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Abstract

Multiple orthogonal polynomials are polynomials of one variable which are defined by or-
thogonality relations with respect to r different measures pq, o, ..., pt, where r > 1is a
positive integer. Multiple Hermite polyniomials play an important role in analysing ran-
dom matrices with external source and also in the analysis of non intersecting Brownian
motions leaving from one point and arriving at r distinct points. In this work, we focus
on random matrices with external source and we show that multiple Hermite polynomials
belong to a problem of such a matrix ensemble and we give some applications of multiple
Hermite polynomials. The main contributions of this work are contained in Theorem [3.0.3]
of the Chapter 3 where we corrected the Theorem 2.4. of the paper of Lee, we also give two
other proofs for the generating function and in Chapter 6 where we derived the asymptotic
behaviors of multiple Hermite polynomials in region I and III inside of the disk D(zy,7)
of the complex plane.

Key words: multiple Hermite polynomials, generating function, random matrices with
external source, Riemann-Hilbert problem, asymptotic behavior.

Résumé

Les polynomes multiples d’Hermite sont des polynomes avec une seule variable définies par
les relations d’orthogonalité par rapport a r mesures positives différentes. Ces polynomes
jouent un role important dans ’analyse des matrices aléatoires avec source extérieure mais
aussi dans l’analyse des mouvements non-Browniens partant d’'un point vers r points
différents.Dans ce travail, nous nous focalisons sur les matrices aléatoires avec source
extérieure et montrons que les polynomes multiples d’Hermite appartiennent dans un
probleme avec cet ensemble de matrices et nous donnons quelques applications. Les prin-
cipales contributions de ce travail sont contenues dans le Théoreme du Chapitre 3 ol
nous donnons la forme correcte du Théoreme 2.4 de 'article de Lee, nous donnons aussi
deux autres démonstrations de la fonction génératrice et dans le Chapitre 6 nous dérivons
les comportements asymptotiques des polynomes multiples d’Hermite dans les régions 11
et IIT & l'intérieur du disque D(z1,7) du plan complexe.

Mots clés: polynomes multiples d’Hermite, fonction génératrice, matrices aléatoires avec
source extérieure, probleme de Riemann-Hilbert, comportement asymptotique.



Condensé en Francais

Polynomes orthogonaux classiques
Considérons I’équation différentielle
o(@)y"(z) + 7(x)y'(x) + Ay(x) = 0

ou o est un polynome de degré au plus 2, 7 un polynome de degré 1 et A une constante.
Les polynomes orthogonaux sont des polynomes satisfaisant

b
/ ()P ()dp(x) = O, m,n > 0.
a
Les polynomes orthogonaux satisfont toujours une relation de récurrence a trois terme

xpn(x) = Gp4+1Pn+1 (IE) + bnpn(m) + &npnfl(x)-
Les polynomes orthogonaux moniques P, (x) = ’?Tf) satisfont aussi une relation de récurrence
a trois terme de la forme

2P, (1) = Poyi(x) + by Po(2) + a2 Py (7).

La formule de Rodrigues est donnée par

w(@)on(2) = ey (w(z)o" (@)

Résumé des polynomes orthogonaux classiques: Hermite, Laguerre
et Jacobi

Polynomes orthogonaux d’Hermite

Les polynémes d’'Hermite H,(x) de degré n sont des solutions polynomiales de I’équation
différentielle
H(x) — 2xH)] (x) 4+ 2nH,(z) = 0.



Hermite H,(x) | Laguerre L(x) Jacobi P\*”(z)
interval (—00,00) [0, 00) [—1,1]
w(x) e v x¥e " (1—2)*(1 +2)°
o(x) 1 x 1—2?
7(x) —2x —x+a+1l | —z(a+B+2)—a+p
An 2n n nn+a+p+1)
n 1 (="
o (=1 n! 2"n!
Remark — a>—1 o, >—1

Ces polynomes satisfont la relation d’orthogonalité

/ Hp(2)Hy(x)e™™ dz = 2"nI\/T0,mm.

La relation de récurrence a trois terme est données par
H,1(x) =22H,(x) — 2nH,_(x).

Sa formule de Rodrigues est

2 ndn 2

" Hy(x) = (—1 .
e Hy (@) = (1) ()
L’expression explicite des polynomes d’Hermite est donnée par
15]

(—1)Fn!(22)"2*
Hal) = ; kl(n — 2Kk)!

et la fonction génératrice est

n!
n=0
que l'on peut généraliser par
o)
H, .(x
Z -HT( )tn _ €2xt7t2Hk(I . t)
n!
n=0

Polynomes orthogonaux multiples

Les polynomes multiples de type I pour un multi-indice 77 consistent en un vecteur (Az 1, ...
de r polynomes, ou Az ; est de degré au plus n; — 1 pour 1 < j < r, pour lesquels

/xk > Agj(x)dpi(z) =0, 0<k < |i]-2
j=1

vi
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Vil

avec une normalisation .
[ sy @) = 1.
j=1

Nous notons par Q7 la fonction de type I définie par
Qa(x) = Anj(x)w;(z).
j=1

Les polynomes multiples de type II pour un multi-indice 7 sont des polynéomes moniques
P; de degré <| i | for pour lesquels

/Pﬁ(a:)xkd,uj(x) =0, 0<k<n;—1, for1<j<r.

