4.27)



94

A direct verification allows next to establish the following useful

relations

F(z;−1) = −B(qz)

G(z;−1) = −A(z), (4.28)

(A(z)Eq + G(z;−1))(1) = 0 (4.29)

and

(A(z)Eq + F(z; 0))(1) = A(z) + F(z; 0) = F(z, 0)− G(z,−1)

= [2A2q
−1 − 2]x(z)− β0(0)

2 + A1−qA−1
2q . (4.30)

Note also that since λ(0) = 0 the polynomial P0(x(z)) = 1 is a

solution of the equation (4.16) for n=0, or equivalently the equation

H(z, 0)P0(x(z)) = 0. Now, considering the preceding, we obtain the

corollary of the theorem 4.1:

Corollary 4.2. The AWP Pn(x(z)), polynomial solutions of (4.16)

satisfy the difference relations

Pn+1(x(z)) = (A(z)Eq + F(z;n))Pn(x(z)) (4.31)

−µ(n− 1)Pn−1(x(z)) = (A(z)Eq + G(z;n− 1))Pn(x(z))(4.32)

and the three-term recurrence relations

Pn+1(x(z)) + µ(n− 1)Pn−1(x(z)) =(
[2A2q

−1qn − 2q−n]x(z)− β0(n)+β0(n−1)
2

)
Pn(x(z))

P0(x(z)) = 1;

P1(x(z)) = [2A2q
−1 − 2]x(z)− β0(0)

2 + A1−qA−1
2q . (4.33)
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The monic AWP polynomials P◦n(x(z)) = Pn(x(z))/%(n) where

%(n+ 1)/%(n) = C1(n) (4.34)

satisfy

P◦n+1 + a2nP◦n−1 = (x(z)− bn)P◦n (4.35)

where

a2n =
µ(n− 1)

C1(n)C1(n− 1)
; bn = −C2(n)/C1(n). (4.36)

From the difference relations (4.31), one deduces especially a Ro-

drigues type formula:

c̃(n)Pn(χ(z)) =
n−1∏
i=0

[A(z)Eq + F(z; i)](1), n = 1, 2, 3, . . . (4.37)

or equivalently

c̃(n)Pn(χ(z)) =
1

ρ(z)

n−1∏
i=0

[Eq + F(z; i)](ρ(z)), n = 1, 2, 3, . . . (4.38)

where

ρ(qz)

ρ(z)
= A(z). (4.39)

Note that the relations (4.22), (4.26), (4.27) and (4.36) lead to the

following relations for the AWP:

F(z, n) = G(z, n− 1) + (x(z)− bn)C1(n)

G(z, n) = F(z, n− 1)− (x(qz)− bn)C1(n))

F(z, n)G(z, n) = F(z, n− 1)G(z, n− 1)

+a2nc1(n− 1)C1(n)− a2n+1C1(n)C1(n+ 1). (4.40)
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This means that the AWP are a special case of Laguerre-hahn poly-

nomials [43] being polynomials 0-associated (due to that µ(−1) = 0)

to classical polynomials.

On the other side by the consideration above, we have the following

Theorem 4.3. The AWP Pn(x(z)), n = 0, 1, . . . satisfy the second

order q-difference equation

{G(qz;−1)E2
q − [F(qz;n) + G(z;n)]Eq + F(z;−1)}Pn(x(z)) = 0, (4.41)

where F and G satisfy the relations (4.40).

This result confirms the fact that the AWP are a special case of

the semi-classical polynomials [44] on lattices (8). Indeed, the semi-

classical polynomials are known to satisfy a type (4.41) difference

equation, with F and G satisfying relations generalizing (4.40).

Functions generalizing the Askey-Wilson polynomials

We envisage now to show how to produce a sequence of functions

Φn(z, t) generalizing the AWP in that sense that they are eigenfunc-

tions of the Askey-Wilson second order q-(nonuniform) difference

operator £ and

Φn(z, t) −→ Pn(χ(z)), t −→ 1. (4.42)

We showed above that if the eigenvalue of the Askey-Wilson second

order q-(nonuniform) difference operator is λ(n) = −(1 − q−n)(1 −
abcdqn−1), then a factorization as in (4.19) is realizable. Now, using

(4.22), one finds that conversely, the possibility of a type (4.19) fac-

torization implies necessarily that the eigenvalue in action is tλ(n) =
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−(1− tq−n)(1− abcdt−1qn−1). On the other side, it is clear that the

presence of the parameter t in tλ(n) in no way annoys the factoriza-

tion (4.19) (thanks to the specific dependence of tλ(n) at t). This

means that if in the expressions (4.25), we substitute λ(n) by tλ(n),

the resulting expressions for F and G, say tF and tG, solve a type

(4.19) factorization problem for an operator, say tH(z;n), obtained

from H(z;n) replacing λ(n) by tλ(n).

Let us consider next the equation:

£y(z, t) =t λ(0)y(z, t), (4.43)

or equivalently

tH(z; 0)y(z, t) = 0. (4.44)

This equation is not new: A little wider equation (where the Askey-

Wilson second order q-(nonuniform) difference operator is replaced

by the corresponding operator in (4.1)) has been explicitly solved

in [10]. In our situation, according to [10], one first solves the non-

homogeneous equations:

(
£−t λ(0)

)
u(z, t, α) = G(z, t, α) (4.45)

where

G(z, t, α) =
(αt, abcdαt−1q−1; q)∞
α(abα, acα, adα, αq; q)∞

(az, az−1; q)∞ (4.46)

and (σ; q)∞ := limi→∞(σ; q)i, for the following values of α:

α := 1 α :=
q

ab
α :=

q

ac
α :=

q

ad
.
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The corresponding solutions are the functions [10]:

u(z, t, α) =
(az, az−1; q)∞
(aαz, aαz−1; q)∞

∞∑
i=0

(αt, abcdαt−1q−1, aαz, aαz−1; q)i
(abα, acα, adα, αq; q)i

qi. (4.47)

Let us remark that the AWP appear here as the functions u(z, q−n, 1),

n = 0, 1, 2, . . .

The solutions of the homogeneous equation (4.43) or (4.44) are then

obtained by opering adequate (considering (4.46)) linear combina-

tions of any two of the functions (4.47).

Among the solutions of the homogenous equation (4.43) or (4.44), we

are interested in those having a constant limit when t converges to

the unit. Let us take the ”adequate” linear combination of u(z, t, 1)

and u(z, t, α), α 6= 1:

y(z, t) := u(z, t, 1)− α(t, abcdt−1q−1, abα, acα, adα, αq; q)∞
(ab, ac, ad, q, αt, abcdαt−1q−1; q)∞

u(z, t, α). (4.48)

It is easily seen that y(z, 1) = 1. However, if ỹ(z, t) is another

”adequate” linear combination of u(z, t, α1) and u(z, t, α2) where α1

and α2 differ both from the unit and each other, then ỹ(z, 1) 6=
constant. In other words ỹ(z, 1) is the nonconstant solution of the

equation (4.16) for n = 0.

Our point here resides in the following

Theorem 4.4. If y(z, t) is the solution in (4.48), of (4.43) or (4.44),

then the functions

Φ0(z, t) := y(z, t),

Φn(z, t) :=
n−1∏
i=0

[A(z)Eq +t F(z; i)]y(z, t), (4.49)

n = 1, 2, 3, . . . ,

generalize the AWP in that sense that they are eigenfunctions of

the Askey-Wilson second order q-(nonuniform) difference operator £
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(corresponding to tλ(n)) and they converge to them when t converges

to the unit.

Proof. As already noted, the operator tH admits a type (4.19) factor-

ization but now with F and G replaced by tF and tG. Consequently,

the fact that the functions in (4.49) are eigenfunctions of the Askey-

Wilson second order q-difference operator £ corresponding to tλ(n),

is a consequence of that Φ0(z; t) is an eigenvector of £ corresponding

to tλ(0). To be assured that the functions in (4.49) converge to the

AWP (of course, up to a multiplication by a constant), we need es-

sentially to remember that tλ(n) converges to λ(n) when t converges

to the unit and then compare the r.h.s. of (4.49) and (4.37), which

proves the theorem.

4.2 Multiple Askey-Wilson polynomials and re-

lated basic hypergeometric multiple orthog-

onal polynomials

4.2.1 Introduction

In this paragraph (see also [52]) we will first show in Section 4.2.2

how some families of basic hypergeometric polynomials are related by

a linear transformation. This transformation is a q-analogue of the

Fourier–Jacobi transform that maps Jacobi polynomials to Wilson

polynomials [40]. We will consider three families of basic hypergeo-

metric polynomials: the Al-Salam–Chihara polynomials, the contin-

uous dual q-Hahn polynomials and the Askey–Wilson polynomials,

and show how they can be obtained by a linear transformation from

the little q-Laguerre and the little q-Jacobi polynomials. We then
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extend this procedure to multiple orthogonal polynomials in Section

4.2.3. We will first recall multiple little q-Laguerre polynomials in

Section 4.2.3.1 and multiple little q-Jacobi polynomials in Section

4.2.3.2 and then apply the linear transformations to obtain multiple

Al-Salam–Chihara polynomials (Section 4.2.3.3), multiple continu-

ous dual q-Hahn polynomials (Section 4.2.3.4) and finally multiple

Askey-Wilson polynomials (Section 4.2.3.5).

4.2.1.1 Basic hypergeometric orthogonal polynomials

Al-Salam–Chihara polynomials pn(x; a, b|q) satisfy the orthogonality

1∫
−1

pn(x; a, b|q)pm(x; a, b|q)w(θ; a, b|q) dx√
1− x2

= 0, n 6= m,

where x = cos θ and

w(θ; a, b|q) =
(e2iθ, e−2iθ; q)∞

(aeiθ, ae−iθ, beiθ, be−iθ; q)∞
, (4.50)

with parameters a, b satisfying |a|, |b| < 1, see [37, §14.8], [31, §15.1].

They are given by

pn(x; a, b|q) = 3φ2

(
q−n, aeiθ, ae−iθ

ab, 0

∣∣∣∣∣ q, q
)
. (4.51)

Continuous dual q-Hahn polynomials pn(x; a, b, c|q) satisfy the or-

thogonality relations

1∫
−1

pn(x; a, b, c|q)pm(x; a, b, c|q)w(θ; a, b, c|q) dx√
1− x2

= 0, n 6= m,
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where x = cos θ and

w(θ; a, b, c|q) =
(e2iθ, e−2iθ; q)∞

(aeiθ, ae−iθ, beiθ, be−iθ, ceiθ, ce−iθ; q)∞
, (4.52)

with parameters a, b, c satisfying |a|, |b|, |c| < 1. They have the basic

hypergeometric expression

pn(x; a, b, c|q) = 3φ2

(
q−n, aeiθ, ae−iθ

ab, ac

∣∣∣∣∣ q, q
)
. (4.53)

Askey–Wilson polynomials pn(x; a, b, c, d|q) satisfy the orthogonality

relations

1∫
−1

pn(x; a, b, c, d|q)pm(x; a, b, c, d|q)w(θ; a, b, c, d|q) dx√
1− x2

= 0,

n 6= m,

where x = cos θ and

w(θ; a, b, c, d|q) =
(e2iθ, e−2iθ; q)∞

(aeiθ, ae−iθ, beiθ, be−iθ, ceiθ, ce−iθ, deiθ, de−iθ; q)∞
,

(4.54)

with parameters a, b, c, d satisfying |a|, |b|, |c|, |d| < 1, [37, §14.1], [31,

§15.2]. They are given by

pn(x; a, b, c, d|q) = 4φ3

(
q−n, abcdqn−1, aeiθ, ae−iθ

ab, ac, ad

∣∣∣∣∣ q, q
)
. (4.55)

These three families are connected and are in fact all Askey–Wilson

polynomials, since

• pn(x; a, b, c, 0|q) = pn(x; a, b, c|q),

• pn(x; a, b, 0, 0|q) = pn(x; a, b|q) = pn(x; a, b, 0|q).
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• anHn(x; a|q) = pn(x; a, 0, 0, 0|q).

The latter polynomials Hn(x; a|q) are the continuous big q-Hermite

polynomials which we will use in Section 4.2.2.3. We have nor-

malized the polynomials so that pn(0; a, b, c, d|q) = pn(0; a, b, c|q) =

pn(0; a, b|q) = 1. Observe that

Ak(x) = (aeiθ, ae−iθ; q)k =
k−1∏
j=0

(1 + a2q2j − 2aqjx) (4.56)

is a polynomial of degree k, so the polynomials (4.51), (4.53), and

(4.55) are expressed as a linear combination of these polynomials

Ak(x).

Two other families of basic hypergeometric orthogonal polynomi-

als that we will encounter are orthogonal with respect to a discrete

measure supported on the q-lattice {qk, k = 0, 1, 2, . . .}. They are

the little q-Laguerre polynomials qn(x; a|q) [37, §14.20] for which

0 < aq < 1 and

∞∑
k=0

qn(q
k; a|q)qm(qk; a|q) (aq)k

(q; q)k
= 0, m 6= n, (4.57)

and the little q-Jacobi polynomials qn(x; a, b|q) [37, §14.12], for which

0 < aq < 1, bq < 1 and

∞∑
k=0

qn(q
k; a, b|q)qm(qk; a, b|q)(aq)k(bq; q)k

(q; q)k
= 0, m 6= n. (4.58)

They are given by

qn(x; a|q) = 2φ1

(
q−n, 0

aq

∣∣∣∣∣ q, qx
)

=
n∑
k=0

(q−n; q)k
(aq; q)k(q; q)k

(qx)k, (4.59)
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and

qn(x; a, b|q) = 2φ1

(
q−n, abqn+1

aq

∣∣∣∣∣ q, qx
)

=
n∑
k=0

(q−n; q)k(abq
n+1; q)k

(aq; q)k(q; q)k
(qx)k.

(4.60)

Here we used the normalization qn(0; a|q) = 1 = qn(0; a, b|q).

4.2.1.2 Multiple orthogonal polynomials

Multiple orthogonal polynomials are polynomials in one variable

that have orthogonality conditions with respect to several measures.

