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Abstract 
Mathematical modeling plays a crucial role in understanding the dynamics of 
malaria transmission and can provide valuable insights for designing effective 
control strategies. Malaria indeed faces significant challenges due to a chang-
ing climate, particularly in regions where the disease is endemic. This disease 
is significantly impacted by changes in climate, especially rising temperatures 
and fluctuating rainfall patterns. This study explores the influence of temper-
ature and rainfall abundance on malaria transmission dynamics within the 
context of Burundi. We have constructed a deterministic model that integrates 
these climatic parameters into the dynamics of the human host-mosquito vec-
tor system. The model’s steady states and basic reproduction number, calcu-
lated using the next-generation method, reveal important insights. Numerical 
simulations demonstrate that both temperature and rainfall significantly in-
fluence mosquito population dynamics, leading to distinct effects on malaria 
transmission. Specifically, we observe that temperatures between 20˚C and 
32˚C, along with rainfall ranging from 10 to 30 mm per month, create optimal 
conditions for mosquito development, thus driving malaria transmission in 
Burundi. Furthermore, our findings indicate a delayed relationship between 
rainfall and malaria cases. When rainfall peaks in a given month, malaria does 
not peak immediately but instead shows a lagged response. Similarly, when 
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rainfall decreases, malaria incidence drops after a certain time lag. This same 
lagged effect is observed when comparing temperature with confirmed ma-
laria cases in Burundi. These findings highlight the urgent need to consider 
climate factors in malaria control strategies. 
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1. Introduction 

Malaria is a disease transmitted by Plasmodium protozoan parasites and spread 
through the bite of female Anopheles mosquitoes [1]. It stands as a substantial 
public health concern worldwide, with particular gravity evident in Burundi [2]. 
The infectious disease is responsible for millions of cases annually, with a substan-
tial percentage occurring in sub-Saharan Africa [3]. During a blood meal, female 
anopheles mosquitoes collect plasmodium parasites on an infectious person. After 
their development, the parasites migrate to the salivary gland and can be trans-
mitted to susceptible human hosts during another blood meal [4] [5]. The impact 
of climate change on human health is becoming a more significant issue, with 
noticeable effects seen in various infectious diseases, such as the transmission of 
malaria [6]. Rapid environmental fluctuations, such as changes in temperature 
and rainfall, pose challenges to existing control and eradication strategies. Hence, 
recognizing the significance of temperature and rainfall in the transmission of 
malaria becomes particularly crucial. 

Temperature plays a critical role in the life cycle of the malaria vector, exerting 
a significant influence on the development of its aquatic stages and their transition 
to adulthood. The hatching duration of mosquito eggs varies with temperature, 
with incubation periods of 1, 3, and 10 days observed at 30˚C, 20˚C, and 10˚C, 
respectively. Furthermore, water temperature serves as a regulatory factor in the 
pace of mosquito breeding [7]. In 2019, malaria ranked as the fourth leading cause 
of death in Burundi, following diarrhea, neonatal disorders, and tuberculosis [8]. 
The country has witnessed a troubling surge in malaria cases, increasing from 2.6 
million in 2013 to 8.3 million in 2016 [9]. Approximately four-fifths of the popu-
lation in Burundi is at risk, with less than two-thirds living in potentially epidemic 
areas and the other third in hyper-endemic regions. Malaria-related outpatient 
consultations account for half of health facility visits, and pregnant women and 
children under 5 years old are the most vulnerable groups, comprising 48% of 
deaths in this age range [10]. 

The rise in malaria transmission is attributed to factors such as low usage of 
preventive measures, decreased population immunity, especially in mountainous 
areas with traditionally low malaria transmission, and changes in climate affecting 
vector ecology and behavior [10]. Climate change is expected to exacerbate ma-
laria transmission in Africa, with rising temperatures projected to surpass 2˚C by 
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2100 [9]. Regions that were once considered less prone to malaria due to their 
cooler climates are now facing increased invasion by the disease. Malaria is highly 
sensitive to climatic conditions, thriving in tropical climates due to favorable 
breeding sites and temperatures [11]. Small changes in temperature can signifi-
cantly impact mosquito lifespan, explaining the prevalence of the disease in trop-
ical regions [12]. The proliferation of mosquitoes is closely tied to climatic condi-
tions and the availability of oviposition sites, influenced by natural and environ-
mental factors [13]. Changes in temperature, humidity, precipitation, and wind 
speed impact malaria incidence by altering the life cycles of mosquitoes and par-
asites or influencing the behavior of humans, vectors, and parasites [14] [15]. 
Higher temperatures accelerate mosquito digestion, leading to more frequent hu-
man bites and increased disease transmission [16]. 

Malaria transmission models play a crucial role in decoding and interpreting 
the dynamics of the disease and directing possible intervention strategies [17]. 
Early models, such as Ross’s susceptible-infective-susceptible (SIS) model, laid the 
foundation for understanding the link between mosquito populations and human 
malaria incidence [18]. The author found that malaria can not persist when the 
number of mosquitoes is below a certain threshold. However, subsequent im-
provements by various authors emphasized the importance of mosquito lifespan 
in malaria transmission. Models incorporating acquired immunity to malaria 
based on exposure have also been explored [19]-[22]. Macdonald showed that 
lowering the number of mosquitoes will not reduce malaria disease, but the 
lifespan of mosquitoes is the most important factor in the transmission of malaria 
[22]. 