Les polynomes Py et ()7 sont biorthogonaux et les relations de biorthogonalité sont données
par

0, ifm<i
/ Pa(@)Qu(2)dpu(z) = 3 0, if [ < || —2
1, if |if]= |i|—1

Les relations de recurrence pour les polynomes multiples de type I sont données par

v Pq(x) = Py, () + b p Pa(x) + Zaﬁ,jpﬁféj (), j=12,..,r
=1

Les relations de recurrence pour les polynomes multiples de type II sont données par

1 Ps(x) = Prye, (v) + bapPr(z) + Zaﬁ,jpﬁféj (), j=12,..,r
=1

Polynomes multiples d’Hermite

Les polynomes multiples d’Hermite jouent un role important dans ’analyse des matrices
aléatoires avec source extérieure. Les polynomes multiples de type I pour un multi-indice
7 consistent en un vecteur (Azq, ..., An,) of r polynomials, where Az ; de degré au plus
n; — 1 for 1 < j <r, pour lesquels

o0

+oo r
/ 2" ZAﬁ,j(x)e_szrcjxdx =0, 0<k<|i|l-2
- =

avec la normalisation

400 r
/ x|ﬁ|71 Z Aﬁ}] (x)e*$2+6j$dx — 1

o0
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Les polynomes multiples de type II pour un multi-indice 77 sont des polynémes moniques
Hj de degré < |ii| pour lesquels

+oo
Hy(z)abe @ +9%dr =0, 0<k< nj—1, 1<j5<r.

—00

La formule de Rodrigues pour ces polynomes est donnée par

et I'expression explicite s’écrit

Ha(z) > ( ) ( )alﬂ b () H g (@),

On a les opérateurs de création de la forme

d 2 2
(e g (1) = —2e T Ha(w), 1< <
ua

et les opérateurs d’annihilation de la forme

) =Y niHa ()
j=1

Combinant les deux opérateurs, on trouve une équation différentielle d’ordre r + 1
(TIps) pHate) = =2( > n [T D)
=1 i=l i

En utilisant la formule de Rodrigues, on peut établir la fonction g¢,(¢) donnée par

a(t) = / e Ha(x)e " de = 27 F/m(t — e ) (t — o) e/,
R

Cette fonction nous permet de calculer les coefficients de récurrence et nous trouvons les
relations de récurrence de la forme

vHy(r) = Hayo (2) + CJH )+ = an pe(w), 1<j<r

Les polynomes multiples d’Hermite de type I ont pour représentation intégrale

T

_ . 1 (f—r)2 Cr. _
A ()ee 4 — e T — &y
e = o e e )

=1




X

ou I'; est un contour fermé encerclant % dans la direction positive mais n’encerclant pas
tout autre 3,1 # j.
. La fonction Q)7 de type I a pour représentation intégrale

r

oy L —(t-2)? _ Cyemy
Q"(@_\/ﬁm’ée I1 5) "t

=1

ot I' est un contour fermé encerclant tous les <, (1 <1 < r) dans la direction positive.

Les polynoémes multiples d’Hermite de type Il ont pour représentation intégrale

1 i00 s—x)2 ! C] n
Hz(z) = ﬁ/ 5= H(s— 5) 'ds.

—100 =1

Fonction génératrice des polynomes multiples d’Hermite

La fonction génératrice des polynémes multiples d'Hermite a été trouvée par Lee [2] pour
t; — t;/2 et sa preuve utilisait la formule de Rodrigues et la formule intégrale de Cauchy.
Cette fonction génératrice est ainsi définie par

G(z;t) = exp (thj — }1(2 t;)? — %cht]).
j=1 j=1 Jj=1

Dans ce travail, nous donnons deux autres méthodes de démonstration, I’'une basée sur la
fonction g¢,(t) déja définie et I'autre sur 1'expression explicite.
Le Théoreme 2.4 dans [2] est erroné, voici la version correcte.

Theorem 0.0.1. Pour les polynomes multiples d'Hermite, on a une relation de récurrence
suivante

Matrices aléatoires et ensemble unitaire gaussien
On considere une matrice hermitienne aléatoire M d’ordre n ayant pour densité de prob-
abilité
ie’%rﬁ(M DdM
Le polynome caractéristique moyen vérifie

Edet(M — z1I,) = (—1)"H,(z)

ou H, est une forme probabiliste des polynomes d’Hermite.
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Matrices aléatoires avec source extérieure et polynémes
multiples d’Hermite
On considere une matrice hermitienne aléatoire M avec source extérieure A

1 —TrM2—AM)
—e dM
2

définie sur une matrice hermitienne M d’ordre 7| x|7i|.
Le polynome caractéristique moyen vérifie

E{det(M — 2Ijq)] = (1) Hz(2)

ou Hjy sont des polynomes multiples d’Hermite.