There are two types of multiple orthogonal polynomials, but in this

paper we only consider type II multiple orthogonal polynomials. Let

r ≥ 1 be a positive integer and (µ1, . . . , µr) positive measures on

the real line for which all the moments exist. We will use multi-

indices ~n = (n1, n2, . . . , nr) ∈ Nr and denote their size by |~n| =

n1 + n2 + · · · + nr. Type II multiple orthogonal polynomials P~n(x)

for the multi-index ~n are monic polynomials of degree |~n| that satisfy

the orthogonality conditions∫
P~n(x)xk dµj(x) = 0, 0 ≤ k ≤ nj − 1,

for 1 ≤ j ≤ r. This gives a system of |~n| homogeneous equations for

the |~n| unknown coefficients of P~n. If the solution exists and if it is

unique, then we say that ~n is a normal index. See [31, Ch. 23], [51,

§4.3], [1], [45] for a background on multiple orthogonal polynomials.

During the past few decades, various examples of multiple orthogonal

polynomials with classical weights have been worked out. Often one

can take the orthogonality measures for classical orthogonal polyno-

mials and by allowing r different parameters one gets r measures with
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respect to which one can look for the corresponding multiple orthogo-

nal polynomials, see, e.g., [2, 7, 58]. Some of these ‘classical’ multiple

orthogonal polynomials play an important role in applications, e.g.,

multiple Hermite polynomials and multiple Laguerre polynomials are

used in the analysis of random matrices [24, 25, 42] or special deter-

minantal processes [41], multiple Jacobi polynomials and multiple

little q-Jacobi polynomials are used in irrationality proofs [54–56],

multiple Charlier and multiple Meixner polynomials are used to de-

scribe non-Hermitian oscillator Hamiltonians [46, 47, 49], and in gen-

eral multiple orthogonal polynomials they are useful in the analysis

of multidimensional Schrödinger equations and the multidimensional

Toda lattice [3, 4].

Beckermann et al. [23] worked out the most general family of classical

multiple orthogonal polynomials by giving the multiple Wilson poly-

nomials. These Wilson polynomials are on top of the Askey table [37,

p. 183] and from this family one can move to other families of clas-

sical multiple orthogonal polynomials by taking limits. They used

a transformation (the Fourier-Jacobi transform) that maps Jacobi

polynomials to Wilson polynomials (Koornwinder [40]) and showed

that this transform allows to generate multiple Wilson polynomials

from certain multiple Jacobi polynomials (the Jacobi-Piñeiro polyno-

mials). In this paper we will look at the q-analogue of the Askey table

[37, p. 413]. Some multiple q-orthogonal polynomials have already

been obtained, such as the multiple little q-Jacobi polynomials [53],

multiple q-Charlier polynomials [8] and multiple q-Hahn polynomi-

als [6]. On top of the q-analogue of the Askey table are the Askey–

Wilson polynomials and the q-Racah polynomials. In this paper

we will obtain multiple Askey–Wilson polynomials (Section 4.2.3.5)
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by use of a linear transformation that maps little q-Jacobi polyno-

mials to Askey–Wilson polynomials. We will also obtain multiple

continuous dual q-Hahn polynomials (Section 4.2.3.4) and multiple

Al-Salam–Chihara polynomials (Section 4.2.3.3) using the transform

that maps little q-Laguerre polynomials to continuous dual q-Hahn

polynomials and Al-Salam–Chihara polynomials. to achieve this, we

first work out the multiple little q-Laguerre polynomials in Section

4.2.3.1 and the multiple little q-Jacobi polynomials in Section 4.2.3.2.

4.2.2 A mapping between basic hypergeometric polynomi-

als

The Al-Salam–Chihara polynomials and the Askey–Wilson polyno-

mials are most naturally expressed in the basis {Ak(x); k = 0, 1, 2, . . .}
of polynomials, given in (4.56). Let us also consider the polynomials

Bk(x) = (beiθ, be−iθ; q)k =
k−1∏
j=0

(1 + b2q2j − 2bqjx),

then the orthogonality of the Al-Salam–Chihara polynomials is equiv-

alent to

1

2π

π∫
0

pn(x; a, b|q)(beiθ, be−iθ; q)jw(θ; a, b|q) dθ = 0, 0 ≤ j ≤ n−1,

and the orthogonality of the Askey–Wilson polynomials is

1

2π

π∫
0

pn(x; a, b, c, d|q)(beiθ, be−iθ; q)jw(θ; a, b, c, d|q) dθ = 0,

0 ≤ j ≤ n− 1.
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We can express these polynomials, up to a multiplicative factor, as

a determinant:

pn(x) = Cn det



m0,0 m0,1 m0,2 · · · m0,n

m1,0 m1,1 m1,2 · · · m1,n

m2,0 m2,1 m2,2 · · · m2,n

...
...

... · · · ...

mn−1,0 mn−1,1 mn−1,2 · · · mn−1,n

A0(x) A1(x) A2(x) · · · An(x)


, (4.61)

where the mk,j are modified moments

mk,j =
1

2π

1∫
−1

Aj(x)Bk(x)w(θ)
dx√

1− x2

=
1

2π

π∫
0

(aiθ, ae−iθ; q)j(be
iθ, be−iθ; q)kw(θ) dθ.

Indeed, if we integrate then

1

2π

1∫
−1

pn(x)Bk(x)w(θ)
dx√

1− x2
= Cn det



m0,0 m0,1 m0,2 · · · m0,n

m1,0 m1,1 m1,2 · · · m1,n

m2,0 m2,1 m2,2 · · · m2,n

...
...

... · · · ...

mn−1,0 mn−1,1 mn−1,2 · · · mn−1,n

mk,0 mk,1 mk,2 · · · mk,n


and this is zero when 0 ≤ k ≤ n− 1. If

Dn = det



m0,0 m0,1 m0,2 · · · m0,n

m1,0 m1,1 m1,2 · · · m1,n

m2,0 m2,1 m2,2 · · · m2,n

...
...

... · · · ...

mn,0 mn,1 mn,2 · · · mn,n


, (4.62)
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and C−1n = (−2a)nqn(n−1)/2Dn−1, then pn(x) defined in (4.61) is a

monic polynomial.

4.2.2.1 Al-Salam–Chihara polynomials and little q-Laguerre polyno-

mials

The modified moments for Al-Salam–Chihara polynomials can be

computed using the integral

1

2π

π∫
0

(e2iθ, e−2iθ; q)∞
(aeiθ, ae−iθ, beiθ, be−iθ; q)∞

dθ =
1

(q; q)∞(ab; q)∞
(4.63)

(see [31, Eq. (15.1.1)]). One easily finds

mk,j =
1

2π

π∫
0

(aeiθ, ae−iθ; q)j(be
iθ, be−iθ; q)kw(θ; a, b|q) dθ

=
1

2π

π∫
0

w(θ; aqj, bqk|q) dθ

=
1

(q; q)∞(abqk+j; q)∞
=

(ab; q)k+j
(q; q)∞(ab; q)∞

,

so that mk,j = ck+j and Dn given in (4.62) is a Hankel determinant.

The sequence (cn)n∈N can be identified as the moments of a discrete

measure. Indeed, by the q-binomial theorem [30, §1.3]

∞∑
k=0

(a; q)k
(q; q)k

zk =
(az; q)∞
(z; q)∞

, |z| < 1, (4.64)

we see that (for a = 0)

∞∑
k=0

qkn
(ab)k

(q; q)k
=

1

(abqn; q)∞
=

(ab; q)n
(ab; q)∞

= cn(q; q)∞,
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so that

cn =

∫
xn dµ(x),

for the discrete measure µ on the q-lattice {qk; k ∈ N} for which

1∫
0

f(x) dµ(x) =
1

(q; q)∞

∞∑
k=0

f(qk)
(ab)k

(q; q)k
.

This is the orthogonality measure for the little q-Laguerre polyno-

mials, see (4.57). From this we have the following result:

Theorem 4.5. Let Ta : f 7→ Ta(f) be the linear transformation that

acts on polynomials as

Ta(x
k) = (aeiθ, ae−iθ; q)k.

Then the Al-Salam–Chihara polynomials pn(x; a, b|q) and little q-

Laguerre polynomials qn(x; a|q) are connected by

pn(x; a, b|q) = Taqn(x; ab/q|q).

Proof. Orthogonal polynomials are given in terms of the moments cn

of their orthogonality measure by the determinant [31, Eq. (2.1.6)]

pn(x) = Cn det



c0 c1 c2 · · · cn

c1 c2 c3 · · · cn+1

c2 c3 c4 · · · cn+2

...
...

... · · · ...

cn−1 cn cn+1 · · · c2n−1

1 x x2 · · · xn


,

where Cn is a constant which fixes the normalization. If we compare

this with (4.61), then we need to replace every xk by (aeiθ, ae−iθ; q)k =

Ak(x), see (4.56). The sequence (cn)n∈N contains the moments of the
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measure

µ =
1

(q; q)∞

∞∑
k=0

(ab)k

(q; q)k
δqk.

Recall that the little q-Laguerre polynomials qn(x; a|q) satisfy the or-

thogonality relations (4.57), hence the orthogonal polynomials with

moments (cn)n∈N are the little q-Laguerre polynomials qn(x; ab/q|q).
Applying the transformation Ta to the determinantal expression for

qn(x; ab/q|q) then shows that Taqn(x; ab/q|q) is proportional to the

Al-Salam–Chihara polynomial pn(x; a, b|q). The little q-Laguerre

polynomials are given by (4.59)

qn(x; a|q) = 2φ1

(
q−n, 0

aq

∣∣∣∣∣ q, qx
)

=
n∑
k=0

(q−n; q)k
(aq; q)k(q; q)k

qkxk,

hence applying Ta to the polynomial qn(x; ab/q|q) gives

Taqn(x; ab/q|q) =
∞∑
k=0

(q−n; q)k
(ab; q)k(q; q)k

qk(aeiθ; q)k(ae
−iθ; q)k

= 3φ2

(
q−n, aeiθ, ae−iθ

ab, 0

∣∣∣∣∣ q, q
)
,

and this is indeed the basic hypergeometric expression (4.51) for the

Al-Salam–Chihara polynomial pn(x; a, b|q). Therefore the propor-

tionality factor is 1 and the result follows.

The linear transformation Ta can be given explicitly and uses contin-

uous q-Hermite polynomials Hn(x|q), which are given in [37, §14.26]
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[31, §13.1]. They satisfy the orthogonality

1

2π

1∫
−1

Hn(x|q)Hm(x|q)(e2iθ, e−2iθ; q)∞
dx√

1− x2
=

δm,n
(qn+1; q)∞

, (4.65)

and they have the generating function [37, Eq. (14.26.11)] [31, Thm.

13.1.1]

∞∑
n=0

Hn(x|q)
(q; q)n

tn =
1

(teiθ, te−iθ; q)∞
, x = cos θ. (4.66)

Theorem 4.6. The linear transformation Ta that acts on polynomi-

als as

Tax
k = (aeiθ, ae−iθ; q)k

is given by

(Taf)(x) = (aeiθ, ae−iθ; q)∞

∞∑
n=0

f(qn)an
Hn(x|q)
(q; q)n

. (4.67)

Proof. Obviously the transformation given in (4.67) is linear, so we

only need to check that it acts properly on the monomials xk. If we

take f(x) = xk in (4.67) then

Tax
k = (aeiθ, ae−iθ; q)∞

∞∑
n=0

qknan
Hn(x|q)
(q; q)n

.

Taking t = aqk in the generating function (4.66) gives

Tax
k =

(aeiθ, ae−iθ; q)∞
(aqkeiθ, aqke−iθ; q)∞

= (aeiθ, ae−iθ; q)k,

which is indeed what we need.

The transformation Ta has an interesting isometric property, pre-

serving certain inner products.
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Proposition 4.7. Let 〈f, g〉dis(a) be the discrete inner product

〈f, g〉dis(a) =
1

(q; q)∞

∞∑
n=0

f(qn)g(qn)
an

(q; q)n
,

and 〈u, v〉cont(a,b) be the continuous inner product

〈u, v〉cont(a,b) =
1

2π

1∫
−1

u(x)v(x)w(θ; a, b|q) dx√
1− x2

,

where w(θ; a, b|q) is the weight function (4.50). Then

〈Taf, Tbg〉cont(a,b) = 〈f, g〉dis(ab).

Proof. By using (4.67) we find

〈Taf, Tbg〉cont(a,b) =
∞∑
n=0

∞∑
m=0

f(qn)g(qm)
anbm

(q; q)n(q; q)m

× 1

2π

1∫
−1

(aeiθ, ae−iθ, beiθ, be−iθ; q)∞w(θ; a, b|q)Hn(x|q)Hm(x|q) dx√
1− x2

.

The integral simplifies to

1

2π

1∫
−1

(e2iθ, e−2iθ; q)∞Hn(x|q)Hm(x|q) dx√
1− x2

= δn,m
(q; q)n
(q; q)∞

,

which follows from the orthogonality (4.65) of the continuous q-

Hermite polynomials. Hence the double sum becomes a single sum

and the result follows.

As a corollary we see that the orthogonality relations of the Al-

Salam–Chihara polynomials follow from the orthogonality of the

little q-Laguerre polynomials. Indeed, by Theorem 4.5 we have
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Taqn(x; ab/q|q) = pn(x; a, b|q) and by interchanging a and b we also

have Tbqm(x; ab/q|q) = pm(x; b, a|q) and the latter is equal to pm(x; a, b|q).
Proposition 4.7 then shows that

1

2π

1∫
−1

pn(x; a, b|q)pm(x; a, b|q)w(θ; a, b|q) dθ

=
1

(q; q)∞

∞∑
k=0

qn(q
k; ab/q|q)qm(qk; ab/q|q) (ab)k

(q; q)k
,

and the latter is 0 whenever m 6= n by the orthogonality (4.57) of

the little q-Laguerre polynomials. Clearly the norms of pn(x; a, b|q)
and qn(x; ab/q|q) are also connected.