The relationship between malaria and climate factors in East Africa is signifi-
cant [16]. Numerous studies underscore the role of environmental and climatic 
factors in the dynamic transmission of malaria [6] [23] [24]. Research indicates 
that the transmission of malaria in East Africa is closely linked to climate elements, 
particularly temperature and rainfall, highlighting the complex connection be-
tween climate change and the prevalence of malaria in the region [25] [26]. Bu-
rundi is an African country located in East Africa, situated between latitudes 2.3 
S and 4.5 S and longitudes 29 E and 31 E. Despite the country’s relatively small 
size (27,834 km2), the distribution of its diverse topography accurately represents 
the variations in its climate. As a result, precipitation is unevenly distributed 
across the country. Recent work on malaria transmission dynamics in Burundi 
highlights the critical role of temperature and mosquito behavior in disease spread. 
Sakubu et al. employed deep learning models to predict malaria cases in Burundi, 
integrating climate variables such as temperature, rainfall, and humidity. Their 
predictive analysis demonstrated that climatic factors have a significant impact on 
malaria dynamics, offering precise forecasts at both provincial and national levels 
[27]. In [28], the authors developed a deterministic SEIR model. Their findings 
underscored that the number of mosquito bites, which is strongly influenced by 
temperature, along with the vector population, are critical factors in reducing 
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malaria spread. In Burundi, the temperature is generally warm, ranging from 15˚C 
to 35˚C. These conditions provide favorable environments for mosquito breeding. 
Hence, it can lead to increased mosquito populations and heightened transmis-
sion of malaria, exacerbating the prevalence and spread of the disease. The distri-
bution of temperature and rainfall within Burundi is shown in Appendices B and 
C, respectively. 

Transmission of malaria disease occurs consistently throughout the year, but 
there are two specific times when transmission peaks. These peak periods typically 
happen from March to June and from October to December. When analyzing the 
monthly number of cases over the 8-year period in Appendix A, it becomes ap-
parent that despite variations in magnitudes and disparities within individuals, 
the overall trend across the months resembles. Specifically, there is a consistent 
pattern where the number of infections is high in January, decreases in February, 
and starts increasing from April to June, followed by a sharp decline during the 
summer months, reaching the lowest cases in August. Subsequently, there has 
been a resurgence in cases since September, peaking in December. 

This research paper investigates the relationship between climate variables, spe-
cifically temperature and rainfall, and the occurrence of malaria through the use 
of a malaria transmission mathematical model. The study aims to address the fun-
damental question of how these climate factors affect the prevalence of malaria. 
We employ a dynamic model that considers the influence of climate conditions 
on mosquitoes. Importantly, we utilize real data to determine the values of the 
model parameters. This method is crucial for conducting computer simulations 
of dynamic processes, ensuring accurate estimations of parameters and predic-
tions for how the system will respond. 

Section 2 provides a detailed description of the model. In that section, we show 
the domain in which the model remains epidemiologically well-posed. Further-
more, we discuss the existence of equilibria, including the calculation of the fun-
damental reproduction number and an examination of the equilibria’s stability. 
Numerical simulation contains numerical simulations of the model and observa-
tions. We finish by discussing the results in Section 4. 

2. Model Formulation 

In this model, we formulate a mathematical model that takes into account the 
effects of climate factors on malaria transmission dynamics by emphasizing the 
impact of temperature and rainfall in the model. The disease is modeled using 
ordinary differential equations (ODEs) where humans and mosquitoes infect each 
other. 

The total population is divided into four classes, namely: susceptible class 
( )hS t , those who are exposed to malaria parasites ( )hE t  but not infectious, in-

dividuals with malaria symptoms ( )hI t  and the class of recovered individuals 
( )hR t . This is known as the SEIR compartmental model. 

We assume that immunity is temporary, which means that individuals who are 

https://doi.org/10.4236/jamp.2024.1211224


K. J. Gatore Sinigirira et al. 
 

 

DOI: 10.4236/jamp.2024.1211224 3732 Journal of Applied Mathematics and Physics 
 

recovered from the disease have immunity against the malaria parasite for a certain 
period. Susceptible individuals are recruited into the population at a rate hα  and 
acquire malaria through a bite of an infectious mosquito and progress to the exposed 
class ( )hE t  through a force of infection hλ . Exposed individuals move then to the 
infectious class at rate hρ . Infected humans recover at rate hγ  and die at rate δ  
due to malaria infection, and recovered individuals lose their immunity at a rate q . 
Susceptible, exposed, and recovered humans die at the same natural death rate, but 
in addition to this rate, infected humans die due to malaria parasites. Mosquito pop-
ulations are recruited at a per capita rate ( ) ( ), 1v vT R N Kθ −  where ( ),v T Rθ  is 
the birth rate of mosquitoes. The birth rate of mosquitoes is affected by climate 
conditions. In particular, temperature and rainfall have the potential to both de-
crease and increase it. This indicates that temperature and rainfall have a complex 
relationship with mosquito population growth [29]. Let K  be the environ-
mental carrying capacity of the pupa. Mosquitoes die at a per capita natural 
death rate ( )v Tµ , we assume that the mosquito doesn’t face extinction by defin-
ing 0v v vα θ µ= − > . After a bite on an infected human, susceptible mosquitoes 
will then become exposed and progress to the class of infected mosquitoes ( )vI t . 
Infected mosquitoes remain infected all their life. We assume that all newborns 
are susceptible to the disease in the human host and vector populations. The flow 
diagram presented in Figure 1 shows how mosquitoes and human hosts interact 
dynamically, highlighting the changes across various classes. It represents the pro-
cess through which individuals can move from one class to another within the 
system, capturing the complexity of interactions between humans and mosquitoes. 
 

 
Figure 1. Flow diagram for the transmission dynamics of malaria. 

 
The dynamic transmission of malaria between humans and mosquitoes is de-

scribed by the following system of non-linear ordinary differential equations. 
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



 (1) 

with the following initial conditions ( ) 00 0h hS S= > , ( ) 00 0h hE E= ≥ ,  
( ) 00 0h hI I= ≥ , ( ) 00 0h hR R= ≥ , ( ) 00 0v vS S= > , ( ) 00 0v vE E= ≥ ,  
( ) 00 0v vI I= ≥ . 