Probléeme de Riemann-Hilbert

Le probleme de Riemann-Hilbert scalaire et additif consiste a trouver une fonction f : C —
C telle que

e f est analytique sur C\ R

e pour = € R,
fe(x) = f(z) + w(z)
e as z — 0o, f(2) = O(2)

z

L’unique solution a ce probleme est donnée par

10 =5 [ 2as

211 s—z

Le probleme de Riemann-Hilbert pour les polynomes orthogonaux sur 'axe réel est de
trouver la matrice fonction Y : C — C?*2 satisfaisant

e Y est analytique sur C\ R

e Sur 'axe réel, on a
Yi(z) =Y_(x) (0 1 ) : ze€R

e Y a pour comportement asymptotique

v(e) = (1+0() (ZO" Zon)



el

Pour n > 1, la solution de ce probleme de RH est donnée par

z Puls)els) g
Y(Z):< Pn() fIR sz d )

—2ming_yPaci(2) oy [ T ;“iw@d

Considérons par exemple le probleme de RH pour le cas des polynomes d’Hermite ou
Y : C — C?*? est une fonction matricielle avec les propriétés suivantes:

e Y est analytique sur C\ R

e Les valeurs bornées Y, et Y_ existent sur R et
1 e
Yi(x) =Y_(x) o 1 ) reR

e Y a pour comportement asymptotique

z

v(e) = (1+0(2) ( - Zﬂ) |

hn(Z) f hnsszi(s
Y(Z) - ( . E n—1(8)w( s)dS

—2%272_1%_1(2) —%—1 fR s—2

Alors

ou h, = 27"H, sont des polynomes moniques d’Hermite.

Pour le cas multiple, considérons le probleme de RH pour » = 2. Il faut alors trouver
Y :C\R — C3*3 telle que

e Y est analytique sur C\ R.
Une fonction matricielle Y est analytique au point z si si chacune de ses composantes
est une fonction analytique au point z.

[ J
Yi(x) = lim Y (x + i€) existent et Vo € R,
e—0
on a
1 wi(z) wez)
Yi@) =Y. (z) [0 1 0 |, zeR
0 0 1
ol

wi(z) = e IVE=a2) ot () = eIV () +az)
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e Pour z — 00, on a un comportement asymptotique

270 0
Y(i)=I+0E) 1 0 2™ 0
0 0 2z

ou I est une matrice identité d’ordre 3 x 3.

La solution de ce systeme existe lorsque le multi-indice 77 = (ny, ns) est normal.Elle contient
les polynomes orthogonaux multiples de type II P; et elle se présente comme suit

Pr(2) ﬁ 'Pﬁ(i)_il(x)dx 2}” P(@)n(@) ..
Y(Z> = —27Ti”)/1pﬁ,€1<2 —-M fwdw —v f Pr_ elx x)d

(@)
—2miy, P, — P 62 x)‘”l — M2—M
2mive P (2)  —e f dx ’Yzf —2 dx

Notons que probleme de RH similaire existe aussi pour polynomes orthogonaux multiples
de type L.

Relations de récurrence et équation différentielle

On a les relations de récurrence

TOTRE T
¢(n1+1,n2)(2) = 1 0 0 wnl;”& (Z)
1 0 —2a
zta —@ @
¢(n1,n2+1)(2) = 1 2a 0 @Z)m,nz(z)
1 0 0
et I’équation différentielle
W
¢(n1,n2)(z) = |ﬁ _1 —a 0 wm,nz <Z>
-1 0 a

Pour le cas des polynomes multiples d’Hermite, on a les équations de récurrence

P(n17n2+1)(2) = (Z - b(m,m)P(nl,nz)(Z) - c(n17n2)P(n1*1,n2)(z) - d(n17n2)P(n1,n2*1)(z)
et
P(nrl,nzﬂ)(Z) = P(nth)(Z) - é(m,nz)P(mfl,nz)(Z)
et I’équation différentielle dans ce cas est

’

\Ij(nl,ng) (Z) :’ﬁ’A(nl,m) (Z)\Ij(nlmz) (Z)



Méthode de descente de Deift-Zhou

Cette méthode permet d’analyser le probleme de RH pour z — co. Elle consiste a trans-
former le probleme de RH initial Y, dans quelques étapes, en un autre probleme de RH
équivalent R qui est aussi analytique et normalisé a 'infini. La solution R de ce nouveau
modele du probleme de RH convergera a la matrice identité. En inversant ces étapes, on
peut enfin trouver la solution exacte du probleme original Y.

Comportement asymptotique des polynémes multiples
d’Hermite

On partitionne le plan complexe en trois régions et on dérive, dans chaque région, le
comportement asymptotique des polynomes multiples d’Hermite.

Région a I’extérieur des lentilles et des disques

Dans cette région, on dérive le polynomes multiples d’Hermite de la forme

g 7\772”422 . f% —a? —||A(2) ;
O - \/(5%_p2)(5%_q2)6 <1+O<|ﬁ!(\zl+1)>)'

Région a l'intérieur des lentilles mais a ’extérieur des disques

Dans la région se trouvant au dessus de la lentille sur [z, 2], on dérive le polynomes
multiples d’Hermite de la forme

7] 2

Pi(z)e 27 =

<\/(£%(2) GO A
&(2) —a n O(%))e—lfﬂkg(z)—‘ﬂﬁll

e sao=0

§i(z) —a Lo )) el

ou

ne) = | 4(s)ds

De fagon similaire, dans la région se trouvant en dessous de la lentille sur [z9, 2], on dérive
le polynomes multiples d’Hermite de la forme

7] 2

Pi(z)e 27 =

<\/(£%(2) —p?)(&(z) — ¢?) J7i]
B £3(2) — a? 0 1 ol (2) Hll
Veo-meo—a O™

§i(z) —a Lo )) el
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Pour z = x réel, x € [29 + 1,21 — 1], cette derniere équation peut s’écrire en fonction de la
densité des valeur propre comme

17l .2
2.5!2

Pﬁ(x)e_ ) —\ﬁ\Re/\1+(1‘)+\ﬁ|l1'

= A(x)cos[|ﬁ|7r/gC p(s)ds — o(x)] + O(é e

. 7]
On peut dériver une formule similaire sur l'intervalle [—z; + 7, —z5 — 7.
Region a l'intérieur des disques

Considérons le disque D(z1,r). Dans cette régions, on dérive les polynomes multiples
d’Hermite en quatre régions.