4.2.2.2 Askey–Wilson polynomials and little q-Jacobi polynomials

The modified moments mk,j for the Askey–Wilson weight are given

by

mk,j =
1

2π

π∫
0

(aeiθ, ae−iθ; q)j(be
iθ, be−iθ; q)kw(θ; a, b, c, d|q) dθ

=
1

2π

π∫
0

w(θ; aqj, bqk, c, d|q) dθ.

To evaluate this integral we use the Askey–Wilson integral [31, Eq.

(15.2.1)]

1

2π

π∫
0

w(θ; a, b, c, d|q) dθ =
(abcd; q)∞

(q; q)∞(ab, ac, ad, bc, bd, cd; q)∞
,

|a|, |b|, |c|, |d| < 1, (4.68)
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which gives

mk,j =
(abcdqk+j; q)∞

(q; q)∞(abqk+j, acqj, adqj, bcqk, bdqk, cd; q)∞

=
(abcd; q)∞

(q; q)∞(ab, ac, ad, bc, bd, cd; q)∞

× (ab; q)k+j(ac; q)j(ad; q)j(bc; q)k(bd; q)k
(abcd; q)k+j

. (4.69)

This expression contains a Hankel part ck+j depending only on k+j,

with

cn = c0
(ab; q)n

(abcd; q)n
, c0 =

(abcd; q)∞
(q; q)∞(ab, ac, ad, bc, bd, cd; q)∞

.

The sequence (cn)n∈N can again be identified as the moments of a

discrete measure on the q-lattice {qk : k ∈ N}. If we take z = bqn in

the q-binomial theorem (4.64), then

∞∑
k=0

(a; q)k
(q; q)k

bkqnk =
(abqn; q)∞
(bqn; q)∞

=
(ab; q)∞
(b; q)∞

(b; q)n
(ab; q)n

,

so that

cn =

1∫
0

xn dν(x),

1∫
0

f(x) dν(x) = ĉ0

∞∑
k=0

(cd; q)k
(q; q)k

(ab)kf(qk),

where ĉ0 = 1/(q; ac, ad, bc, bd, cd; q)∞. This is the orthogonality mea-

sure for little q-Jacobi polynomials, see (4.58). We can now prove

the following result.

Theorem 4.8. Let Ta,c,d : f 7→ Ta,c,d(f) be the linear transformation

that acts on polynomials as

Ta,c,d(x
k) =

(aeiθ, ae−iθ; q)k
(ac; q)k(ad; q)k

.
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Then the Askey–Wilson polynomials pn(x; a, b, c, d|q) and little q-

Jacobi polynomials qn(x; a, b|q) are connected by

pn(x; a, b, c, d|q) = Ta,c,dqn(x; ab/q, cd/q|q).

Proof. If we insert (4.69) in the determinant (4.61), then we can

take out the factor (bc; q)k(bd; q)k in the kth row and the factor

(ac; q)j(ad; q)j in the jth column, to find

pn(x; a, b, c, d|q) = Cn

n−1∏
k=0

(bc, bd; q)k

n∏
j=0

(ac, ad; q)j det



c0 c1 c2 · · · cn

c1 c2 c3 · · · cn+1

c2 c3 c4 · · · cn+2

...
...

... · · · ...

Â0(x) Â1(x) Â2(x) · · · Ân(x)


,

where

Âk(x) =
(aeiθ, ae−iθ; q)k
(ac; q)k(ad; q)k

.

Recall that the little q-Jacobi polynomials satisfy the orthogonality

(4.58)

∞∑
k=0

qn(q
k; a, b|q)qm(qk; a, b|q)(bq; q)k

(q; q)k
(aq)k = 0, (4.70)

m 6= n, (4.71)

so the sequence (cn)n∈N contains the moments of the orthogonal-

ity measure for the little q-Jacobi polynomials qn(x; ab/q, cd/q|q).
The determinant representation of the little q-Jacobi polynomials is
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therefore given by

qn(x; ab/q, cd/q|q) = Ĉn det



c0 c1 c2 · · · cn

c1 c2 c3 · · · cn+1

c2 c3 c4 · · · cn+2

...
...

... · · · ...

1 x x2 · · · xn


,

where Ĉn is a normalizing constant. Applying the linear trans-

formation Ta,c,d shows that Tacdqn(x; ab/q, cd/q|q) is proportional to

pn(x; a, b, c, d|q). The explicit expression for the little q-Jacobi poly-

nomials is (4.60) hence applying the transformation Ta,c,d to it gives

Ta,c,dqn(x; ab/q, cd/q|q)

=
n∑
k=0

(q−n, q)k(abcdq
n−1; q)k

(ab; q)k(q; q)k
qk

(aeiθ, ae−iθ; q)k
(ac; q)k(ad; q)k

= 4φ3

(
q−n, abcdqn−1, aeiθ, ae−iθ

ab, ac, ad

∣∣∣∣∣ q, q
)
,

which is indeed the basic hypergeometric expression (4.55) for the

Askey–Wilson polynomial. Hence the proportionality factor is 1 and

the result follows.

The linear transformation Ta,c,d can also be given explicitly and is in

terms of the Al-Salam–Chihara polynomials. We will use a multiple

of the polynomials pn(x; a, b|q) defined above and put

Qn(x; a, b|q) =
(ab; q)n
an

pn(x; a, b|q) =
(ab; q)n
an

3φ2

(
q−n, aeiθ, ae−iθ

ab, 0

∣∣∣∣∣ q, q
)
.
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They have the following generating function ([37, Eq. (14.8.13)] [31,

Eq. (15.1.10)]

∞∑
n=0

Qn(x; a, b|q)
(q; q)n

tn =
(at, bt; q)∞

(teiθ, te−iθ; q)∞
, x = cos θ. (4.72)

Theorem 4.9. The linear transformation Ta,c,d that acts on polyno-

mials as

Ta,c,dx
k =

(aeiθ, ae−iθ; q)k
(ac; q)k(ad; q)k

is given by

(Ta,c,df)(x) =
(aeiθ, ae−iθ; q)∞

(ac, ad; q)∞

∞∑
n=0

f(qn)an
Qn(x; c, d|q)

(q; q)n
. (4.73)

Proof. The transformation in (4.73) is obviously linear, so we need

only to check how it acts on polynomials xk. Taking f(x) = xk in

(4.73) gives

Ta,c,dx
k =

(aeiθ, ae−iθ; q)∞
(ac, ad; q)∞

∞∑
n=0

qknan
Qn(x; c, d|q)

(q; q)n
,

and if we put t = aqk in the generating function (4.72), then this

gives

Ta,c,dx
k =

(aeiθ, ae−iθ; q)∞
(ac, ad; q)∞

(acqk, adqk; q)∞
(aqkeiθ, aqke−iθ; q)∞

=
(aeiθ, ae−iθ; q)k

(ac, ad; q)k
,

which is the desired result.

This transformation was given explicitly in [32], see e.g. their equa-

tion (4.5). Their formula (4.7) also gives the Askey–Wilson polyno-

mials as the image of applying Ta,c,d to little q-Jacobi polynomials.

When c = d = 0 the transformation Ta,c,d is equal to Ta, which
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reflects the fact that Qn(x; 0, 0|q) = Hn(x|q). This transformation

Ta,c,d also obeys a Plancherel type result in the following sense.

Proposition 4.10. Let 〈f, g〉dis(a,b) be the discrete inner product

〈f, g〉dis(a,b) =
1

(q; q)∞

∞∑
n=0

f(qn)g(qn)an
(b; q)n
(q; q)n

,

and 〈u, v〉cont(a,b,c,d) be the continuous inner product

〈u, v〉cont(a,b,c,d) =
(ac, ad, bc, bd, cd; q)∞

2π

1∫
−1

u(x)v(x)w(θ; a, b, c, d|q) dx√
1− x2

,

where w(θ; a, b, c, d|q) is the Askey–Wilson weight function (4.54).

Then

〈Ta,c,df, Tb,c,dg〉cont(a,b,c,d) = 〈f, g〉dis(ab,cd).

Proof. If we use the expression (4.73) for the transformation Ta,c,d
then

〈Ta,c,df, Tb,c,dg〉a,b,c,d =
∞∑
n=0

∞∑
m=0

f(qn)g(qm)
anbm

(q; q)n(q; q)m(ac, ad, bc, bd; q)∞

× 1

2π

π∫
0

(aeiθ, ae−iθ; q)∞(beiθ, be−iθ; q)∞Qn(x; c, d|q)Qm(x; c; d|q)w(θ; a, b, c, d) dθ.

Observe that the integral in this expression is

1

2π

π∫
0

Qn(x; c, d|q)Qm(x; c, d|q) (e2iθ, e−2iθ; q)∞
(ceiθ, ce−iθ, deiθ, de−iθ; q)∞

dθ

=
δn,m

(qn+1; q)∞(cdqn; q)∞
,

(see [37, Eq. (14.8.2)]), so that the double sum becomes a single sum

1

(q; q)∞(ac, ad, bc, bd, cd; q)∞

∞∑
n=0

f(qn)g(qn)(ab)n
(cd; q)n
(q; q)∞

,
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which is the desired expression in terms of the discrete inner product

〈f, g〉dis(ab,cd).

As a corollary, the orthogonality for the Askey–Wilson polynomials

now follows from the orthogonality of the little q-Jacobi polynomi-

als. Indeed, if we use Theorem 4.8 then Ta,c,dqn(x; ab/q, cd/q|q) =

pn(x; a, b, c, d|q) and Tb,c,dqm(x; ab/q, cd/q|q) = pm(x; b, a, c, d|q) and

the latter is equal to pm(x; a, b, c, d|q). Hence by Proposition 4.7

(ac, ad, bc, bd, cd; q)∞
2π

π∫
0

pn(x; a, b, c, d|q)pm(x; a, b, c, d|q)w(θ; a, b, c, d|q) dθ

=
1

(q; q)∞

∞∑
k=0

qn(qk; ab/q, cd/q|q)qm(qk; ab/q, cd/q|q)(ab)k (cd; q)k
(q; q)k

,

and this is 0 whenever m 6= n because of the orthogonality rela-

tions (4.58) for the little q-Jacobi polynomials. Clearly one can also

relate the norms of pn(x; a, b, c, d|q) with those of qn(x; ab/q, cd/q|q)
by putting n = m.

4.2.2.3 Continuous dual q-Hahn polynomials and little q-Laguerre poly-

nomials

The modified moments for the continuous dual q-Hahn polynomials

correspond to the modified moments of the Askey–Wilson weight

with d = 0,

mk,j =
1

2π

π∫
0

(aeiθ, ae−iθ; q)j((be
iθ, be−iθ; q)kw(θ|a, b, c|q) dθ

=
(ab; q)k+j(ac; q)j(bc; q)k
(q; q)∞(ab, ac, bc; q)∞

. (4.74)
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The Hankel part (ab; q)k+j corresponds to the moments of the dis-

crete measure µ that we used in Section 4.2.2.1, which is the orthog-

onality measure for the little q-Laguerre polynomials. We can then

prove the following result

Theorem 4.11. Let Ta,c : f 7→ Ta,cf be the linear transformation

that acts on polynomials as

Ta,cx
k =

(aeiθ, ae−iθ; q)k
(ac; q)k

.

Then the continuous dual q-Hahn polynomials pn(x; a, b, c|q) and the

little q-Laguerre polynomials qn(x; a|q) are connected by

pn(x; a, b, c|q) = Ta,cqn(x; ab/q|q).

Proof. If we insert the modified moments (4.74) in (4.61), then we

can take out the factor (bc; q)k in row k and the factor (ac; q)j in

column j. This gives

pn(x; a, b, c|q) = Cn

n−1∏
k=0

(bc; q)k

n∏
j=0

(ac; q)j det


c0 c1 c2 · · · cn

c1 c2 c3 · · · cn+1

...
...

... · · · ...

Ã0(x) Ã1(x) Ã2(x) · · · Ãn(x)

 ,

where

Ãk(x) =
(aeiθ, ae−iθ; q)k

(ac; q)k
,

and (cn)n∈N are the moments of the measure µ, which is the measure

for the little q-Laguerre polynomials qn(x; ab/q|q). Hence applying

Ta,c to qn(x; ab/q|q) gives the continuous dual q-Hahn polynomials.

The linear transformation Ta,c can again be given explicitly and is in

term of the continuous big q-Hermite polynomials Hn(x; a|q), which
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are given in [37, §14.18]. The orthogonality relations are

1

2π

1∫
−1

Hn(x; a|q)Hm(x; a|q) (e2iθ, e−2iθ; q)∞
(aeiθ, ae−iθ; q)∞

dx√
1− x2

=
δm,n

(qn+1, q)∞
,

and they have a generating function

∞∑
n=0

Hn(x; a|q)
(q; q)n

tn =
(at; q)∞

(teiθ, te−iθ; q)∞
, x = cos θ. (4.75)

Observe that for a = 0 they reduce to the continuous q-Hermite

polynomials that we used in Section 4.2.2.1.

Theorem 4.12. The linear transformation Ta,c that acts on polyno-

mials as

Ta,cx
k =

(aeiθ, ae−iθ; q)k
(ac; q)k

is given by

(Ta,cf)(x) =
(aeiθ, ae−iθ; q)∞

(ac; q)∞

∞∑
n=0

f(qn)an
Hn(x; c|q)

(q; q)n
. (4.76)

Proof. The linearity is obvious and the action of Ta,c on xk can easily

be checked, using the generating function (4.75).

Proposition 4.13. Let 〈f, g〉dis(a) be the discrete inner product

〈f, g〉dis(a) =
1

(q; q)∞

∞∑
n=0

f(qn)g(qn)
an

(q; q)n
,

and 〈u, v〉cont(a,b,c) the continuous inner product

(ac, bc; q)∞
2π

1∫
−1

u(x)v(x)w(θ; a, b, c|q) dθ,
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where w(θ; a, b, c|q) is the weight function (4.52). Then

〈Ta,cf, Tb,cg〉cont(a,b,c) = 〈f, g〉dis(ab).