 
Table 1. Variables of the basic malaria model. 

Variable Definition Unit 

hS  Susceptible Humans population People 

hE  Exposed Humans Population People 

hI  Infected Humans Population People 

hR  Recovered Humans Population People 

vS  Susceptible Mosquitoes Population Mosquitoes 

vE  Exposed Mosquitoes Population Mosquitoes 

vI  Infected Mosquitoes Population Mosquitoes 

 
The total human population is given by ( ) ( ) ( ) ( ) ( )h h h h hN t S t E t I t R t= + + + , 

whereas the total vector (mosquito) population is given by  
( ) ( ) ( ) ( )v v v vN t S t E t I t= + + ( )hN t . 

Table 1 and Table 2 give the description of variables and parameters involved 
in the construction of the model. 
 
Table 2. Variables and parameters of the basic malaria model. 

Parameters Definition Unit 

hα  Recruitment rate of human populations people/time 

q  
Progression rate of the human population 
from hR  to hS  time−1 

1β  
Probability of transmission of malaria 
from an infectious vector to a susceptible 
human per contact 

- 
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Continued 

( )a T  Mosquito biting rate bites/person*time 

hµ  Natural mortality rate of human  
population 

time−1 

( )v Tµ  Mortality rate of adult mosquitoes time−1 

hρ  
Progression rate of the human population 
from hE  to hI  time−1 

hγ  
Progression rate of the human population 
from hI  to hR  time−1 

δ  Disease-induced death rate time−1 

( ),v T Rθ  Recruitment rate of mosquitoes time−1 

2β  
Probability of transmission of malaria 
from an infectious human to a susceptible 
vector per contact. 

- 

( )vL T  
Progression rate of mosquito population 
from vE  to vI  time−1 

K  Carrying capacity of mosquitoes mosquitoes 

 
Section 3, modelanalysis, the parameter ( ),v T Rθ  will be simplified to vθ , 

while ( )a T  will be denoted as a . Similarly, ( )vL T  will be represented as vL , 
and ( )v Tµ  will be expressed as vµ . We also define the forces of infection 

( ) ( )
( )

( ) ( )
( )

1 2and ,v h
h v

h h

a T I t a T I t
N t N t

β β
λ λ= =  

which represent respectively in the model the rate at which susceptible humans 
become infected by infectious female anopheles mosquitoes and the rate at which 
susceptible mosquitoes become infected by infectious humans. 

2.1. Model Properties 

In this section, we show that our model is mathematically and biologically well-
posed. To demonstrate it, we aim to prove that for all 0t ≥ , the system of equa-
tions in (1) possesses positive solutions with positive initial conditions and re-
mains bounded within a biologically meaningful and feasible positive region Ω. 
The region Ω should represent conditions that are biologically meaningful. 

2.1.1. Positivity of Solutions 
Theorem 2.1. Given the initial conditions of the model (1) that are, 

( ) 00 0h hS S= > , ( ) 00 0h hE E= ≥ , ( ) 00 0h hI I= ≥ , ( ) 00 0h hR R= ≥ ,  
( ) 00 0v vS S= > , ( ) 00 0v vE E= ≥ , ( ) 00 0v vI I= ≥ , the solutions of the model re-

main positive for all 0t > . 
Proof. From the model (1), we have 

( ) ( ) ( ) ( ) ( ) ( )d .
d

h
h h h h h h h h h

S t qR t S t S t S t
t

α λ µ λ µ= + − − ≥ − +  
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After integrating, we found that ( ) ( )( )0 d0e 0
t

ht s s

h hS t S
µ λ− +∫≥ >  0t∀ >  as the ex-

ponential function is always positive and 0 0hS > , it ensures that the solution for 
( )hS t  will stay positive for all time 0t ≥ . We also have 

( ) ( ) ( )d ,
d

h
h h h

E t E t
t

ρ µ≥ − +  

which gives 

( ) ( )( )0 d0e 0 0.
t

h ht s s

h hE t E t
µ ρ− +∫≥ ≥ ∀ >  

for 

( ) ( ) ( )d ,
d

v
v v v

S t S t
t

µ λ≥ − +  

we have 

( ) ( )( )0 d0e 0 0.
t

v vt s s

v vS t S t
µ λ− +∫≥ > ∀ >  

Using a similar approach, it can be demonstrated that the model’s other state 
variables remain positive.                                          □ 

2.1.2. Invariant Region 
Lemma 2.2. There exists a feasible region that is positively invariant, defined as  

H vΩ = Ω ∗Ω  such that ( ) 4, , , : 0 h
H h h h h h

h

S E I R N α
µ+

 
Ω = ∈ ≤ ≤ 

 
 ,  

( ) 3, , : 0 v
V v v v v

v

KS E I N α
θ+

 
Ω = ∈ ≤ ≤ 

 
 , which attracts all solutions with respect 

to the system (1) 
Proof. Adding the first four equations of the system (1) and the three remaining 

equations, we get 

 

d ,
d

d .
d

h
h h h

v v

v

N N
t

N K
t

α µ

α
θ

 ≤ −

 ≤


 (2) 

Multiplying both sides of the first equation in the system (2) by e htµ  yields 
de e ,
d

h ht th
h h h

N N
t

µ µµ α + ≤ 
 

 

 
( )d e

e .
d

h

h

t
h t

h

N
t

µ
µα≤  (3) 

Integrating both sides of system (3), 

( ) ( )0 e ,hth
h h

h

N t N µα
µ

−≤ +  

 ( ) 0 e .hth h
h h

h h

N t N µα α
µ µ

− 
≤ + − 

 
 (4) 

Using the theorem of differential inequality [30], we get 
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 ( )0 .h
h

h

N t α
µ

≤ ≤  (5) 

As t →∞ , then 

 ( ) .h
h

h

N t α
µ

≤  (6) 

From the second equation of the system (2) given as 
2d ,

d
v v v

v v
N NN
t K

θα= −  

we integrate the equation, we found that the total mosquito population is 

( ) ( )0
.v v

v
v

K N
N t

α
θ

=  

( )vN t  can not become 0 at any finite time. So, for 
( )0 0

0 v v
v

v

K N
N

α
θ

< ≤ , on 

[ )0,Ω  we have ( )0 v
v

v

KN t α
θ

< ≤ . Thus, Ω is bounded. For 0t > , every solution 

of the model (1) with positive initial conditions in Ω remains there. 