Région I et IV

Dans cette région, on dérive le polynomes multiples d’Hermite de la forme
Pr(z)e _ldle \/7?[|ﬁ|1/GB(z)Ai(|ﬁ|2/36(Z))(I+ O(ﬁ)) 4|7 VSO(2)
Ai (P 8() (1 + Oy ) | e et

ou

Bla) — 4o/ §(z) — g -
== (\/(6%(2) —p)(ER) - ) VIER) - p)(ER) —q2)>
et

§(z) - L 8e)- )
VIEE) —p)(E() - ) VI(EG() —p) (&) - ¢?)

C(z) = By ( -

Région II
Dans cette région, on dérive le polynomes multiples d’Hermite de la forme
Palz)e™ 5% = V| = wlil]0B(=2) Ai(w | 8(2)) (1 + 0(y) ) — w20 (2)
Ai' (w|A[238(2)) (I + 0(%))} o~ lla(2)+ il

ou B(z) et C(z) sont définies dans les régions I et V.

Région III

De facon similaire, dans cette région, on dérive le polynomes multiples d’Hermite de la
forme

Pa( ) Sl \/7_1'[ — W‘ﬁ\1/63(2)Ai(w2!ﬁ]2/35(2))(I + 0(%)) _ w4|ﬁ|_1/66’(z)
A (W?|71238(2)) (1 v 0(%))] e-lila(z)+Hill
ou B(z) et C(z) sont définies dans les régions I et IV.
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Conclusion

Revisitons les résultats principaux de ce travail. Pour cela rappelons que 'objectif de ce tra-
vail était d’expliciter les différentes propriétés des polynomes multiples d’Hermite, montrer
la relation avec les matrices aléatoires avec source extérieure et d’analyser le comportement
asymptotique de ces polynomes en utilisant la méthode de descente de Deif-Zhou basée sur
le probleme de RH pour z — oo.

Nous rappelons en premier lieu les polynomes orthogonaux classiques, les polynomes or-
thogonaux multiples et nous prouvons certaines propriétés pour le cas d’Hermite.Pour
cela, nous donnons deux autres démonstrations pour trouver la fonction génératrice des

polynomes multiples d’Hermite et nous donnons la forme correcte du Théoreme 2.4 de Lee
qui devient le Théoreme de ce travail.
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Introduction

Throughout this work, r is assumed to be a positive integer. We will use a multi-index
7 = (ny,ng, ...,n,) and its length || = ny +ny + ... + n,..

Multiple Hermite polynomials Hy are polynomials that satisfy orthogonality relations [10,
Chapter 23]

/ Hy(z)o*w;(x)de =0 k=0,1,.n;—1, j=1,.r

where w; is the Hermite weigth defined by

wi(z) = e‘x2+cﬂ'“”, j=1,..r

for the physics form.
One can write the probabilistic form of the Hermite weight as

—1,.2
_ Sattem -
wi(x) = e Tt =1,

or .
2
wi(z) =2 T9%  j=1,..,r §<0
for example in [2] and [13] respectively. In this work we will use

wj(z) = e e j=1,..,r
In the first part we prove the Rodrigues formula, the explicit expression, the properties
of derivatives,recurrence relations,integral representation and the generating function of
multiple Hermite polynomials and we introduce the Hermite-Padé approximation.
Consider a random matrix ensemble with external source

1
_e—Tr(V(M)—AM)dM (1)

Zn
defined on n x n Hermitian matrices M, where

V:R—=-R

is a function with enough increase at 0o such that the integral
Zn _ /e—TT(V(M)—AM)dM

converges. The case of multiple Hermite polynomials correspond to the random matrix

model with

1
V(M) = 5M?.



We then give the average characteristic polynomials and we extend at large n limit of
Gaussian random matrices with external source, where we consider the random matrix
ensemble

,u(dM) — Zie_nTT(V(M)_AM)dM.

In this part we will describe a Riemann-Hilbert problem and its transformations,recurrence
relations,differential equations of multiple orthogonal in general and in particular for the
case of Multiple Hermite polynomials.



Chapter 1

Multiple orthogonal polynomials

For this dicussion we refer to the references [18],[10] and [19].

1.1 Classical orthogonal polynomials
Consider the differential equation
o(@)y"(x) + 7(x)y'(x) + Ay(x) =0

where ¢ is a polynomial of degree at most 2, 7 a polynomial of degree 1 and A is a constant.
Orthogonal polynomials are polynomials that satisfy

[ pul@lpn@)dn(@) = b im0 (L1)

where p is a positive measure on [a, b] such that
du(z) = w(zr)dr

and w is a solution of Pearson equation

with
(cw)(a) = 0= (ow)(b)

Orthogonal polynomials always satisfy a three-term recurrence relation
l’pn<l’> - an+1pn+1(x) + bnpn(x) + anpn—l(x)

with n >0, p_1 =0, po= ==, mo = [ du(x)

mo

ﬁ

where

b
an = / Epa()pus (2)dp(x) = 227 > 0

n

3



and ,
by — / (@) du(x)

v, is the leading coefficient of the orthogonal polynomial p,,. Monic orthogonal polynomials
on the real line P,(z) = pn(z) satisfy a three-term recurrence relation

2P, (1) = Poy1(x) + by Po(z) + a2 Py ()
n>0, Py=0, F,=1.