Proof. This follows from Proposition 4.10 by taking d = 0, or from

the orthogonality of the continuous big q-Hermite polynomials in a

similar way as in the proofs of Proposition 4.7 and 4.10.

As a corollary one can deduce the orthogonality of the continu-

ous dual q-Hahn polynomials from the orthogonality of the little

q-Laguerre polynomials, by using Theorem 4.11.

It is interesting to see how these various families of basic hyper-

geometric polynomials are connected, see Figure 4.1. Continuous

q-Hermite polynomials are at the bottom of the q-Askey scheme of

basic hypergeometric polynomials [37, p. 413], with a weight function

w(θ|q) = (e2iθ, e−2iθ; q)∞. You need them for the transformation Ta

that maps little q-Laguerre polynomials to Al-Salam–Chihara poly-

nomials, which have a weight w(θ; a, b|q) with two parameters a, b.

A more general transformation Ta,c maps the same little q-Laguerre

polynomials to continuous dual q-Hahn polynomials, which have a

weight function w(θ; a, b, c|q) with three parameters. The Al-Salam–

Chihara polynomials in turn are needed for the transformation Ta,c,d

which maps little q-Jacobi polynomials to Askey–Wilson polynomials

which have a weight function w(θ; a, b, c, d|q) with four parameters.

These transformations Ta, Ta,c and Ta,c,d seem to be special cases of

the Askey–Wilson function transform given in [39, Eq. (5.9)] and [57,

p. 312], since the polynomials Hn(x|q), Hn(x; a|q) and Qn(x; a, b|q) in
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Askey–Wilson
pn(x; a, b, c, d|q)

continuous dual q-Hahn
pn(x; a, b, c|q)

Al-Salam–Chihara
pn(x; a, b|q)

continuous big q-Hermite
Hn(x; a|q)

little q-Jacobi
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continuous q-Hermite
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Figure 4.1: Schematic presentation of the hypergeometric orthogonal polyno-
mials and transformations.

our tranformations Ta, Ta,c and Ta,c,d are special cases of the Askey–

Wilson polynomial pn(x; a, b, c, d|q), but this needs a little more in-

spection of those papers. Our Plancherel type formulas then corre-

spond to [39, Thm. 1 and Prop. 3] and [57, Thm. 5.1].
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4.2.3 Multiple basic hypergeometric polynomials

We will now use the results from the previous section to construct

multiple hypergeometric orthogonal polynomials for Askey–Wilson

weights, continuous dual q-Hahn weights and Al-Salam–Chihara weights

from discrete multiple orthogonal polynomials on the q-lattice {qk, k ∈
N}. We always use r weights (w1, . . . , wr) obtained by changing the

parameter a to a vector ~a = (a1, . . . , ar). We start by recalling some

results for the multiple little q-Laguerre and the multiple little q-

Jacobi polynomials.

4.2.3.1 Little q-Laguerre polynomials

The little q-Laguerre polynomials are given by [37, §14.20]

qn(x; a|q) = 2φ1

(
q−n, 0

aq

∣∣∣∣∣ q, qx
)

=
n∑
k=0

(q−n; q)k
(q; q)k(aq; q)k

qkxk. (4.77)

When taking a = qα, they can be obtained by the Rodrigues formula

(qx; q)∞x
αqn(x; a|q) =

q(
n
2)an(1− q)n

(aq; q)n
Dn
px

n+α(qx; q)∞, (4.78)

where p = 1/q and Dp is the p-difference operator

Dpf(x) =
f(px)− f(x)

x(p− 1)
=

q

1− q
f(px)− f(x)

x
.

Note that these polynomials are neither monic nor orthonormal, but

they are normalized by qn(0; a|q) = 1.

Multiple little q-Laguerre polynomials q~n(x;~a|q) for the multi-index

~n = (n1, n2, . . . , nr) depend on r parameters ~a = (a1, a2, . . . , ar) and
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satisfy multiple orthogonality relations

∞∑
k=0

q~n(q
k;~a|q)qk` (ajq)

k

(q; q)k
= 0, 0 ≤ k ≤ nj − 1, (4.79)

for 1 ≤ j ≤ r. They can be defined by the Rodrigues formula

(qx; q)∞q~n(x;~a|q) = C~n(~a)
r∏
j=1

(
x−αjDnj

p x
nj+αj

)
(qx; q)∞, (4.80)

where aj = qαj and the p-difference operators x−αjD
nj
p xnj+αj are

commuting.

Theorem 4.14. If we take the normalizing factor in (4.80) as

C~n(~a) = (1− q)|~n|
r∏
j=1

q(
nj
2 )a

nj
j

(ajq; q)nj
, (4.81)

then an explicit expression for the multiple little q-Laguerre polyno-

mials is given by

q~n(x;~a|q) =

n1∑
k1=0

· · ·
nr∑
kr=0

r∏
j=1

(q−nj ; q)kj
(q; q)kj(ajq; q)kj

r−1∏
j=1

(ajq
nj+1; q)kj+1+···+kr

(ajqkj+1; q)kj+1+···+kr

(qx)|
~k|

q

r∑
j=1

nj
r∑

i=j+1

ki

.

(4.82)

These multiple little q-Laguerre polynomials are normalized so that

q~n(0;~a|q) = 1.

Proof. We will use induction on r. For r = 1 we have the result

(4.77) for the usual little q-Laguerre polynomials in [37, §14.20] and

Cn(a) =
q(

n
2)an(1− q)n

(aq; q)n
, (4.83)

as can be deduced from (4.78).
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Suppose the result is true for r−1. The difference operators x−αjD
nj
p xnj+αj ,

1 ≤ j ≤ r are all commuting, so the order in which we take the prod-

uct of these operators is irrelevant. The Rodrigues formula (4.80) can

then be written as

(qx; q)∞q~n(x;~a|q) = C~n(~a)x−α1Dn1
p x

n1+α1

r∏
j=2

(
x−αjDnj

p x
nj+αj

)
(qx; q)∞.

By the induction hypothesis, the product
r∏
j=2

can be written as an

(r − 1)-fold sum and we have

(qx; q)∞q~n(x;~a|q) =

C~n(~a)

C~n−n1~e1(~a− a1~e1)
x−α1Dn1

p x
n1+α1(qx; q)∞q~n−n1~e1(x;~a− a1~e1|q)

=
C~n(~a)

C~n−n1~e1(~a− a1~e1)

n2∑
k2=0

· · ·
nr∑
kr=0

r∏
j=2

(q−nj ; q)kj
(q; q)kj(ajq; q)kj

×
r−2∏
j=2

ajq
nj+1; q)kj+1+···+kr

(ajqkj+1; q)kj+1+···+kr

(qx)k2+···+kr

q

r∑
j=2

nj
r∑

i=j+1

ki

× x−α1Dn1
p x

n1+α1+k2+···+kr(qx; q)∞.

The p-difference on the last line can be worked out using the Ro-

drigues formula (4.78) for r = 1

x−α1Dn1
p x

n1+α1+k2+···+kr(qx; q)∞ =
(qx; q)∞

Cn1(a1q
k2+···+kr)

qn1(x; a1q
k2+···+kr |q),

and if we use the sum (4.77) and the expression (4.83) for Cn1(a1q
k2+···+kr)

then after some calculus we find the desired expression (4.82), pro-

vided

C~n(~a) =
q(

n1
2 )an11 (1− q)n1
(a1q; q)n1

C~n−n1~e1(~a− a1~e1).

This is achieved by taking C~n(~a) as in (4.81).
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4.2.3.2 Little q-Jacobi polynomials

Multiple little q-Jacobi polynomials were introduced in [53], where

two kinds were given. Here we only deal with the multiple little

q-Jacobi polynomials of the first kind and we will use a different

normalization. Recall that the little q-Jacobi polynomials are given

by

qn(x; a, b|q) = 2φ1

(
q−n, abqn+1

aq

∣∣∣∣∣ q, qx
)

=
n∑
k=0

(q−n; q)k(abq
n+1; q)k

(q; q)k(aq; q)k
qkxk,

(4.84)

where a = qα and b = qβ. They are given by the Rodrigues formula

(qx; q)∞
(bqx; q)∞

xαqn(x; a, b|q) = Cn(a, b)D
n
px

n+α (qx; q)∞
(bqn+1x; q)∞

, (4.85)

where

Cn(a, b) = Cn(a) =
q(

n
2)an(1− q)n

(aq; q)n
. (4.86)

These little q-Jacobi polynomials have the orthogonality relations

∞∑
k=0

qn(q
k; a, b|q)qm(qk; a, b|q)qk (bq; q)k

(q; q)k
ak = 0, n 6= m.

Observe that for b = 0 we retrieve the little q-Laguerre polynomials.

Multiple little q-Jacobi polynomials (of the first kind) q~n(x;~a, b|q) are

obtained by changing the parameter a to a vector ~a = (a1, . . . , ar).

If ~n = (n1, n2, . . . , nr) the orthogonality relations then become

∞∑
k=0

q~n(q
k;~a, b|q)qk`qk (bq; q)k

(q; q)k
akj = 0, 0 ≤ ` ≤ nj − 1, (4.87)

for 1 ≤ j ≤ r. One needs the condition αi − αj 6∈ Z in order

that these orthogonality relations determine the multiple orthogonal
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polynomials in a unique way. In [53, Thm. 2.2] a Rodrigues formula

was given

(qx; q)∞
(bqx; q)∞

q~n(x;~a, b|q) = C~n(~a, b)
r∏
j=1

(
x−αjDnj

p x
nj+αj

) (qx; q)∞
(bq|~n|+1x; q)∞

,

(4.88)

where C~n(~a, b) is a constant that determines the normalization. An

expression in terms of a generalized basic hypergeometric function

was given in [53, Eq. (2.7)]

(qx; q)∞
(bqx; q)∞

q~n(x;~a, b|q) = r+1φr

(
q−|~n|/b, a1q

n1+1, . . . , arq
nr+1

a1q, a2q, . . . , arq

∣∣∣∣∣ q, bqx
)
.

Here we used the normalization so that q~n(0;~a, b|q) = 1, which is

different from the normalization in [53]. Note that the limit b → 0

gives the multiple little q-Laguerre polynomials q~n(x;~a|q), so that we

get the generalized hypergeometric representation

(qx; q)∞q~n(x;~a|q) = rφr

(
a1q

n1+1, . . . , arq
nr+1

a1q, a2q, . . . , arq

∣∣∣∣∣ q, q−|~n|+1x

)
.

An expression for the multiple little q-Jacobi polynomials in terms

of a finite r-fold sum is given by

Theorem 4.15. If we take the normalizing factor in (4.88) as C~n(~a; b) =

C~n(a) as in (4.81), then an explicit expression for the multiple little
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q-Jacobi polynomials (of the first kind) is given by

q~n(x;~a, b|q) =

n1∑
k1=0

· · ·
nr∑
kr=0

r∏
j=1

(q−nj ; q)kj(ajbq

j∑
i=1

ni+1
; q) r∑

i=j

ki

(q; q)kj(ajq; q) r∑
i=j

ki

×
r−1∏
j=1

(ajq
nj+1; q)kj+1+···+kr

(ajbq

j∑
i=1

ni+1
; q)kj+1+···+kr

(qx)|
~k|

q

r∑
j=1

nj
r∑

i=j+1

ki

. (4.89)

These multiple little q-Jacobi polynomials are normalized so that

q~n(0;~a, b|q) = 1.

Note that for b = 0 we get the expression (4.82) in Theorem 4.14.

Proof. The proof is again by induction on r. For r = 1 one has

the usual little q-Jacobi polynomials in (4.84) with Cn(a, b) given in

(4.86). Observe that this normalizing factor is independent of b.

Suppose that the result holds for r− 1. Then the Rodrigues formula

(4.88) gives

(qx; q)∞
(bqx; q)∞

q~n(x;~a, b|q) =

C~n(~a, b)x
−α1Dn1

p x
n1+α1

r∏
j=2

x−αjDnj
p x

nj+αj
(qx; q)∞

(bq|~n|+1; q)∞

=
C~n(~a, b)

C~n−n1~e1(~a− a1~a, b)
x−α1Dn1

p x
n1+α1q~n−n1~e1(x;~a− a1~e1; bqn1|q),

where we used the Rodrigues formula (4.88) with r− 1 for the prod-

uct
r∏
j=2

. Now use the induction hypothesis to express q~n−n1~e1(x;~a −



129

a1~e1, bq
n1|q) as an (r − 1)-fold sum to find

q~n(x;~a, b|q) =

C~n(~a, b)

C~n−n1~e1(~a− a1~a, b)

n2∑
k2=0

· · ·
nr∑
kr=0

r∏
j=2

(q−nj ; q)kj(ajbq

j∑
i=1

ni+1
; q) r∑

i=j

ki

(q; q)kj(aq; q) r∑
i=j

ki

×
r−1∏
j=2

(ajq
nj+1; q) r∑

i=j+1

ki

(ajbq

j∑
i=1

ni+1
; q) r∑

i=j+1

ki

qk2+···+kr

q

r∑
j=2

nj
r∑

i=j+1

ki

x−α1Dn1
p x

n1+α1+k2+···+kr (qx; q)∞
(bqn1+1; q)∞

.

Now use the Rodrigues formula (4.85) for r = 1 to find

Dn1
p x

n1+α1+k2+···+kr (qx; q)∞
(bqn1+1; q)∞

=
1

Cn1(a1q
k2+···+kr , bqn1)

(qx; q)∞
(bqx; q)∞

xα1+k2+···+krqn1(x; aqk2+···+kr , b|q).