2.2. Model Analysis 

In this section of model analysis, we computed the disease-free equilibrium repro-
duction number, and we proved the existence of an endemic point.        □ 

2.2.1. Disease-Free Equilibrium Point 
The disease-free equilibrium point of the model represents a state where there are 
no infected individuals in the population, indicating a disease-free scenario. At 
this equilibrium, all compartments of the model that represent the disease have 
zero values, signifying that the disease is not present and transmission has ceased. 
Substituting 0h h h v vE I R E I= = = = =  into equations of the model (1) and solv-
ing the resulting equations, we found that the disease-free equilibrium point of 
model (1) is described by: 

 0 ,0,0,0, ,0,0 .h v

h v

KE α α
µ θ

 
=  
 

 (7) 

2.2.2. Reproduction Number 
In epidemiological models, the fundamental reproductive number, known as 0R , 
represents the average number of secondary cases generated by a typical infected 
individual in a population that is entirely susceptible [31], this concept has been 
applied to evaluate 0R  in the context of diseases like malaria. When 0R  is less 
than 1, it indicates that, on average, the infected individual leads to fewer than one 
new infection during their period of contagiousness, ultimately causing the dis-
ease to decline. Conversely, if 0R  exceeds 1, it suggests that, on average, an in-
fected individual results in more than one new infection within a fully susceptible 
community, indicating the persistence of the disease. 
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The basic reproduction number is calculated using the next-generation matrix 
theory. ( )1

0R FVρ −= , where ( )1FVρ −  is the spectral radius of the matrix 
1FV − . F  and V  are the matrices for new infection and transmission terms, 

respectively (see, for example, [32]). 
Lemma 2.3. The basic reproduction number of the system (1) is 

 ( )
( )( )( )

2
1 2

0
v h h v

v h v h h h h v v

a T K L
R

L
β β α ρ µ

θ α µ ρ µ µ δ γ µ
=

+ + + +
 (8) 

Proof. We have: 

 

( )
( )

( )

1

2

0
;

0

v h

h h h h h h h

h h h h h

h v v v v

h h h h v v v v

aI S
S E I R E

I E
f v

aI S L E
S E I R I L E

β
ρ µ

µ δ γ ρ
β µ

µ

 
 + + + +      + + − = =   +    + + + −  
 

 (9) 

The corresponding Jacobian matrices F  and V  of f  and v  are the line-
arisation of the system around 0E  

 

1

2

0 0 0
0 0 0

0 0 0 0
0 0

, .
0 0 0 0 0 0

0 0
0 0 0 0

h h

h h h
v h

v v
h v

v v

a

F V
ak L

L

β
ρ µ

ρ µ δ γ
α µβ µ
α θ

µ

  +  
   − + +  = =
 + 
   −  

 

 (10) 

This implies, 

 
( ) ( )

( )

1

1 0 0 0

1 0 0

10 0 0

10 0

h h

h

h h h h h h

v v

v

v v v v

V

L
L

L

ρ µ
ρ

ρ µ µ δ γ µ δ γ

µ

µ µ µ

−

 
 + 
 
 + + + + + =
 
 + 
 
  + 

 (11) 

Then, 

 

( )

( )( ) ( )

1 1

1

2 2

0 0

0 0 0 0

0 0

0 0 0 0

v

v v v v

v h h v h

v h h h h h v h h h

aL a
L

FV
aK aK

β β
µ µ µ

β α µ ρ β α µ
θ α ρ µ µ δ γ θ α µ δ γ

−

 
 + 
 

=  
 
 + + + + +
  
 

(12) 

And, the dominant eigenvalue of 1FV −  defined as the reproduction number, 
is given by 
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( )( )( )

2
1 2

0 .v h h v

v h v h h h h v v

a K LR
L

β β α ρ µ
θ α µ ρ µ µ δ γ µ

=
+ + + +

 (13) 

□ 
Lemma 2.4. The DFE 0E  is locally asymptotically stable if 0 1R <  and unsta-

ble if 0 1R > . 
Proof. The proof of this lemma is provided in [33].                     □ 

2.2.3. Existence of Endemic Equilibrium Point 
In order to find the model’s endemic equilibrium point ( )* * * * * * *, , , , , ,h h h h v v vS E I R S E I , 
that is equilibrium points when at least one of the infected components is non-
zero, we set the right-hand sides of system (1) equal to zero. Once we’ve set the 
derivatives to zero, we solve the resulting equations to determine the values of the 
compartments at the endemic equilibrium. At this equilibrium, the force of infec-
tion for humans, denoted as *

hλ , and the force of infection for vectors, denoted as 
*
vλ , will play a critical role. These forces of infection represent the rate at which 

susceptible individuals become infected by the disease in the endemic state. 
The terms of force infections and the total human population in the endemic 

states are given by  

 
*

* 1
* ,v

h
h

aI
N
β

λ =  (14) 

 
*

* 1
* ,h

v
h

aI
N
β

λ =  (15) 