The recurrence coefficients give important information about the orthogonality measure pu.

The Rodrigues formula for orthogonal polynomials is

dn

= cnw(w(:ﬁ)a"(az)) (1.2)

w(x)pn ()

where ¢,, is a constant of normalization.

Summary of the classical orthogonal polynomials:Hermite, Laguerre and Jacobi

Hermite H,(x) | Laguerre L%(x) Jacobi P\ (z)
interval (—00, 00) [0, 00) [—1,1]
w(x) e %" (1—2z)(1+z)°
o(x) 1 T 1—a?
7(x) —2x —x+a+1l | —z(a+B+2)—a+p
An 2n n nn+aoa+p5+1)
Cn (=1 nl 2n
Remark — a>—1 a, B> —1

Table 1.1: Classical orthogonal polynomials.

Legendre polynomials are Jacobi polynomials with o = 5 = 0.

Let p be a positive measure with moments

m:éﬂ@@.

The n'" degree monic orthogonal polynomial P, is defined by requiring that

/meﬁmmmzak:QLm
R



and the n'* degree orthonormal polynomial p,, = 7, P, is defined by taking 7, from

/Pn(x)m”d,u(x) =72 v, > 0.
R

The system (|1.3)) is a linear system of n equations for n unknown coefficients ay, ,(k =
1,...,n) of the monic polynomial

n
P.(z) = Z akmx”_k
k=0

with
Qon = 1.

1.2 Definitions: type I and type II multiple orthogo-
nal polynomials

Multiple orthogonal polynomials are polynomials of one variable which are defined by or-

thogonality relations with respect to r different measures puq, pio, ..., where r > 1 is a

positive integer.

These polynomials should not be confused with multivariate or multivariable orthogonal
polynomials of several variables.

We denote by r > 1 the number of measures (py, o, ..., pt) for the orthogonality con-
ditions. We only consider positive measures on the real line for which all the moments
exist.Let 77 = (n, ng, ...n,) € N” be a multi-index and denote by || = ny + ng + ... + n,.

Definition 1.2.1. Type I multiple polynomials for the multi-index 77 consist of the vector
(Aji1, ..., An,) for r polynomials, where Aj;; has degree at most n; — 1 for 1 < j <r, for

which ;
/xk ZAﬁyj(I)d/,Lj(ﬂ?) =0, 0<k<|i|-2 (1.4)
j=1

with normalisation

2N Ay (@) dpy () = 1. (1.5)

We denote Q7 by

and



Equations (1.4)-(1.5) give a linear system of |7i| equations for the |7| unknown coefficients
of Az ;(1 < j <r). If this system has a unique solution, then we say that the multi-index 7
is normal.Note that the matrix linear system contains moments of the measures 1, ..., ;.

Definition 1.2.2. The type II multiple orthogonal polynomials for the multi-index 7 are
the monic polynomials Py of degree <| 7 | for which

/Pﬁ(x)xkduj(;v) =0, 0<k<n;—1, forl<j<r. (1.6)

Equations and the normalization P; = 2™l + ... give a linear system of || equations
for the |7| unknown coefficients of Py.Note that the matrix of this linear system is the
transpose of the matrix for type I multiple orthogonal polynomials.So the type IT multiple
orthogonal polynomial exists and is unique whenever 77 is a normal index.

Definition 1.2.3. A system of measures (p, ..., it,,) for which all multi-indices are normal
is called a perfect system [§].

1.3 Special systems

Not all systems of measures (p1, ..., it,,) on the real line lead to a perfect system. There
are, however, some special systems for which all multi-indices are normal.

Definition 1.3.1. The measures (p1, ..., i) are an Angelesco system if the supports of the
measures supp(/;) CA; are on disjoint intervals Ajie. A; () A;j= 0 whenever i # j.

An important property of Angelesco systems is that the type II multiple orthogonal poly-
nomial P; has exactly n; distinct zeros on the open interval Aj for every 1 < j <r, giving
a total of | 77 | real and simple zeros.This implies that every multi-index is normal and that
an Angelesco system is perfect.

Definition 1.3.2. The measures (i1, ..., p) are an AT system(algebraic Chebyshev sys-
tem) on the interval [a, ] if the measures are all absolutely continuous with respect to a
positive measure p on [a, b,

dpi(z) =w;(x)de, 1 <j<r
where w; are positive weight functions, and for every 7 the functions

ny ng ny—1

wi (), 2w (z), ..2™ Wi (2), we (2), 2wa (), ...x™ T we(2), ..., wp (2), 20, (), .2 LW ()

are a Chebyshev system on [a,b] , i.e. any linear combination of these functions has at
most |77|]—1 zeros on [a, b].



For an AT system the type I multiple orthogonal polynonmials are such that the linear
combination

Qi(z) = ZAm(iE)Wj(if)

has exactly |7| — 1 zeros on the open interval (a,b).Furthermore the type II multiple
orthogonal polynomial has |7i| simple zeros on (a,b). This implies that every multi-index
77 is a normal index.