Then use the sum (4.84) and (4.86) to find

q~n(x;~a, b|q) =
C~n(~a, b)

q(
n1
2 )an1(1− q)nC~n−n1~e1(~a− a1~a, b)

×
n1∑
k1=0

· · ·
nr∑
kr=0

r∏
j=1

(q−nj ; q)kj
(q; q)kj

r∏
j=2

(ajbq

j∑
i=1

ni+1
; q) r∑

i=j

ki

(ajq; q) r∑
i=j

ki

×
r−1∏
j=2

(ajq
nj+1; q) r∑

i=j+1

ki

(ajbq

j∑
i=1

ni+1
; q) r∑

i=j+1

ki

(a1q
k2+···+kr+1; q)n1(a1bq

k2+···+kr+n1+1; q)k1
(a1qk2+···+kr+1; q)k1

(qx)|
~k|

q

r∑
j=1

nj
r∑

i=j+1

ki

.
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Now use

(a1q
k2+···+kr ; q)n1 =

(a1q; q)n1(a1q
n1+1; q)k2+···+kr

(a1q; q)k2+···+kr
,

(a1q
k2+···+kr ; q)k1 =

a1q; q)k1+···+kr
(a1q; q)k2+···+kr

,

(a1bq
k2+···+kr+n1+1; q)k1 =

a1bq
n1+1; q)k1+···+kr

(a1bqn1+1; q)k2+···+kr

to find the r-fold sum in (4.89). The normalization q~n(0;~a, b|q) = 1

is obtained when

C~n(~a, b)(a1q; q)n1

q(
n1
2 )an1(1− q)nC~n−n1~e1(~a− a1~a, b)

= 1,

which holds for C~n(~a, b) = C~n(~a) in (4.81). Observe that this factor

does not depend on b.

4.2.3.3 Multiple Al-Salam–Chihara polynomials

In this section we will take r weights (w1, w2, . . . , wr) on [−1, 1] with

wr(θ) = w(θ; aj, b|q), where w(θ; a, b|q) is the Al-Salam–Chihara

weight given in (4.50) and ~a = (a1, . . . , ar) such that aj = qαj and

αi − αj 6∈ Z whenever i 6= j. As usual with the Al-Salam–Chihara

weight, we take |aj| < 1 and |b| < 1. The corresponding multiple or-

thogonal polynomials can then be obtained from the little q-Laguerre

polynomials by using Proposition 4.7 and the transformation Tb given

in Theorem 4.6. In fact Theorem 4.5 can be extended to multiple

orthogonal polynomials as follows.

Theorem 4.16. The multiple Al-Salam–Chihara polynomials p~n(x;~a, b|q)
for the weights w(θ; a1, b|q), w(θ; a2, b|q), . . . , w(θ; ar, b|q), with w(θ; a, b|q)
given in (4.50), are given by p~n(x;~a, b|q) = Tbq~n(x; bq~a|q), where Tb is

the linear transformation given in Theorem 4.6 and q~n(x; bq~a|q) are
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the multiple little q-Laguerre polynomials given in Section 4.2.3.1.

An explicit expression is given by

p~n(x;~a, b|q) =

n1∑
k1=0

· · ·
nr∑
kr=0

r∏
j=1

(q−nj ; q)kj
(q; q)kj(ajb; q)kj

r−1∏
j=1

(ajbq
nj ; q)kj+1+···+kr

(ajbqkj ; q)kj+1+···+kr

× q|
~k|

q

r∑
j=1

nj
r∑

i=j+1

ki

(beiθ, be−iθ; q)|~k|.

Proof. Let Tb be the linear tarnsformation that acts on polynomials

like

Tbx
k = (beiθ, be−iθ; q)k,

then we apply this to the multiple little q-Laguerre polynomials with

parameters b
q~a =

(
a1b

q
, . . . ,

arb

q

)
to find Tbq~n(x; bq~a|q). If we use

Proposition 4.7 then

〈Tajx`, Tbq~n(x;
b

q
~a|q)〉cont(aj ,b) = 〈x`, q~n(x;

b

q
~a|q)〉dis(ajb),

which is

1

2π

1∫
−1

(aje
iθ, aje

−iθ; q)`Tbq~n(x;
b

q
~a|q)w(θ; aj, b|q)

dx√
1− x2

=
1

(q; q)∞

∞∑
k=0

qk`q~n(q
k;
b

q
~a|q) (ajb)

k

(q; q)k
.

The latter sum is 0 because of (4.79) when 0 ≤ ` ≤ nj − 1 for

1 ≤ j ≤ r. This shows that Tbq~n(x; bq~a|q) satisfies the multiple

orthogonality conditions with respect to the r Al-Salam–Chihara

weights w(θ; a1, b|q), w(θ; a2, b|q), . . . , w(θ; ar, b|q). The explicit ex-

pression as an r-fold sum is obtained by applying Tb to the sum

(4.82) in Theorem 4.14 for the parameters baj/q.
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4.2.3.4 Multiple continuous dual q-Hahn polynomials

We now take r weights (w1, . . . , wr) on [−1, 1] by using the con-

tinuous dual q-Hahn weight w(θ; aj, b, c|q) of (4.52) with r different

parameters ~a = (a1, . . . , ar), keeping b, c fixed. Again we let aj = qαj

and assume that αi − αj 6∈ Z whenever i 6= j. This ensures that the

multiple orthogonality conditions

1∫
−1

p~n(x;~a, b, c|q)x`w(θ; aj, b, c|q)
dx√

1− x2
= 0, 0 ≤ ` ≤ nj − 1,

for 1 ≤ j ≤ r, give |~n| equations that determine the p~n(x;~a, b, c|q)
uniquely (up to a multiplicative factor). These multiple continuous

dual q-Hahn polynomials can be obtained by using the linear trans-

formation Tb,c given in Theorem 4.12 to the multiple little q-Laguerre

polynomials. The extension of Theorem 4.11 to multiple continuous

dual q-Hahn polynomials is:

Theorem 4.17. The multiple continuous dual q-Hahn polynomials

p~n(x;~a, b, c|q) for the weights w(θ; a1, b, c|q), w(θ; a2, b, c|q), . . . , w(θ; ar, b, c|q),

with w(θ; a, b, c|q) given in (4.52), are given by p~n(x;~a, b, c|q) = Tb,cq~n(x; bq~a|q),

where Tb,c is the linear transformation given in Theorem 4.12 and

q~n(x; bq~a|q) are the multiple little q-Laguerre polynomials given in Sec-

tion 4.2.3.1. An explicit expression is given by

p~n(x;~a, b, c|q) =

n1∑
k1=0

· · ·
nr∑
kr=0

r∏
j=1

(q−nj ; q)kj
(q; q)kj(ajb; q)kj

r−1∏
j=1

(ajbq
nj ; q)kj+1+···+kr

(ajbqkj ; q)kj+1+···+kr

× q|
~k|

q

∑r
j=1 nj

r∑
i=j+1

ki

(beiθ, be−iθ; q)|~k|
(bc; q)|~k|

.
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Proof. If we use Proposition 4.13 then

〈Taj ,cx`, Tb,cq~n(x;
b

q
~a|q)〉cont(aj ,b,c) = 〈x`, q~n(x;

b

q
~a|q)〉dis(ajb),

which is

(ajc, bc; q)∞
2π

1∫
−1

(aje
iθ, aje

−iθ; q)`
(ajc; q)k

Tb,cq~n(x;
b

q
~a|q)w(θ; aj, b, c|q)

dx√
1− x2

=
1

(q; q)∞

∞∑
k=0

qk`q~n(q
k;
b

q
~a|q) (ajb)

k

(q; q)k

and the latter sum is 0 whenever 0 ≤ ` ≤ nj−1 because of the multi-

ple orthogonality conditions (4.79) for the multiple little q-Laguerre

polynomials. This shows that Tb,cq~n(x; bq~a|q) satisfies the multiple

orthogonality conditions with respect to the r continuous dual q-

Hahn weights w(θ; a1, b, c|q), . . . , w(θ; ar, b, c|q). The r-fold sum is

obtained by applying Tb,c to the r-fold sum (4.82) for the multiple

little q-Laguerre polynomials.

Observe that for c = 0 one has the multiple Al-Salam–Chihara poly-

nomials given in Theorem 4.16.

4.2.3.5 Multiple Askey–Wilson polynomials

Finally we will obtain the multiple Askey–Wilson polynomials by

extending Theorem 4.8. We choose the r weights (w1, . . . , wr) on

[−1, 1] by taking the Askey–Wilson weights w(θ; aj, b, c, d|q) of (4.54)

with r different parameters ~a = (a1, . . . , ar), keeping b, c, d fixed.

Of course we could have taken r different parameters (b1, . . . , br),

keeping a, c, d fixed or r different c or d parameters, but since the

Askey–Wilson weight is symmetric in (a, b, c, d) this would not give
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anything new. Again we let aj = qαj and assume that αi − αj 6∈ Z
whenever i 6= j to ensure that the multiple orthogonality conditions

1∫
−1

p~n(x;~a, b, c, d|q)x`w(θ; aj, b, c, d|q)
dx√

1− x2
= 0, 0 ≤ ` ≤ nj−1,

for 1 ≤ j ≤ r, give |~n| equations that determine the p~n(x;~a, b, c|q)
uniquely (up to a multiplicative factor).

Theorem 4.18. The multiple Askey–Wilson polynomials p~n(x;~a, b, c, d|q)
for the weights w(θ; a1, b, c, d|q), w(θ; a2, b, c, d|q), . . . , w(θ; ar, b, c, d|q),

with w(θ; a, b, c, d|q) given in (4.54), are given by p~n(x;~a, b, c, d|q) =

Tb,c,dq~n(x; bq~a,
cd
q |q), where Tb,c,d is the linear transformation given in

Theorem 4.9 and q~n(x; bq~a,
cd
q |q) are the multiple little q-Jacobi poly-

nomials given in Section 4.2.3.2. An explicit expression is given by

p~n(x;~a, b, c, d|q) =

n1∑
k1=0

· · ·
nr∑
kr=0

r∏
j=1

(q−nj ; q)kj(ajbcdq

j∑
i=1

ni−1
; q) r∑

i=j

ki

(q; q)kj(ajb; q) r∑
i=j

ki

×
r−1∏
j=1

(ajbq
nj ; q)kj+1+···+kr

(ajbcdq

j∑
i=1

ni−1
; q)kj+1+···+kr

q|
~k|

q

r∑
j=1

nj
r∑

i=j+1

ki

(beiθ, be−iθ; q)|~k|
(bc; q)|~k|(bd; q)|~k|

.

Proof. Proposition 4.10 gives

〈Taj ,c,dx`, Tb,c,dq~n(x;
b

q
~a,
cd

q
|q)〉cont(aj ,b,c,d) = 〈x`, q~n(x;

b

q
~a,
cd

q
|q)〉dis(ajb,cd),

which is

(ajc, ajd, bc, bd, cd; q)∞
2π

1∫
−1

(aje
iθ, aje

−iθ; q)`
(ajc, ajd; q)k

Tb,c,dq~n(x;
b

q
~a,
cd

q
|q)w(θ; aj, b, c, d|q)

dx√
1− x2

=
1

(q; q)∞

∞∑
k=0

qk`q~n(qk;
b

q
~a,
cd

q
|q)(ajb)k

(cd; q)k
(q; q)k
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and the latter sum is 0 whenever 0 ≤ ` ≤ nj−1 because of the mul-

tiple orthogonality condition (4.87) for the multiple little q-Jacobi

polynomials. This shows that Tb,c,dq~n(x; bq~a,
cd
q |q) satisfies the multi-

ple orthogonality conditions with respect to the r continuous dual

Askey–Wilson weights w(θ; a1, b, c, d|q), . . . , w(θ; ar, b, c, d|q). The r-

fold sum is obtained by applying Tb,c,d to the r-fold sum (4.89) for

the multiple little q-Jacobi polynomials, where we first replace b by

cd/q and then aj by baj/q.

Observe that for d = 0 one has the multiple continuous dual q-Hahn

polynomials given in Theorem 4.17, and for c = d = 0 the multiple

Al-Salam–Chihara polynomials given in Theorem 4.16.





Chapter 5

q-Nonuniform difference integral

inequalities

In this this chapter, as in [21], we will first establish q-nonuniform

versions of some integral inequalities of classical mathematical anal-

ysis such as the integral inequalities of Hölder, Cauchy-Schwarz and

Minkowski. It can be seen that the techniques used in classical anal-

ysis remain valid here. Then we establish q-nonuniform versions of

some other integral inequalities based on the linear q-nonuniform dif-

ference equations of first order and the corresponding Lagrange res-

olution method: the inequalities of Grönwall, Bernoulli, and finally

prove the Lyapunov inequality for the solutions of the q-nonuniform

Sturm-Liouville equation. The difference versions of the same inte-

gral inequalities were established in [20].

5.1 q-Nonuniform Hölder and Cauchy-Shwartz

inequalities

Theorem 5.1. (q-nonuniform Hölder inequality): Let a, b ∈
[1,∞[∩T. For all real valued functions f, g, defined and q-nonuniform

137
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integrable on [a, b], we have:

b∫
a

|f(x(z))g(x(z))|dqx(z) 6
( b∫
a

|f(x(z))|αdqx(z)
) 1
α
( b∫
a

|g(x(z))|βdqx(z)
) 1
β

(5.1)

with α > 1 and 1
α + 1

β = 1.

Proof. Let’s first show that for A,B ∈ [1,∞[ we have

A
1
αB

1
β 6

A

α
+
B

β
. (5.2)

Indeed, since 1
α+ 1

β = 1, A,B ∈ [1,∞[, Aα

α +Bβ

β runs through the seg-

ment [Aα, Bβ] while logAα

α + logBβ

β runs throuth the segment linking the

points (Aα, logAα) and (Aβ, logAβ). By concavity of the logarithm

function, we conclude that log
(
Aα

α + Bβ

β

)
> logAα

α + logBβ

β = log(AB).

By applying the exponential to the two members of this inequality,

we obtain (5.2).