 * * * * *.h h h h hN S E I R= + + +  (16) 

Solving the equations, we get 

( )
* 1 1 1

* *
1 1 1

,h
h

h h h h h

a b cS
a b c q

α
λ µ γ λ ρ

=
+ −

 

( )
*

* 1 1
* *

1 1 1

,h h
h

h h h h h

b cE
a b c q

α λ
λ µ γ λ ρ

=
+ −

 

( )
*

* 1
* *

1 1 1

,h h h
h

h h h h h

cI
a b c q

α λ ρ
λ µ γ λ ρ

=
+ −

 

 
( )

*
*

* *
1 1 1

,h h h h
h

h h h h h

R
a b c q

α γ λ ρ
λ µ γ λ ρ

=
+ −

 (17) 

( )( )( )
( )( )

* * *
1 1*

2* *
1

,
v v v v v v v v v v

v

v v v v v

d K d L
S

d L

µ µ θ λ µ θ λ θ λ

θ µ λ λ

− − + +
=

+ +
 

( )( )( )
( )( )

* * * *
1*

2* *
1

,
v v v v v v v v v v v

v

v v v v v

K d L
E

d L

λ µ µ θ λ µ θ λ θ λ

θ µ λ λ

− − + +
=

+ +
 

https://doi.org/10.4236/jamp.2024.1211224


K. J. Gatore Sinigirira et al. 
 

 

DOI: 10.4236/jamp.2024.1211224 3739 Journal of Applied Mathematics and Physics 
 

( )( )( )
( )( )

* * * *
1*

2* *
1

,
v v v v v v v v v v v

v

v v v v v

KL d L
I

d L

λ µ θ λ µ θ λ θ λ

θ µ λ λ

− − + +
=

+ +
 

where 1 1 1 1, , ,h h h h h v va b c q d Lρ µ µ γ δ µ µ= + = + + = + = + . 
We got the following polynomial function in terms of *

hλ  by substituting 
Equations (17), (15) and (16) into Equation (14), 

 ( ) ( )* *3 *2 *
3 2 1 0h h h hf A A A Aλ λ λ λ= + + +  (18) 

where iA  are given in the section of Appendix D. We show that there is possible 
existence of positive roots to Equation (18) by applying the concept of Descarte’s 
rule of signs [34]. 3A  is always positive, while 2A  and 1A  can be either positive 
or negative, according to Appendix D. If 0 1R <  then 0A  is positive and if 

0 1R >  then 0A  is negative. Table 3 provides an overview of Descartes’s rule of 
signs [34]. 
 
Table 3. Possible number of positive roots of equation of (18). 

3A  2A  1A  0A  Number of 
positive roots 0R  

+ + + + 0 0 1R <  

+ + - + 2 or 0 0 1R <  

+ - + + 2 or 0 0 1R <  

+ - - + 2 or 0 0 1R <  

+ + + - 1 0 1R >  

+ + - - 1 0 1R >  

+ - + - 3 or 1 0 1R >  

+ - - - 1 0 1R >  

 
Lemma 2.5 If 0 1R > , the model has at least one endemic point.  

3. Numerical Simulation 
3.1. Parameter Estimation 

In order to conduct numerical analysis, it is necessary to estimate and contextual-
ize the model parameter values. The Python program was used for the numerical 
simulation process [35]. The specified temperature range of ([15˚C - 35˚C]) was 
used in the numerical simulation, it reflects the typical climate of Burundi. For 
rainfall, a range of ([0 - 50 mm]) was used, the 50 mm limit for rainfall serves as 
the threshold for flushing out mosquitoes when rainfall exceeds this value. 

The total population in Burundi was 10,933,352 people in 2015. We consider a 
scenario in which the human population in this region has reached a steady state, 
which means that 10933352h hα µ = , where hα  and hµ  represent respec-
tively the birth rate and mortality rate of the humans population. To determine 
the mortality rate, we used the life expectancy of the population in 2015, which 
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was 60.22 years. Therefore, the mortality rate is given by 1 60.22 12hµ = ×  per 
month. Consequently, the birth rate can be calculated as  

10933352 15129h hα µ= × = . 
Functions related to the climate, such as mosquito birth rate ( ),v T Rθ , biting 

rate ( )a T , mortality rate ( )v Tµ  for mosquito and progression rate of mos-
quito population from vE  to vI , ( )vL T  are detailed in Appendix E. These pa-
rameters have an impact on the activities that take place during both the aquatic 
and adult phases. For example, a sufficient amount of rainfall is necessary for the 
eggs, larvae, and pupae to survive, whereas temperature plays a significant role in 
the gonotrophic cycle, which is the period between a blood meal and the laying of 
eggs [23]. The values for the climate-related parameters are given in Table 4. We 
also show their references in the same table. 
 
Table 4. Climate-related parameters. 

Parameter Value Reference Parameter Value Reference 

1A  0.000203 [36] EN  200 [23] 

2A  11.7 [36] DD  111 [37] 

3A  42.3 [36] K  100,000 [38] 

A  −0.03 [23] B  1.31 [23] 

C  −4.4 [23] Eχ  1 [23] 

pχ  1 [23] minT  16 [37] 

Model Fitting 
We used cumulative monthly data of confirmed malaria cases from the year 2015 
to the year 2022 to adjust the model. The parameter fitting was performed using 
the least square method. We defined the cumulative number of infected cases pre-
dicted by the model by 

 ( ) ( )d
,

d
h

h h
C t

E t
t

ρ=  (19) 

where hρ  is a parameter related to the rate at which exposed individuals become 
infectious, ( )hC t  is the cumulative number of infected cases at time t  and 

( )hE t  is the number of exposed individuals at time t . This equation indicates 
that the rate of change of the cumulative number of infected cases ( )hC t  de-
pends on the number of exposed individuals and the rate at which they become 
infectious. The least square method was used to fit the model with the real infected 
data by minimizing the sum of the squares difference between the real data and 
the model (1) together with (19) [39]. It is calculated as follows: 

 ( )( )2

1
min , ,

n

i i
i

y F x
θ

θ
=

−∑  (20) 

where n  represents the total number of available data, iy  represents the cumu-
lative number of the real reported data for the thi  observation and the function 
( ),F x θ  is a function in the form of vectors with the same dimension as y . It 
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represents the model’s predictions for the cumulative number of malaria cases at 
each observation point, given the parameters θ . The step for minimization can 
be found in [40]. 