1.4 Biorthogonality

In an AT system every measure ji; is absolutely continuous with respect to a given measure
pon [ab] and du;(z) = w;(z)de, 1<j<r.

In an Angelesco system we can define p = pg + po + ... + - and if the intervals [ay, bg|are
disjoint, then each measure p; is absolutely continuous with respect to p and du;(z) =
w;(z)dr and then the weight w; is the characteristic function for the interval A;

_ 17 T € [ajvbj]
wj(w) = { 0, zeR\][a;b.

We then define the type I functions by

r

Qa(x) =) Anj()w;(x). (1.7)

Jj=1

The orthogonality conditions ([1.4)-(1.5) for type I multiple orthogonal polynomials then
become

/kuﬁ(I)du(x) —0, 0<k<|i]-2

[+ Qata)di ) = 1.

Combining this with the orthogonality relations for the type II multiple orthogonal poly-
nomials

/Pﬁ(:v)xkduj(a:) =0, 0<k<n;—-1

then gives biorthogonality relations

0, ifm<q
/Pﬁ(x)Qm(x)du(x) =< 0, if|A|<|m|-2 . (1.8)
1, if |a]=|m|-1

This does not imply that all the Py are biorthogonal to all @, since (1.8)) does not include
all the ways to combine (72, 171).



1.5 Recurrence relations

There are a number of recurrence relations for multiple orthogonal polynomials of type I
and type II.

The most important recurrence relations are those relating the polynomials with multi-
index 7 to the neighboring multi-indices 7 + ¢€;, where é; = (0,...,0,1,0,...0) is the ith
standard unit vector in N".

The nearest neighbor recurrence relations for the type II multiple orthogonal polynomials
are [10, chapter 23] and [19]

v Pq(v) = Py, () + b p Pa(x) + Zaﬁ,jpﬁfé’j (), Jj=12,...,m (1.9)
j=1

Note that there are r equations and 2r recurrence coeflicients (a1, ..., az,) and (b 1, ..., bi ;)
for every multi-index 7i.

These recurrence relations are valid only when all multi-indices are normal.

The recurrence coefficients are given by [10, chapter 23],[19]

(1.10)

and
bi; = /xpﬁ($)Qﬁ+gj($)d/.L($). (1.11)

where @ is the type I function given in (1.7)).
There are similar recurrence relations for the type I multiple orthogonal polynomials:

2Qn(1) = Qa_z,(¥) + ba—z4Qa(2) + Y a7 Qe (), Jj=1,2,...,m (1.12)
j=1

Observe that the same recurrence coefficients (az 1, ..., a7,) are used but that there is a
shift in the other recurrence coefficients (bz_g, 1, ..., bi—z, ).

1.6 Hermite-Padé approximation

Multiple orthogonal polynomials originate from Hermite-Padé approximation where the
type II polynomials appear as the common denominators when one wants to approximate
r functions simultaneously by rational functions. Hermite used this construction for the
first time for his proof that e is a transcendental number, for which he used Hermite-Padé
approximation at z = 1 to the functions e?, %, ..., e™.

We will use here only Hermite-Padé approximation at infinity to r functions fi, fo, ..., f-

of the form

fj<z>=/ L ogux), 1<j<r

Z—X



where p;(1 < j <r) are positive measures on the real line.
There are two types of Hermite-Padé approximation.

Definition 1.6.1. Type [ Hermite-Padé approximation at infinity to (f1, fo, ..., f) consists
of finding r polynomials Ay ; of degree n; — 1(1 < j <r) and a polynomial By such that

ZlAﬁJ(Z)fj(Z) — Bi(z) = o(%% . s oo,

The polynomials (A7 1, ..., A7,) are then precisely the type I multiple orthogonal polyno-
mials for the system of measures (j1, ..., i) and

Bat:) = [ > Anal®) = Ans®) g (),

X

The error in type I Hermite-Padé approximation is given by

S Aas(2) — Bale) = [ 3 2 o)

z2—x
Definition 1.6.2. Type II Hermite-Padé approximation at infinity to (fi, fo, ..., f) con-

sists of finding a polynomial P; of degree < |7i| and polynomials Q7 ; such that

Pal2)f3(2) = Quy(2) = O(anﬂ), = 00

for every j such that 1 < 7 <.

The common denominator Py is then the type II multiple orthogonal polynomial for the
system of measures (u1, ..., ptr) and

Qo) = [P ). <<

zZ—XT

The error in type II Hermite-Padé approximation is then given by

dpi(z), 1<j<nr.

%wﬁ@—@m@:/



Chapter 2

Multiple Hermite polynomials

In this chapter, we refer to the references [14],[18],[10],[4] and[1].

2.1 Classical Hermite polynomials
Consider the differential equation

H/(z) — 2xH] (x) + 2nH,(z) = 0.

The polynomial solution of (2.1 is a Hermite polynomial H,, of degree n.

Hermite polynomials satisfy the orthogonality relation
/ Hp(2)Hy(x)e™ dz = 2"nI\/T0,mm.

The Rodrigues formula for this polynomial is given by

2

e " Hy(z) = (1)

Ldn

e (e™™).
The three-term recurrence relation is given by
Hyq(x) =22H,(z) — 2nH,_1(x).
One has the raising operators of the form [10]
(e Hyoi(z)) = e~ H,(2)

and the lowering operators of the form

(H,(z)) =2nH,_1(z).