Let us now take

A(x(z)) =
|f(x(z))|α

b∫
a

|f(x(z))|αdqx(z)

and B(x(z)) =
|g(x(z))|β

b∫
a

|g(x(z))|βdqx(z)

,

considering that

( b∫
a

|f(x(z))|αdqx(z)
)( b∫

a

|g(x(z))|βdqx(z)
)
6= 0 (5.3)

(otherwise, clearly f ≡ 0 or g ≡ 0 and (5.1) becomes equality). Due

to the Property 1.1 and its Corollary on the positivity of the integral,
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by substituting A(x(z)) and B(x(z)) in (5.2), and integrating on

[a, b], we have

b∫
a

|f(x(z))|( b∫
a

|f(x(z))|αdqx(z)
) 1
α

|g(x(z))|( b∫
a

|g(x(z))|βdqx(z)
) 1
β

dqx(z)

=

b∫
a

A
1
αB

1
βdqx(z) 6

b∫
a

{A
α

+
B

β

}
dqx(z)

=

b∫
a

{ 1

α

|f(x(z))|α
b∫
a

|f(x(z))|αdqx(z)

+
1

β

|g(x(z))|β
b∫
a

|g(x(z))|βdqx(z)

}
dqx(z)

=
1

α

b∫
a

{ |f(x(z))|α
b∫
a

|f(x(z))|αdqx(z)

}
dqx(z) +

1

β

b∫
a

{ |g(x(z))|β
b∫
a

|g(x(z))|βdqx(z)

}
dqx(z)

=
1

α
+

1

β
= 1,

which gives us directly the q-nonuniform Hölder inequality

b∫
a

|f(x(z))g(x(z))|dqx(z) 6

( b∫
a

|f(x(z))|αdqx(z)
) 1
α
( b∫
a

|g(x(z))|βdqx(z)
) 1
β

. (5.4)

If we take α = β = 2 in the q-nonuniform Hölder inequality (5.1),

we have the q-nonuniform Cauchy-Shwartz inequality.
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Corollary 5.2. (q-nonuniform Cauchy-Schwartz inequality):

Let a, b ∈ [1,∞[∩T. For all real valued functions f, g, defined and

q-nonuniform integrable on [a, b], we have:

b∫
a

|f(x(z))g(x(z))|dqx(z) 6

√√√√√( b∫
a

|f(x(z))|2dqx(z)
)( b∫

a

|g(x(z))|2dqx(z)
)
.

(5.5)

5.2 q-Nonuniform Minkowski inequality

We can now use the q-nonuniform Hölder inequality to deduce the

q-nonuniform Minkowski inequality:

Theorem 5.3. (q-nonuniform Minkowski inequality): Let a, b ∈
[1,∞[∩T. For all real valued functions f, g, defined and q-nonuniform

integrable on [a, b], we have

( b∫
a

|(f + g)(x(z))|αdqx(z)
) 1
α

6

( b∫
a

|f(x(z))|αdqx(z)
) 1
α

+
( b∫
a

|g(x(z))|αdqx(z)
) 1
α

(5.6)

with 1
α + 1

β = 1 where α > 1 and β > 1.
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Proof. We have

b∫
a

|(f + g)(x(z))|αdqx(z) =

b∫
a

|(f + g)(x(z))|α−1|(f + g)(x(z))|dqx(z)

6

b∫
a

|(f + g)(x(z))|α−1|f(x(z))|dqx(z)

+

b∫
a

|(f + g)(x(z))|α−1|g(x(z))|dqx(z).

(5.7)

Using the q-nonuniform Hölder inequality with β = α
α−1 , we will

obtain

b∫
a

|(f + g)(x(z))|αdqx(z) 6
{ b∫
a

|f(x(z))|αdqx(z)
} 1
α
{ b∫
a

|(f + g)(x(z))|(α−1)β|dqx(z)
} 1
β

+
{ b∫
a

|g(x(z))|αdqx(z)
} 1
α
{ b∫
a

|(f + g)(x(z))|(α−1)β|dqx(z)
} 1
β

=
[{ b∫

a

|f(x(z))|αdqx(z)
} 1
α

+
{ b∫
a

|g(x(z))|αdqx(z)
} 1
α
]{ b∫

a

|(f + g)(x(z))|α|dqx(z)
} 1
β
.

(5.8)

Dividing both sides of this inequality by
{ b∫
a

|(f+g)(x(z))|α|dqx(z)
} 1

β

,

we have
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( b∫
a

|(f + g)(x(z))|αdqx(z)
)1− 1

β

6

{ b∫
a

|f(x(z))|αdqx(z)
} 1

α

+
{ b∫

a

|g(x(z))|αdqx(z)
} 1

α

. (5.9)

As 1− 1
β = 1

α , this gives us the q-nonuniform Minkowski inequality.

5.3 q-Nonuniform Grönwall inequality

Let’s first introduce the following inequalities based on the Lagrange

method for the linear q-nonuniform difference non-homogeneous equa-

tions.

Lemma 5.4. Let y, f be real valued functions defined and q-nonuniform

integrable on [c, d], ∀c, d ∈ [1,∞[∩T. Let a(x(z)) such that p(x(z)) =

1 + (q
1
2 − q− 1

2 )(z − z−1)a(x(z)) > 0. That means a(x(z)) > 0.

Suppose that y0(x(z)) is a solution of

Dy0(x(z)) = a(x(z))y0(x(zq−
1
2 )) (5.10)

such that y0(x(z0)) = 1.

If

Dy(x(z)) 6 a(x(z))y(x(zq−
1
2 )) + f(x(z)) ∀x(z) ∈ [1,∞[, (5.11)
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then

y(x(z)) 6 y0(x(z))y(x(z0)) + y0(x(z))

x(z)∫
x(z0)

y−10 (x(tq
1
2 ))f(x(t))dqx(t).

(5.12)

Proof. Let y0(x(z)) be the solution of the homogeneous equation

Dy0(x(z)) = a(x(z))y0(x(zq−
1
2 )) (5.13)

such that y0(x(z0)) = 1. By looking for the function y(x(z)) satisfy-

ing (5.11) by the Lagrange method,

y(x(z)) = c(x(z))y0(x(z)) (5.14)

where c(x(z)) is indeterminate, we replace (5.14) in (5.11) and we

have:

D
[
c(x(z))y0(x(z))

]
6 a(x(z))

[
c(x(zq

1
2 ))y0(x(zq−

1
2 ))
]

+ f(x(z))

(5.15)

or

y0(x(zq
1
2 ))Dc(x(z)) + c(x(zq−

1
2 ))Dy0(x(z)) 6

a(x(z))c(x(z))y0(x(zq
1
2 )) + f(x(z)). (5.16)

Using (5.13), we have

y0(x(zq
1
2 ))Dc(x(z)) + c(x(zq−

1
2 ))a(x(z))y0(x(zq−

1
2 ))

6 a(x(z))c(x(zq−
1
2 ))y0(x(zq−

1
2 )) + f(x(z)). (5.17)

Simplifying this gives

y0(x(zq
1
2 ))Dc(x(z)) 6 f(x(z)) (5.18)
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or

Dc(x(z)) 6 y−10 (x(zq
1
2 ))f(x(z)), (5.19)

since a(x(z)) ∈ R+ implies y0(x(z)) > 0. By integrating the two

members of the equality from x(z0) to x(z), we will have:

c(x(z))− c(x(z0)) 6

x(z)∫
x(z0)

y−10 (x(tq
1
2 ))f(x(t))dqx(t). (5.20)

But, from (5.14) follows c(x(z0)) = y(x(z0)), given that y0(x(z0)) =

1. Hence

c(x(z)) 6 y(x(z0)) +

x(z)∫
x(z0)

y−10 (x(tq
1
2 ))f(x(t))dqx(t). (5.21)

Placing (5.21) in (5.14), we get

y(x(z)) = c(x(z))y0(x(z)) 6

y0(x(z))
[
y(x(z0)) +

x(z)∫
x(z0)

y−10 (x(tq
1
2 ))f(x(t))dqx(t)

]
, (5.22)

which gives the desired result

y(x(z)) 6 y0(x(z))y(x(z0)) + y0(x(z))

x(z)∫
x(z0)

y−10 (x(tq
1
2 ))f(x(t))dqx(t).

(5.23)

Taking account of theorem 2.2, and the fact that by the definition

E
a,q−

1
2
(x(z0);x(z0)) = E

a,q
1
2
(x(z0);x(z0)) = 1, we obtain
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Corollary 5.5. If y, f and a are functions satisfying conditions of

Lemma 5.4, then

y(x(z)) 6 E
a;q−

1
2
(x(z0), x(z))y(x(z0))

+E
a;q−

1
2
(x(z0), x(z))

x(z)∫
x(z0)

E−a;q 1
2
(x(z0), x(tq

1
2 ))f(x(t))dqx(t). (5.24)

Lemma 5.6. Let y, f be real valued functions defined and q-non

unifom integrable on [c, d], ∀c, d ∈ [1,∞[∩T . Let a(x(z)) such that

p(z) = 1− (q
1
2 − q−

1
2 )(z − z−1)a(x(z)) > 0.

This means that a(x(z)) 6 0.

Suppose that y0(x(z)) is a solution of

Dy0(x(z)) = a(x(z))y0(x(zq
1
2 ))

such that y0(x(z0)) = 1.

In that case, if

Dy(x(z)) 6 a(x(z))y((x(zq
1
2 )) + f(x(z)), ∀x(z) ∈ [1,∞[, (5.25)

then, for all x(z) ∈ [1,∞[ we have

y(x(z)) 6 y0(x(z))y(x(z0)) + y0(x(z))

x(z)∫
x(z0)

y−10 (x(tq−
1
2 ))f(x(t))dqx(t).

(5.26)

Proof. Let y0(x(z)) be a solution of the homogeneous equation

Dy0(x(z)) = a(x(z))y0(x(zq
1
2 )), y0(x(z0)) = 1. (5.27)
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Looking for the function y(x(z)) satisfying (5.25) by the Lagrange

method,

y(x(z)) = c(x(z))y0(x(z)) (5.28)

where c(x(z)) is indeterminate, we replace the function y(x(z)) in

(5.25) and we have:

D
[
c(x(z))y0(x(z))

]
6 a(x(z))c(x(zq

1
2 ))y0(x(zq

1
2 )) + f(x(z))

or

c(x(zq
1
2 ))Dy0(x(z)) + y0(x(zq−

1
2 ))Dc(x(z)) 6

a(x(z))c(x(zq−
1
2 ))y0(x(zq−

1
2 )) + f(x(z)).

Using (5.27), we have

c(x(zq
1
2 ))a(x(z))y0(x(zq

1
2 )) + y0(x(zq−

1
2 ))Dc(x(z)) 6

a(x(z))c(x(zq
1
2 ))y0(x(zq

1
2 )) + f(x(z)). (5.29)

Simplifying this gives

y0(x(zq−
1
2 ))Dc(x(z)) 6 f(x(z)) (5.30)

or

Dc(x(z)) 6 y−10 (x(zq−
1
2 ))f(x(z)) (5.31)

since a(x(z)) 6 0 implies y0(x(z)) > 0. By integrating the two

members of the equality above from x(z0) to x(z), we will have:

c(x(z))− c(x(z0)) 6

x(z)∫
x(z0)

y−10 (x(tq−
1
2 ))f(x(t))dqx(t). (5.32)
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But, from (5.28) follows c(x(z0)) = y(x(z0)), given that y0(x(z0)) =

1. This gives

c(x(z)) 6 y(x(z0)) +

x(z)∫
x(z0)

y−10 (x(tq−
1
2 ))f(x(t))dqx(t). (5.33)

Then, we obtain

y(x(z)) = c(x(z))y0(x(z)) 6

y0(x(z))
[
y(x(z0)) +

x(z)∫
x(z0)

y−10 (x(tq−
1
2 ))f(x(t))dqx(t)

]
, (5.34)

which gives the desired result:

y(x(z)) 6 y0(x(z))y(x(z0)) + y0(x(z))

x(z)∫
x(z0)

y−10 (x(tq−
1
2 ))f(x(t))dqx(t).

(5.35)

As well as for the corrollary 5.5, we deduce

Corollary 5.7. If y, f and a satisfy the conditions of the Lemma

5.6, then

y(x(z)) 6 E
a;q

1
2
(x(z0), x(z))y(x(z0))+

E
a;q

1
2
(x(z0), x(z))

x(z)∫
x(z0)

E−a;q− 1
2
(x(z0), x(tq−

1
2 ))f(x(t))dqx(t). (5.36)

Theorem 5.8. (q-nonuniform Grönwall inequality): Let y, f

be real valued and q-non unifom integrable functions on [c, d], ∀c, d ∈
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[1,∞[∩T, and a > 0. If

y(x(z)) 6 f(x(z)) +

x(z)∫
x(z0)

y(x(tq−
1
2 ))a(x(t))dqx(t) (5.37)

then

y(x(z)) 6 f(x(z))+

E
a,q−

1
2
(x(z0), x(z))

x(z)∫
x(z0)

a(x(t))f(x(tq−
1
2 ))E−a,q 1

2
(x(z0);x(tq

1
2 ))dqx(t).

(5.38)

Proof. Let’s define

ν(x(z)) =

x(z)∫
x(z0)

y(x(tq−
1
2 ))a(x(t))dqx(t). (5.39)

Then ν(x(z0)) = 0 and Dν = y(x(zq−
1
2 ))a(x(z)).

Hence the hypothesis (5.37) gives

y(x(z)) 6 f(x(z)) + ν(x(z)) (5.40)

and

Dν(x(z)) = y(x(zq−
1
2 ))a(x(z)) 6

[
f(x(zq−

1
2 )) + ν(x(zq−

1
2 ))
]
a(x(z)),

(5.41)

or

Dν(x(z)) 6 f(x(zq−
1
2 ))a(x(z)) + ν(x(zq−

1
2 ))a(x(z)). (5.42)
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From Lemma 5.4, the inequality (5.42) gives

ν(x(z)) 6 ν(x(z0))Ea,q−
1
2
(x(z0);x(z))+

E
a,q−

1
2
(x(z0);x(z))

x(z)∫
x(z0)

a(x(t))f(x(tq−
1
2 ))E−a,q 1

2
(x(z0);x(tq

1
2 ))dqx(t),

(5.43)

and the inequality (5.40) implies that (with ν(x(z0)) = 0)

y(x(z)) 6 f(x(z))+

E
a,q−

1
2
(x(z0);x(z))

x(z)∫
x(z0)

a(x(z))f(x(tq−
1
2 ))E−a,q 1

2
(x(z0);x(tq

1
2 ))dqx(t),

(5.44)

which is the q-nonuniform Grönwall inequality.