The data used were given by the national malaria control program in Burundi. 
Parameter values calculated in Section 3.1 and Table 4 were used to generate Fig-
ure 2 and Table 5 
 

 
Figure 2. Model fit to data for malaria in Burundi. 

 
Table 5 contains the fitted parameters. 
 

Table 5. Outcomes of the data fitting on malaria in Burundi to the parameters. 

Parameter Value Parameter Value 

q  0.98765 2β  0.9917 

δ  0.015941 hγ  0.120342 

1β  0.9969 hρ  0.001995 

3.2. Forward Sensitivity Analysis of the Reproduction Number 

In this section, the forward normalized sensitivity index of the basic reproduction 
number 0R  is conducted to assess the sensitivity of the basic reproduction num-
ber with respect to various parameters of the model. The objective is to identify 
and understand the key factors that have a substantial impact on the basic repro-
duction number. For effective strategies in controlling and eradicating malaria, it 
is crucial to prioritize interventions targeting these influential factors. Sensitivity 
analysis involves examining how changes in specific parameters affect the overall 
value of 0R . If certain parameters have a pronounced effect on 0R , addressing 
or modifying those parameters can significantly impact the transmission dynam-
ics of malaria. 

Definition 3.1. The sensitivity index [41] of a variable x  with respect to a pa-
rameter p  in the context of continuous dependence is expressed as: 

https://doi.org/10.4236/jamp.2024.1211224


K. J. Gatore Sinigirira et al. 
 

 

DOI: 10.4236/jamp.2024.1211224 3742 Journal of Applied Mathematics and Physics 
 

 Γ .x
p

x p
p x
∂

=
∂

 (21) 

If we consider the sensitivity index of the basic reproduction number 0R  con-
cerning the parameter 1β . It quantifies the degree to which variations in 1β  af-
fect the potential for disease transmission, providing valuable insights into the 
significance of this specific parameter in influencing 0R . It is calculated as 

 0
1

0 1

1 0

Γ ,R R
Rβ
β

β
∂

=
∂

 (22) 

whith 

( ) ( )
( ) ( )( )( ) ( ) ( )( )

2
1 2

0 ,
,

v h h v

v h v h h h h v v

a T K KL T
R

T R T T L T
β β α ρ µ

θ α µ ρ µ µ δ γ µ
=

+ + + +
 

written in terms of climate-dependent parameters with  
( ) ( ) ( ) ( ), , , ,v v va T L T T T Rµ θ  detailed in Appendix E. In sensitivity, Table 6 pre-

sents the sensitivity indices for 0R  concerning parameters in the model (1). Pa-
rameters from Table 4, Table 5 are used, and the sensitivity of temperature and 
rainfall are also shown in Figure 3. The results indicate that the parameters 1β , 

2β , and K  are strongly positively correlated with 0R . An increase in these pa-
rameters leads to a rise in 0R , highlighting the critical role of human-to-vector 
transmission in increasing 0R . This underscores the importance of controlling 
vector-to-human transmission to manage 0R . On the other hand, the rate of 
transition from infectious to recovered in the human population ( hγ ) negatively 
impacts 0R . Increasing hγ  will decrease 0R . Thus, measures such as using bed 
nets and applying indoor and outdoor sprays can be effective in reducing malaria 
transmission. Finally, in Figure 3, we observed that the sensitivity indices of 0R  
is increasing when temperatures are between 17˚C and 32˚C. This corresponds to 
the temperature ranges for disease transmission defined by [42]. Furthermore, as 
the amount of rainfall increases, the sensitivity to rainfall decreases. The mean 
monthly rainfall below 30 mm is associated with positive indices, whereas the 
mean monthly rainfall above is associated with negative indices. 
 
Table 6. Sensitivity indices of 0R . 

Parameter symbol Sensitivity indices of 0R  

1β  0.6346 

hµ  0.1296 

hρ  0.4779 

hγ  −0.5364 

δ  −0.0710 

K  0.6360 

2β  0.6346 
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(a)                                                   (b) 

Figure 3. Sensitivity indices of the reproduction number with respect to temperature and rainfall. 

3.3. Vector Population Dynamics and Climate-Related Parameters 

In this section, we show how temperature and rainfall affect the transmission dy-
namics of malaria. 

Figure 4 and Figure 5 provide insights into various aspects of mosquito behav-
ior. In Figure 4, the mosquito biting rate, mosquito parasite development, and 
mosquito mortality rate are presented against mean monthly temperatures from 
10˚C to 40˚C. 
 

 
Figure 4. Temperature-dependent functions in mosquito modelling. 
 

Figure 5 illustrates the birth rate of mosquitoes, a parameter influenced by tem-
perature and rainfall, in relation to mean monthly temperatures (10˚C - 40˚C) 
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and mean monthly rainfall values (0 - 50 mm). We also plot the reproduction 
number as a function of temperature and rainfall Figure 6. These findings suggest 
that the optimal conditions for the mosquito population fall within the tempera-
ture range of 20 ̊ C - 32˚C and a rainfall range of 10 - 30 mm, with the same results 
for reproduction number. 
 