10

(2.1)

(2.2)

(2.3)
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The Hermite polynomials have the explicit expression :

L2) Vel (20 n—2k
H”<x>_k:0( ;?(n!?z/i)! | (2:4)

The first Hermite polynomials are:

Ho(z) =1

Hy(x) =2z

Hy(z) = 42 — 2

Hj(z) = 8x% — 12z

Hy(z) = 162" — 4827 + 12

Observe that H,(z) = 22" + ...

20 T T 7 T
15 “ TH3 ——— ]

10 | i -

H(x)
o

-10 i -

.15 i i

20 | i | |
-10 -5 0 5 10

Figure 2.1: The first Hermite polynomials

Hermite polynomials are neither normalized nor monic but another normalization is used.

The generating function has the form

Gz, t) =) H"('x)t”.

n.
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By the recurrence relation in ([2.3)), one has

G Hn+1<‘r) n = Hn(ZU) n = anfl(‘r) n
Sty a3 ol o3 niee)

= 22G(xz,t) — 2tG(x,1).

We have also
0G S Hu@n & Hu(2),,
D DR D Dhe

n=1 n=0

Then

oG
i 2(x — t)G(z,1)

so that
G(ﬁ, t) _ ec(:p)€2xt7t
Where G(z,0) = @) = 1.

Finally, the Hermite polynomials have a generating function of the form

H, () n 20t —1t2

G(z,1) t"=e (2.5)

We have

and then (12.5) becomes

—~ n!
so that
AR — 2 Hon(2)
(z—t)* _ _1\k_ -z n+k n
dx* N nz_%( 1) n! t
then
2 U \2 > H ([E)
2 1\k,—(z—t)* _ n+k n
e (—1)ke _Z—n! t". (2.6)
n=0

By the Rodrigues formula, one has
e Hy(x —t) = (—1)"'—e &7,
The left member of equation (2.6)) becomes

e H (1 — t) = P Hy(z — ).
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Finally, (2.6) generalize the generating function in the form

oo Hn

E +—lj($)t" = 2P H(x — t). (2.7)
n!

n=0

From ([2.5) if we put x = cz and t = t/c, (2.5 becomes

22~ Hy
o2tr—t /¢ _ Z (C{L’) e (28)

n!
n=0

But

=\ H, = 1,12
e2t:v7tet27t2/02 _ Z n(;x>tnz(1__2>kﬁ

n=0 n=0
- (S Hy ()
= >y Tk with & odd

0
J

- n (ci;l)k Hn—2k €
= ;t 2 (n—z(k>)!' (2.9)

Comparing (2.8) and ([2.9)), one has the expansion of scaled Hermite polynomials

Hy(ca) = 3 Ll)k(l—cz)kc"’%ﬂ () (2.10)
" k!(n — 2K)! noRRE '

2.2 Type I and type II multiple Hermite polynomials

Multiple Hermite polynomials play an important role in analyzing random matrices with
external source and also in the analysis of non-intersecting-Brownian motions leaving from
one point and arriving at r distinct points. But in this work, we focus on random matrices
with external source.

r is assumed to be a positive integer. We use a multi-index 7 = (n1,ng,...,n,) and its
length |7i| = ny +ng + ... + n, and ¢y, ¢y, ..., ¢, are r different real parameters such that
¢; # ¢; whenever i # j.

Definition 2.2.1. Multiple Hermite polynomials of type I for the multi-index 7 consist
of the vector (A7, ..., Az,) of r polynomials, where Az, has degree at most n; — 1 for
1 < j <r, such that

[e.e]

+oo r
/ oMY Ag(a)e T Tde =0, 0 < k< [ii]-2 (2.11)
_ —
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with normalisation

+o00 r
/ g7l Z Az (z)e " Tty = 1. (2.12)

where ¢; # ¢; whenever i # j.
Definition 2.2.2. The multiple Hermite polynomial of type II for the multi-index 77 is the
monic polynomial Hj of degree < |7i| for which

+o0
Hi(z)abe +o%dey =0, 0<k< n; —1 (2.13)

—00
for1 <j<r.
Some other authors denote multiple Hermite polynomials as Hg.

2.3 Rodrigues formula

The Rodrigues formula of the multiple Hermite polynomials is given by

(-1 A :

—$2 _ —C;T c;T —T
e " Hz(z) = 57 (jl_[le e Je (2.14)
We can prove that Hj in (2.14) is the multiple Hermite polynomial.
In fact, we rewrite (2.14)) as
—a? =) a2
e Ha(r) = (JI e (2.15)
j=1
where s
Dj = e_ch%@%w. (216)
We show that (D, ..., D,) defined by (2.16) commute.
We have
—C; T dnl CiX ,—CiT dnj CiT
(DiD;)f = e "o e®Tem 9o (€97 f)
—CciT d"i CiT = nj k nj—k cix
= e e Z(k)f()(a:)cj e’
k=0
— e Gt d™i (eclwf(k)(x))i n; Cﬂj—kecjm
dzmi k)
k=0
= ()2 (Rt me

=0 k=

0
_ S i\ (5 \ ni—1 nj—k p(k+1)
= Z ( l > (k)cz c;” U (). (2.17)

=0 k=0
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Similarly

(D;Dy)f = i: i (nl]) (?) C;?rlc?i—kf(kﬂ)(x)

Comparing (2.17)) and (2.18)) it follows that (Dy, ..., D,) commute.