As a direct consequence, we get the following results

Corollary 5.9. Let y, f be real valued functions defined and q-

nonuniform integrable on [c, d], ∀c, d ∈ [1,∞[∩T and a(x(z)) such

that 1 + (q
1
2 − q− 1

2 )(z − z−1)a(x(z)) > 0. That means a(x(z)) > 0.

Then

y(x(z)) 6

x(z)∫
x(z0)

y(x(tq−
1
2 ))a(x(t))dqx(t). (5.45)

for all x(z), implies that y(x(z)) 6 0.

Proof. This is due to the Theorem 5.8 with f(x(z)) ≡ 0
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Corollary 5.10. Let a > 0 and α ∈ R. If

y(x(z)) 6 α +

x(z)∫
x0

y(x(tq−
1
2 ))a(x(t))dqx(t) (5.46)

for all x0 = x(z0) > 0, then y(x(z)) 6 αE
a,q−

1
2
(x0, x(z)).

Proof. By the q-nonuniform Grönwall integral inequality (5.38), if

we take f(x(z)) = α, then

y(x(z)) 6 α + E
a,q−

1
2
(x0, x(z))

x(z)∫
x0

αa(x(t))E−a,q 1
2
(x0, x(tq

1
2 ))dqx(t)

= α
(

1− E
a,q−

1
2
(x0, x(z))

x(z)∫
x0

DE−a,q 1
2
(x0, x(z))dqx(t)

)
= α

(
1− E

a,q−
1
2
(x0, x(z))

(
E−a,q 1

2
(x0, x(z))− E−a,q 1

2
(x0, x0)

))
= α− αE

a,q−
1
2
(x0, x(z))E−a;q 1

2
(x0;x(z)) + αE

a,q−
1
2
(x0, x(z))

= αE
a,q−

1
2
(x0, x(z)).

5.4 q-Nonuniform Bernoulli inequality

Theorem 5.11. (q-nonuniform Bernoulli inequality): Let α ∈
R. Then ∀x(z), x0 = x(z0) ∈ [1,∞[ with x(zq−

1
2 ) > x0 we have

E
a,q−

1
2
(x0, x(z)) > 1 + α(x(z)− x0). (5.47)
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Proof. Let’s take y(x(z)) = α(x(z)− x0), x(zq−
1
2 ) > x0, ∀z. Then

Dy(x(z)) = α and we have:

αy(x(zq−
1
2 )) + α = α2(x(zq−

1
2 )− x0) + α > α = Dy(x(z)),

which implies that Dy(x(z)) 6 αy(x(zq−
1
2 )) + α.

On the other hand, by Lemma 5.4, we get (with y(x0) = 0)

y(x(z)) 6 y(x0)Ea,q−
1
2
(x0, x(z))

+ E
a,q−

1
2
(x0, x(z))

x(z)∫
x0

aE−a,q 1
2
(x0, x(tq

1
2 ))dqx(t)

= E
a,q−

1
2
(x0, x(z))

x(z)∫
x0

(−)DE−a,q 1
2
(x0, x(t))dqx(t)

= −E
a,q−

1
2
(x0, x(z))

(
E−a,q 1

2
(x0, x(z))− 1

)
= −1 + E

a,q−
1
2
(x0, x(z)).

That is why E
a,q−

1
2
(x0, x(z)) > 1 + y(x(z)) = 1 + α(x(z)− x0).

5.5 q-Nonuniform Lyapunov inequality

Let us now turn to q-nonuniform Lyapunov inequality regarding the

derivative and integral introduced. For that, consider the following

q-nonuniform Sturm-Liouville equation,

DD+u(x(z)) + f(x(z))u(x(zq
1
2 )) = 0 (5.48)
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where D+ is defined by D+f(x(z)) = f(x(zq))−f(x(z))
x(zq)−x(z) .

Let’s define the function F by

F (y) =

b∫
a

[(
Dy(x(z))

)2
− f(x(z))

(
y(x(zq

1
2 ))
)2]

dqx(z). (5.49)

Lemma 5.12. Let u be a non-trivial solution of the q-nonuniform

Sturm-Liouville equation (5.48). Then for all y belonging to the do-

main of F , the following equality remains verified:

F (y)− F (u)− F (y − u) = 2(y − u)(b)D+u(b)− 2(y − u)(a)D+u(a).

(5.50)

Proof. We have

F (y)− F (u)− F (y − u) =

b∫
a

{(
Dy(x(z))

)2
− f(x(z))

(
y(x(q

1
2z))

)2
−
(
Du(x(z))

)2
− f(x(z))

(
y(x(q

1
2z))

)
−
(
D(y − u)(x(z))

)2
− f(x(z))

(
(y − u)(x(q

1
2z))

)2}
dqx(z)

= 2

b∫
a

{
−
(
Du(x(z))

)2
+ f(x(z))

(
u(x(zq

1
2 ))
)2

+Dy(x(z))Du(x(z))

− f(x(z))y(x(zq
1
2 ))u(x(zq

1
2 ))
}
dqx(z)
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= 2

b∫
a

{
−
(
Du(x(z))

)2
− u(x(zq

1
2 ))DD+u(x(z)) +Dy(x(z))Du(x(z))

+ y(x(zq
1
2 ))DD+u(x(z))

}
dqx(z)

= 2

b∫
a

{
Dy(x(z))Du(x(z)) + y(x(zq

1
2 ))DD+u(x(z))

−
[(
Du(x(z))

)2
+ u(x(zq

1
2 ))DD+u(x(z))

]}
dqx(z),

(using f(x(z))u(x(zq
1
2 )) = −DD+u(x(z))),

or

F (y)− F (u)− F (y − u)

= 2

b∫
a

{
D
[
y(x(z))D+u(x(z))

]
−D

[
u(x(z))D+u(x(z))

]}
dqx(z)

= 2

b∫
a

D
{(
y(x(z))− u(x(z))

)
D+u(x(z))

}
dqx(z)

= 2
(
y(b)− u(b)

)
D+u(b)− 2

(
y(a)− u(a)

)
D+u(a).

Lemma 5.13. Let y be in the domain of F , then ∀a, b ∈ [1,∞[∩T
and c, d ∈ [a, b] ∩ T such that a 6 c 6 d 6 b, we have

d∫
c

(
Dy(x(z))

)2
dqx(z) >

(
y(d)− y(c)

)2
d− c

. (5.51)

Proof. Let’s take

u(x(z)) =
y(d)− y(c)

d− c
x(z) +

dy(c)− cy(d)

d− c
.
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ThenD+u(x(z)) = y(d)−y(c)
d−c andDD+u(x(z)) = 0. Which proves that

u(x(z)) is a solution of (5.48) with f(x(z)) = 0, ∀x(z) ∈ [1,∞[∩T
and

F (y) =

b∫
a

(
Dy(x(z))

)2
dqx(z),

∀y(x(z)) from the domain of F . From Lemma 5.12, we get

F (y)−F (u)−F (y−u) = 2(y−u)(b)D+u(b)−2(y−u)(a)D+u(a) = 0.

Consequently

F (y) = F (u) + F (y − u) > F (u).

This leads us to the following result

d∫
c

(
Dy(x(z))

)2
dqx(z) >

d∫
c

(
Du(x(z))

)2
dqx(z)

=

d∫
c

(y(d)− y(c)

d− c

)2
dqx(z)

=

(
y(d)− y(c)

)2
d− c

.

Theorem 5.14. (q-nonuniform Lyapunov inequality): Let f

be a real valued function defined and q-nonuniform differentiable on

[a, b], ∀a, b ∈ [1,∞[∩T, a < b and let u(x(z)) be a non-trivial solu-

tion of the equation (5.48) with u(a) = u(b) = 0, then

b∫
a

f(x(z))dqx(z) = −
b∫

a

DD+u(x(z))

u(x(zq
1
2 ))

dqx(z) >
4

b− a
. (5.52)
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Proof. From Lemma 5.12 with y = 0 and u(a) = u(b) = 0, we have

F (u) =

b∫
a

[(
Du(x(z))

)2
−f(x(z))

(
u(x(zq

1
2 ))
)2]

dqx(z) = 0. (5.53)

Let M = max{u2(x(zq
1
2 ));x(q

1
2z) ∈ [a, b]∩T} and c ∈ [a, b]∩T such

that u2(c) = M . Then

M = u2(c) > u2(x(zq
1
2 )) > 0,

and

M

b∫
a

f(x(z))dqx(z) >

b∫
a

f(x(z))u2(x(zq
1
2 ))dqx(z)

=

b∫
a

(
Du(x(z))

)2
dqx(z)

=

c∫
a

(
Du(x(z))

)2
dqx(z) +

b∫
c

(
Du(x(z))

)2
dqx(z)

>

(
u(c)− u(a)

)2
c− a

+

(
u(b)− u(c)

)2
b− c

= M
[ 1

c− a
+

1

b− c

]
(u(a) = u(b) = 0 and u2(c) = M)

= M
[ (a+ b− 2c)2

(c− a)(b− c)(b− a)
+

4

b− a

]
>M

4

b− a
,

which implies that
b∫
a

f(x(z))dqx(z) >M 4
b−a .

The q-nonuniform Lyapunov inequality is thus proved.





Chapter 6

q-Nonuniform Laplace transform

For a given function f(x(z)), we define its q-nonuniform Laplace

transform or Laplace transform on the q-nonuniform lattice x(z) =

(z + z−1)/2, z = qs, 0 < q < 1, −∞ ≤ s ≤ +∞, as the function [19]

F (p) = L
q
1
2
{f(x(z))}

def
=

∫ x(∞)=∞

x(z0)=x0

E
q−

1
2
(−p; z0; zq−

1
2 )f(x(z))dx(z); p = s+ iσ ∈ C.

We denote f(x(z))

q
1
2
F (p), and we say that f(x(z)) is the original

of F (p) while F (p) is the image of f(x(z)) by the Laplace transform

on q-nonuniform lattices.

6.1 Properties of the q-nonuniform Laplace trans-

form

6.1.1 Linearity.

By the linearity of the integral, it becomes clear that

L
q
1
2
{αf(x(z)) + βg(x(z))} = αL

q
1
2
{f(x(z))}+ βL

q
1
2
{g(x(z))}.
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6.1.2 Transform of derivatives.

We have

L
q
1
2
{Df(x(z))} =

∫ ∞
x0

E
q−

1
2
(−p; z0; zq−

1
2 )Df(x(z))dx(z)

=
[
E
q−

1
2
(−p; z0; z)f(x(z))

]∞
z0

−
∫ ∞
x0

f(x(zq
1
2 ))DE

q−
1
2
(−p; z0; z)dx(z)

= −f(x(z0)) + p

∫ ∞
x0

f(x(zq
1
2 ))E

q−
1
2
(−p; z0; zq−

1
2 )dx(z)

= pL
q
1
2
{f(x(zq

1
2 ))} − f(x(z0)), (6.1)

where we used the q-nonuniform integration by parts:∫ x(z)

x0

g(x(zq−
1
2 ))Df(x(z))dx(z)

= [g(x(z))f(x(z))]x(z)x0
−
∫ x(z)

x0

f(x(zq
1
2 ))Dg(x(z))dx(z), (6.2)

and (2.78). Thus

1)

L
q
1
2
{Df(x(z))} = pL

q
1
2
{f(x(zq

1
2 ))} − f(x(z0)), (6.3)

and

L
q
1
2
{Df(x(zqα))} = pL

q
1
2
{f(x(zqα+

1
2 ))} − f(x(qαz0)). (6.4)

Hence

Df(x(zq−
1
2 ))


q
1
2
pF (p)− f(x(z0q

− 1
2 )), (6.5)
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and

Df(x(zq
1
2 ))


q
1
2
pL

q
1
2
{f(x(zq))} − f(x(z0q

1
2 )). (6.6)

Using (6.3), one easily obtains

2)

L
q
1
2
{D2f(x(z))} = L

q
1
2
{D(Df(x(z)))}

= p2L
q
1
2
{f(x(zq))} − pf(x(q

1
2z0))−Df(x(z0)). (6.7)

Hence

L
q
1
2
{D2f(x(zq

1
2 ))} =

p2L
q
1
2
{f(x(zq

3
2 ))} − pf(x(qz0))−Df(x(q

1
2z0)). (6.8)

3)

L
q
1
2
{D3f(x(z))} = L

q
1
2
{D(D2f(x(z)))} = p3L

q
1
2
{f(x(zq

3
2 ))}

−[p2f(x(qz0)) + pDf(x(q
1
2z0)) +D2f(x(z0))]. (6.9)

...

...