 
Figure 5. Mosquito birth rate plotted against temperature and rainfall. 

 

 
Figure 6. Reproduction numbers are plotted against mean monthly temperature and mean 
monthly rainfall. 
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To show the influence of temperature, we conducted simulations on the mos-
quito model under varying temperatures while keeping rainfall constant at 25 mm 
(See Figure 7). Temperature values of T = 20˚C, 25˚C, 30˚C, and 35˚C were used 
in the analysis. The results indicate a consistent decrease in the simulation of sus-
ceptible mosquitoes across all temperature values (Figure 7(a)). Notably, Figure 
7(b) and Figure 7(c) illustrate the dynamics of exposed and infected mosquito 
classes exhibit the highest rate of increase at a temperature of 20˚C, while the low-
est rate is observed at 35˚C. This aligns with the findings obtained from the sen-
sitivity analysis of temperature and rainfall, suggesting a correlation between tem-
perature levels and the transmission dynamics of malaria. 
 

 
(a) 

 
(b)                                                   (c) 

Figure 7. Variations in mosquito population across time at different temperature levels, with (a) susceptible, (b) exposed, and (c) 
infected mosquitoes. 

 
We also explored the influence of rainfall while keeping the temperature con-

stant at T = 20˚C (see Figure 8). We observe that the susceptible class consistently 
decreased as rainfall increased from 10 to 45 mm, indicating a negative effect on 
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susceptible mosquito population Figure 8(a). In contrast, both the exposed and 
infected classes exhibited an upward trend with time and a decrease after a certain 
time (Figure 8(b), Figure 8(c)). The lowest graph was associated with a rainfall 
of 45 mm, while the highest was observed at 20 mm, coinciding with the results at 
30 mm. Consequently, it can be inferred that the optimal range for mosquito pro-
liferation lies within the rainfall range of 10 to 30 mm. Excessive rainfall may dis-
rupt breeding sites and reduce the susceptible mosquito population, while mod-
erate rainfall supports mosquito reproduction. The infection rate of malaria varies 
depending on the amount of rainfall, indicating that rainfall has an impact on the 
transmission of the disease. Different levels of rainfall can influence the breeding 
and survival of mosquitoes, which are the primary vectors for transmitting ma-
laria. 
 

 
(a) 

 
(b)                                                   (c) 

Figure 8. Variations in mosquito population across time at different rainfall levels, with (a) susceptible, (b) exposed, and (c) infected 
mosquitoes. 

3.4. Monthly Trends in Temperature, Rainfall, and Confirmed  
Malaria 

For a better understanding, temperature and rainfall data were analyzed alongside 
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percentage of confirmed malaria cases using the data between the year 2015-2022. 
Graphical representations were used to visualize the relationship between temper-
ature, rainfall, and malaria cases. Additionally, the variation of the reproduction 
number ( 0R ) was calculated, and we plotted this on a monthly basis to include 
the percentage of confirmed malaria cases. 
 

 
Figure 9. Monthly temperature and confirmed malaria percent. 

 

 
Figure 10. Monthly rainfall and confirmed malaria percent. 

 
We notice that when rainfall reaches its highest point in a given month, malaria 

does not immediately peak during that same month (See Figure 10). Similarly, 
when rainfall decreases in a month, malaria rates drop after a period of time. This 
indicates that alterations in rainfall patterns eventually lead to corresponding 
changes in malaria occurrence, with the impact becoming evident after some time. 
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We observed same behaviour when we plot mean monthly temperature against 
the monthly confirmed malaria percent (see Figure 9). We observed a similar 
analysis when we computed the reproduction number and plotted it against con-
firmed malaria percent, as shown in Figure 11. This is because the reproduction 
number is influenced by temperature and rainfall. 
 

 
Figure 11. Reproduction number and monthly confirmed malaria percent. 

4. Discussion 

In this research, we presented a mathematical model that captures the dynamics 
of malaria transmission, incorporating temperature and rainfall as climate-de-
pendent parameters. Our analysis indicated that the model is well-defined both 
mathematically and epidemiologically. Upon further investigation, we observed 
that the model possesses a disease-free equilibrium point and exhibits local stabil-
ity when the basic reproduction number 0 1R < . Additionally, the basic repro-
duction number is computed using the next-generation matrix. We conducted 
computations to establish the existence of an endemic equilibrium point and 
found that the model will have at least one endemic equilibrium point when 

0 1R > , this implies that malaria persists within the community as long as 0R  re-
mains greater than 1. 

We used the least square method to verify the accuracy of the model by fitting 
the cumulative incidence of (19) with cumulative observed malaria cases data for 
Burundi. Through curve fitting, we derived specific parameters, which were sub-
sequently employed in our simulations Table 5. A sensitivity analysis was con-
ducted to elucidate the significance of various parameters in influencing the re-
production number. The outcomes of this analysis have been systematically pre-
sented in sensitivity Table 6. We observe that human-mosquito contact is among 
the primary parameters exhibiting a significant positive influence on the repro-
duction number ( 0R ). Consequently, implementing strategies like distributing 
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bed nets for sleeping and conducting indoor and outdoor mosquito spraying can 
effectively reduce the contact between humans and mosquitoes and subsequently 
reducing the transmission of malaria. 

Additionally, sensitivity analysis were extended to assess the impact of temper-
ature and rainfall (See Figure 3), aiming to identify optimal values conducive to 
the proliferation of mosquitoes and, subsequently, the transmission of malaria. 
The range of temperature from 20˚C to 32 ˚C and rainfall ranging from 10 to 30 
mm through the month proves to be particularly favorable for the development 
of mosquitoes, as illustrated in Figure 7 and Figure 8. This observation empha-
sizes the considerable impact of warm weather ecology on the dynamics of mos-
quitoes and identifies a specific range of temperature and rainfall that can create 
favorable conditions for mosquitoes in Burundi and potentially in other regions 
with similar epidemiological and climatic characteristics. These results align con-
sistently with findings from multiple studies [38] [42]. Consequently, it becomes 
imperative to understand the repercussions of climate factors on the transmission 
dynamics of malaria, as such insights are essential for formulating effective strat-
egies to combat the spread of malaria. 