...

n)

L
q
1
2
{Dnf(x(z))} = pnL

q
1
2
{f(x(zq

n
2 ))}

−
[
pn−1f(x(q

n−1
2 z0)) + pn−2Df(x(q

n−2
2 z0)) + · · ·+Dn−1f(x(z0))

]
, (6.10)
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or equivalently

L
q
1
2
{Dnf(x(q−

n
2 z))} = pnL

q
1
2
{f(x(z))}

−
[
pn−1f(x(q−

1
2 z0)) + pn−2Df(x(q−1z0)) + · · ·+Dn−1f(x(q−

n
2 z0))

]
. (6.11)

For example, for n = 2, we have

L
q
1
2
{D2f(x(zq−1))} =

p2L
q
1
2
{f(x(z))} − [pf(x(q−

1
2z0)) +Df(x(q−1z0))]. (6.12)

6.1.3 Transform of integrals.

In the equation

L
q
1
2
{Df(x(z))} = pL

q
1
2
{f(x(q

1
2z))} − f(x(z0)),

set

f(x(z)) =

∫ x(z)

x0

g(x(z))dx(z). (6.13)

We have

L
q
1
2
{g(x(z))} = pL

q
1
2
{
∫ x(zq

1
2 )

x0

g(x(z))dx(z)}. (6.14)

Hence

L
q
1
2
{
∫ x(zq

1
2 )

x0

g(x(z))dx(z)} =
1

p
L
q
1
2
{g(x(z))}. (6.15)
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6.2 q-Nonuniform Laplace transform for some el-

ementary functions

1. f(x(z)) = 1. We have

L
q
1
2
{1} =

∫ ∞
x0

E
q−

1
2
(−p; z0; q−

1
2z)dx(z)

= −1

p

∫ ∞
x0

DE
q−

1
2
(−p; z0; z)dx(z)

= −1

p
E
q−

1
2
(−p; z0; z) |∞z0

=
1

p
. (6.16)

2. f(x(z)) = x(zq
1
2 ). We have

L
q
1
2
{x(zq

1
2 )}

=

∫ ∞
x0

x(zq
1
2 )E

q−
1
2
(−p; z0; q−

1
2z)dx(z)

= −1

p

∫ ∞
x0

x(zq
1
2 )DE

q−
1
2
(−p; z0; z)dx(z)

= −1

p

[
x(z)E

q−
1
2
(−p; z0; z)

]∞
z0

+
1

p

∫ ∞
x0

E
q−

1
2
(−p; z0; q−

1
2z)dx(z)

=
x(z0)

p
− 1

p2

∫ ∞
x0

DE
q−

1
2
(−p; z0; z)dx(z)

=
x(z0)

p
− 1

p2

[
E
q−

1
2
(−p; z0; z)

]∞
z0

=
x(z0)

p
+

1

p2
. (6.17)
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3. f(x(z)) = E
q−

1
2
(a; z0; q

1
2z). We calculate

I = L
q
1
2
{E

q−
1
2
(a; z0; q

1
2z)}

=

∫ ∞
x0

E
q−

1
2
(−p; z0; q−

1
2z)E

q−
1
2
(a; z0; q

1
2z)dx(z)

= −1

p

∫ ∞
x0

E
q−

1
2
(a; z0; q

1
2z)DE

q−
1
2
(−p; z0; z)dx(z)

= −1

p

[
E
q−

1
2
(a; z0; z)E

q−
1
2
(−p; z0; z)

]∞
z0

+
1

p

∫ ∞
x0

E
q−

1
2
(−p; z0; q−

1
2z)DE

q
1
2
(a;x0; z)dx(z)

=
1

p
+
a

p

∫ ∞
x0

E
q−

1
2
(−p; z0; q−

1
2z)E

q
1
2
(a; z0; q

1
2z)dx(z).

=
1

p
+
a

p
I.

Hence

I =
1

p− a
. (6.18)

4. f(x(z)) = cos
q−

1
2
(ai; z0; q

1
2z) =

E
q
− 1

2
(ai;z0;q

1
2 z)+E

q
− 1

2
(−ai;z0;q

1
2 z)

2 . Us-

ing the preceding case, we obtain

L
q
1
2
{cos

q−
1
2
(a; z0; q

1
2z)} =

1

2

(
1

p− ai
+

1

p+ ai

)
=

p

p2 + a2
. (6.19)

5. f(x(z)) = sin
q−

1
2
(ai; z0; q

1
2z) =

E
q
− 1

2
(ai;z0;q

1
2 z)−E

q
− 1

2
(−ai;z0;q

1
2 z)

2i . Sim-

ilarly, we get

L
q
1
2
{sin

q−
1
2
(a; z0; q

1
2z)} =

1

2i

(
1

p− ai
− 1

p+ ai

)
=

a

p2 + a2
. (6.20)
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6. f(x(z)) = cosh
q−

1
2
(a; z0; q

1
2z) =

E
q
− 1

2
(a;z0;q

1
2 z)+E

q
− 1

2
(−a;z0;q

1
2 z)

2 . Here

also, we obtain

L
q
1
2
{cosh

q−
1
2
(a; z0; q

1
2z)} =

1

2

(
1

p− a
+

1

p+ a

)
=

p

p2 − a2
. (6.21)

7. f(x(z)) = sinh
q−

1
2
(a; z0; q

1
2z) =

E
q
− 1

2
(a;z0;q

1
2 z)−E

q
− 1

2
(−a;z0;q

1
2 z)

2 . Simi-

larly,

L
q
1
2
{sinh

q−
1
2
(a; z0; q

1
2z)} =

1

2

(
1

p− a
− 1

p+ a

)
=

a

p2 − a2
. (6.22)

8. f(x(z)) = E
q
1
2
(a; z0; q

1
2z). We calculate

I = L
q
1
2
{E

q
1
2
(a; z0; q

1
2z)}

=

∫ ∞
x0

E
q−

1
2
(−p; z0; q−

1
2z)E

q
1
2
(a; z0; q

1
2z)dx(z)

= −1

p

∫ ∞
x0

E
q
1
2
(a; z0; q

1
2z)DE

q−
1
2
(−p; z0; z)dx(z)

= −1

p

[
E
q
1
2
(a; z0; z)E

q−
1
2
(−p; z0; z)

]∞
z0

+
1

p

∫ ∞
x0

E
q−

1
2
(−p; z0; q−

1
2z)DE

q
1
2
(a;x0; z)dx(z)

= −1

p

[
E
q
1
2
(a; z0; z)E

q−
1
2
(−p; z0; z)

]∞
z0

+
a

p

∫ ∞
x0

E
q−

1
2
(−p; z0; q−

1
2z)E

q
1
2
(a; z0; q

1
2z)dx(z).

= −1

p

[
E
q
1
2
(a; z0; z)E

q−
1
2
(−p; z0; z)

]∞
z0

+
a

p
I.

(6.23)
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Hence

(1− a

p
)I = −1

p

[
E
q−

1
2
(−p; z0; z)E

q
1
2
(a;x0; z)

]∞
z0

=
1

p
− 1

p
E
q−

1
2
(−p; z0;∞)E

q
1
2
(a; z0;∞).

Consequently

I =
1

p− a
− 1

p− a
E
q−

1
2
(−p; z0;∞)E

q
1
2
(a; z0;∞) =

1−K−p,a
p− a

,(6.24)

where K−p,a = E
q−

1
2
(−p; z0;∞)E

q
1
2
(a; z0;∞) (see (2.88)).

9. f(x(z)) = cos
q
1
2
(ai; z0; q

1
2z) =

E
q
1
2
(ai;z0;q

1
2 z)+E

q
1
2
(−ai;z0;q

1
2 z)

2 . Using

the preceding case, we obtain

L
q
1
2
{cos

q
1
2
(a; z0; q

1
2z)} =

1

2

(
1−K−p,ai
p− ai

+
1−K−p,−ai
p+ ai

)
. (6.25)

10. f(x(z)) = sin
q
1
2
(ai; z0; q

1
2z) =

E
q
1
2
(ai;z0;q

1
2 z)−E

q
1
2
(−ai;z0;q

1
2 z)

2i . Simi-

larly, we get

L
q
1
2
{sin

q
1
2
(a; z0; q

1
2z)} =

1

2i

(
1−K−p,ai
p− ai

− 1−K−p,−ai
p+ ai

)
. (6.26)

11. f(x(z)) = cosh
q
1
2
(a; z0; q

1
2z) =

E
q
1
2
(a;z0;q

1
2 z)+E

q
1
2
(−a;z0;q

1
2 z)

2 . Here

also, we obtain

L
q
1
2
{cosh

q
1
2
(a; z0; q

1
2z)} =

1

2

(
1−K−p,a
p− a

+
1−K−p,−a
p+ a

)
. (6.27)



165

12. f(x(z)) = sinh
q
1
2
(a; z0; q

1
2z) =

E
q
1
2
(a;z0;q

1
2 z)−E

q
1
2
(−a;z0;q

1
2 z)

2 . Simi-

larly,

L
q
1
2
{sinh

q
1
2
(a; z0; q

1
2z)} =

1

2

(
1−K−p,a
p− a

− 1−K−p,−a
p+ a

)
. (6.28)

6.3 Inverse of the q-nonuniform Laplace trans-

form

For searching the original function from its image, we have to use, as

in other cases of Laplace transforms, the q-nonuniform Laplace trans-

form properties of the subsection 6.1 and the q-nonuniform Laplace

transform of elementary functions of the subsection 6.2.

6.4 Applications of q-nonuniform Laplace trans-

form on q-nonuniform difference equations

In the same way that the Laplace transfrom, Z-transform and q-

Laplace transfrom are applied respectively in differential, difference

and q-difference equations [15], the q-nonuniform Laplace transform

is expected to be applied in q-nonuniform difference equations [14].

For question of simplicity, we suppose that the order of the equation

is n = 2.

So, consider the second order q-nonuniform difference equation

a0D2y(x(q−1z)) + a1Dy(x(q−
1
2z)) + a2y(x(z)) = g(x(z)), (6.29)

with the initial conditions

y(x(q−
1
2z0)) = y0; Dy(x(q−1z0)) = y1. (6.30)
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Applying the q-nonuniform Laplace transform as in the subsection

6.1, we obtain

L
q
1
2
{D2y(x(q−1z))} =

p2L
q
1
2
{y(x(z))} − py(x(q−

1
2z0))−Dy(x(q−1z0)), (6.31)

L
q
1
2
{Dy(x(q−

1
2z))} = pL

q
1
2
{y(x(z))} − y(x(q−

1
2z0)). (6.32)

Applying the q-nonuniform Laplace transform on both sides of the

equation (6.29) and using (6.30), (6.31) and (6.32), we get

a0p
2L

q
1
2
{y(x(z))} − a0y0p− a0y1 + a1pLq 1

2
{y(x(z))}

−a1y0 + a2Lq 1
2
{y(x(z))} = G(p)

⇔ a0p
2L

q
1
2
{y(x(z))}+ a1pLq 1

2
{y(x(z))}+ a2Lq 1

2
{y(x(z))}

= G(p) + a0y0p+ a0y1 + a1y0.

Setting L
q
1
2
{y(x(z))} = Y (p), we obtain

Y (p)(a0p
2 + a1p+ a2) = G(p) + a0y0p+ a0y1 + a1y0.

Consequently, Y (p) = G(p)+a0y0p+a0y1+a1y0
a0p2+a1p+a2

and y(x(z)) = L−1
q
1
2
{Y (p)}.



Conclusion and outlooks

The first major concern of this thesis (the first three chapters) deals

with the introduction of the basic concepts of q-nonuniform difference

calculus such as the differentiation and integrationn on q-nonuniform

lattices and the use of those concepts to solve q-nonuniform differ-

ence equations of first order, systems of linear q-nonuniform differ-

ence equations and q-nonuniform difference equations of higher or-

der. We introduce also the basic concepts of q-nonuniform difference

control theory and its applications.

In Chapter 4, we have given a number of new families of multiple

orthogonal polynomials starting from the discrete multiple little q-

Jacobi polynomials and working our way up to the multiples Askey–

Wilson polynomials.

In Chapter 5, q-nonuniform difference versions of the integral in-

equalities of Hölder, Cauchy-Shwartz, Minkowski, Grönwall, Bernoulli

and Lyapunov were proved.

Finaly, in Chapter 6, the concepts of q-nonuniform difference version

of the integral Laplace transform and some of its applications were

discussed.
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An interesting outlook consists in using the transformation in Section

4.2 of (multiple) little q-Jacobi polynomials, to transform modified

(multiple) little q-Jacobi polynomials (which have a non classical

weight) [18] in modified (multiple) Askey-Wilson polynomials (ad-

mitting a non classical weight).



Bibliography

[1] A. I. Aptekarev. Multiple orthogonal polynomials. Journal

of Computational and Applied Mathematics, 99(1-2):423–447,

1998.

[2] A. I. Aptekarev, A. Branquinho, and W. Van Assche. Multiple

orthogonal polynomials for classical weights. Transactions of

the American Mathematical Society, 355(10):3887–3914, 2003.

[3] A. I. Aptekarev, M. Derevyagin, H. Miki, W. Van Assche, et al.

Multidimensional Toda lattices: continuous and discrete time.

SIGMA. Symmetry, Integrability and Geometry: Methods and

Applications, 12:054, 2016.

[4] A. I. Aptekarev, M. Derevyagin, and W. Van Assche. On 2D dis-

crete Schrödinger operators associated with multiple orthogonal

polynomials. Journal of Physics A: Mathematical and Theoret-

ical, 48(6):065201, 2015.

[5] A. I. Aptekarev, G. Lagomasino, and A. Mart́ınez-Finkelshtein.

On Nikishin systems with discrete components and weak asymp-

totics of multiple orthogonal polynomials. Russian Mathemati-

cal Surveys, 72(3(435)):389–449, 2017.
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[8] J. Arvesú and A. M. Ramı́rez-Aberasturis. On the q-

Charlier multiple orthogonal polynomials. arXiv preprint

arXiv:1411.2000, 2014.

[9] R. Askey and J. Wilson. Some basic hypergeometric orthogonal

polynomials that generalize the Jacobi polynomials. Mem. Am.

Math. Soc., 54:1–55, 1985.

[10] M. N. Atakishiyev and S. K. Suslov. Difference hypergeometric

functions. In Progress in Approximation Theory, pages 1–35.

Springer, 1992.

[11] G. Bangerezako. The factorization method for the Askey–

Wilson polynomials. Journal of Computational and Applied

Mathematics, 107(2):219–232, 1999.

[12] G. Bangerezako. Variational q-calculus. Journal of Mathemati-

cal Analysis and Applications, 289(2):650–665, 2004.

[13] G. Bangerezako. Variational calculus on q-nonuniform lattices.

Journal of Mathematical Analysis and Applications, 306(1):161–

179, 2005.

[14] G. Bangerezako. An introduction to q-nonuniform difference

equations. Preprint, Triestre, Miramare, 2011.

[15] G. Bangerezako. q-Difference linear control systems. Journal of

Difference Equations and Applications, 17(9):1229–1249, 2011.

[16] G. Bangerezako. q-Nonuniform difference linear control systems.

Journal of Applied Analysis, 20(2):133–143, 2014.



171

[17] G. Bangerezako. An introduction to q-difference equations.
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