The model underwent numerical simulations to examine the impact of temper-
ature and rainfall on malaria transmission. Temperature values ranging from 
20˚C to 35˚C were explored, revealing that malaria transmission is most effective 
in the range of [20˚C - 32˚C] and a rainfall range of [10 mm - 30 mm]. It was 
observed that rainfall of 20 mm to 30 mm is conducive to optimal malaria trans-
mission in accordance with [24]. 

In areas with low rainfall, the breeding sites for mosquitoes may dry up, reduc-
ing their population and consequently lowering the transmission of malaria. On 
the other hand, excessive rainfall can create stagnant water bodies, providing 
abundant breeding grounds for mosquitoes and increasing the transmission of the 
disease. Additionally, excessive rainfall exceeding 50 mm can contribute to a de-
cline in the mosquito population by flushing them out of their habitats. Compar-
ing monthly confirmed malaria percentages to the average monthly rainfall and 
temperature revealed that the effects on malaria occurrence were observed in sub-
sequent months rather than immediately in the same month. Changes in these 
climatic factors led to delayed impacts on malaria transmission. This finding 
aligns with similar conclusions reported by [43] [44], both of which highlight the 
seasonality of malaria transmission and the delayed response to climate variables. 
In a related study conducted in North Kordofan State, Sudan, a regression model 
found that 72% of the variance in monthly malaria incidence could be explained 
by climate factors, with lagged malaria cases and temperature (particularly mini-
mum temperature) serving as key predictors. The study emphasized a peak in ma-
laria cases during the rainy season (June to September) but noted a lagged effect 
similar to our findings, where changes in rainfall and temperature influenced ma-
laria transmission after a certain delay [45]. 

The implication for future research is that it would be beneficial to delve deeper 
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into the seasonal patterns of malaria transmission. Seasonal analysis allows for a 
more comprehensive understanding of how changes in climatic variables, such as 
temperature and rainfall, as well as other factors, such as relative humidity, wind 
speed, and vegetation indices, influence malaria incidence over time. Including a 
broader range of variables can provide a more detailed picture of the environmen-
tal drivers of malaria, ultimately aiding in the development of more effective in-
tervention strategies. 
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Appendices  
A. Malaria Cases Data (Figure A1) 

 
Figure A1. Monthly malaria cases from 2015 to 2022. 

B. Temperature Data (Figure A2) 

 
Figure A2. The average temperature per month from 2015 to 2022. 

C. Rainfall Data Figure (Figure A3) 

 
Figure A3. The total rainfall per month from 2015 to 2022. 
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D. Existence of EE 
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E. Climate Related Parameters 

We assume that the mosquito birth rate depends on temperature and rainfall, 
given by the following formula [23] 

( ) ( ) ( ) ( )
( )

,
, E E L P

v
E L P

N S R S R T S R
T R

T
θ

χ χ χ
=

+ +
 

where 
 EN  represents the total number of Eggs laid per adult female mosquito. 
 ( ) ( ), ,E LS R S R T  and ( )PS R  are the survival probability of Eggs, Larvae 

and pupa, respectively. 
 ( ), ,E L PTχ χ χ , the duration of each aquatic stage. 

Temperature and rainfall independently influence larvae’s survival probability 
[23]. This leads to the equation ( ) ( ) ( )1 2,L L LS R T S T S R= , where ( )1LS T  and 

( )2LS R  represent the survival probability of larvae depending on temperature 
and rainfall respectively. Specifically, ( )1LS T  is given by e Tα β− + . 

Rainfall has two side effects: it may either raise the frequency of malaria by 
providing adequate habitat for mosquitoes or decrease the prevalence by flushing 
away mosquito breeding sites. The survival probabilities of Eggs(E), Larvae(L) and 
Pupae(P) assume a quadratic relationship between them and rainfall defined as 

 ( ) ( )
*

2
4 with , ,i

i w
w

PS R R R R i E P L
R

 
= − = 
 

 (24) 

*
iP  represent the maximum survival probability of Eggs, Larvae, and Pupa and 

wR  is the wash-out limit for Eggs, Larvae and Pupae (= 50 mm). 
The larvae duration varies with temperature and may be represented as [46]: 

 ( ) 1 with and constantsL T
T

χ α β
α β

=
+

 (25) 

The mortality rate of Mosquitoes is a temperature-dependent rate with function 
given by the following [23]: 

 ( ) 2
1

v T
AT BT C

µ =
+ +

 (26) 

where , ,A B C  are constants. 
( )vL T  which is the proportion of exposed mosquitoes that become infected is 

related to the ambient temperature 

 ( )
( )

mine
v

DDT
T T

vL T
µ

 
−  − =  (27) 

where DD  and minT  are the total degree days and the minimum temperature 

required for parasite development respectively, and 
min

DD
T T
 
 − 

 is defined as the 

duration of the sporogonic cycle in days. This function suggests that the proportion 
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of mosquitoes that become infected is influenced by the ambient temperature, 
with higher temperatures generally promoting faster parasite development and 
shorter sporogonic cycles [47] [48]. 

The frequency with which the vectors take a blood meal each day determines 
the mosquito biting rate [42] 

 ( ) ( )1 2 3a T AT T A A T= − −  (28) 

and the frequency of feeding depends on how the blood meal is digested. It has 
been shown that as the temperature increases, the biting rate increases [23]. 
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