We can then rewrite the equation ([2.15):

/ Hy(z)e " Fetghdy = / D HDe ’”2} e gk dy
- i#j

TL .

o CJCCHD e —z2 ijxkdx.
:C"J
i#j

By integration by parts, one has

/_Z Ha(x)e it gy — (—zlﬁ)||ﬁ| / [ <HD> ( CZ:J k)}dx (2.19)

then
, j=1,...,r (2.20)

—00

which proves that Hj is the multiple Hermite polynomial.
2.4 Explicit expression
We first establish the explicit expression for r = 2 and we generalize for all j =1,....;7

Using the Rodrigues formula defined by (2.14)), if we write it for r = 2 and using the
Leibniz rule for the 2" derivative of a product, one has

—z2 (_1)‘ﬁ| —c1T d" c1Tr —CoT d" cox  —x2
(& Hﬁ(l’) = W(B MG .€ M@ )6
ny
Note that e‘ckxﬂeckx are the weighted Rodrigues operators for £k = 1,2, ....r and they
xn

commute.
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—z2 (_1)|ﬁ| —ci1x " c1x S N2\ ke ko —a?
e " Hz(x) = W(e T © )Z L) e (—2z)"e

ka=0 N2

= |”| Zl ZQ< )< ) ni— klc;tz kz( 1)k1+k2(2x)k1+k267$2.

k1=0 k2

For r = 2, the explicit expression for multiple Hermite polynomials is given by

) = SIS ST ST () (52 e e ) Mg )

k1=0 k2=0

with |k| = ki + ko and Hp(z) = 2ll Ikl 4+ . is the usual Hermite polynomial of degree
|

For each 0 < k; < n;, (j = 1,...,r), multiple Hermite polynomials have the following
explicit expression

Hﬁ(x):(_;gmé.. é@i) (Z:)cg“—’ﬂ...c:r b)FHg (). (2.21)

Recall that Hj is a monic polynomial of degree |E| =k +ky+ ...+ k. and

I B
Hy(z) = 2™ — 3 Z njc;z! 4
j=1

Example 2.4.1. For » = 2, according to the explicit expression of multiple Hermite
polynomials, we have

Hoo(z) = 1= Hy(z),

C
HL()(.CL’) = I—é,
C
H071($C) = LL’—EQ,

2.5 Properties of derivatives

By the Rodrigues formula defined by ([2.14]), one has

g
e~ " TG H(z) = (l [ e_cjx#66f$)€_$2+cjx (2.22)
i
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so that
—x24cix <_1>|ﬁ_€j‘ . —c;T dnj_l cjr\  —x24ciz
€ 7 Hii 57( ): 2li—éjl (He ’ dxnjflej )6 o
j=1
Hence
d _332+CJIH . 2(_1)|ﬁ| ﬁ —cjx dnj cjx —332+Cj33

J=1

Since ([2.22)), multiple Hermite polynomials have the r raising operators of the form

d
(e Hy (1)) = —2¢ 7 Ha(w), 1< < (223)
T

The self-adjoint form of multiple Hermite polynomials is given by

d
£(€_$2+CJIH +22n] —x —i—cJ:cH ( ) 0
7=1
so that
d 71’2 C x Iz CiT
(e H( Zn] Tt Ha(x)) = 0. (2.24)
Using (12.23) in (2.24)), one has
d —x2+c i T —1’2+c T
rrCRE andx " Hy g, () = 0.
After integration by parts, one has
o +cxH an z-l—cijﬁ €J( )—const.

For + — +o0, const = 0 and thus multiple Hermite polynomials have the lowering
operator of the form

d%(Hﬁ(x)) = Z n;Hy_z (). (2.25)

Consider the differential operators D = &£ D; = v T Dt e

then Dy, Ds, ..., D, are commuting operators. Combining the raising operators and the
lowering operator defined by and , we obtain the differential equation of order
r+ 1.

In fact, By the raising operator, one has

D(e™ 9" Hy () = —2¢ 7" 79" Hy 2, ()
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so that
DjHﬁ(CC) = —2Hﬁ+§‘j (l‘)

The lowering operator implies that

DHy ¢,(x) = Z njHg(x).
j=1

As (Dy,...,D,) commute, one has
D;DHy(z) = —2DHj e (x)
= =2 i njHg(x).
j=1
And thus

(Dy...Dj...Dy)Hy(x) = =2 n; | [ DiHa(x).
J=1 i#j

Finally, we have the following differential equation

(f[Dj>DHﬁ(93) = — <in] HDi)Hﬁ(.T). (2.26)

j=1 i

2.6 Recurrence relations

Recall that multiple Hermite polynomials of type II Hj are monic polynomials of degree
7| and

+oo
Hy(z)zbe ™ ode =0, k=0,1,...,n,—1, j=1,2 ..r (2.27)

—00

In this section, we refer to the Section . Using the Rodrigues formula defined by ([2.14)
one has

2 —1)ll : dm 2
g-(t) = /Ret"”Hﬁ(x)e_”” dx = ( QIﬁ)I /Rem<H6_CﬂM60ﬁ>6_m dx. (2.28)

We denote

and then
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Using the fact that (Dy,..., D,) commute, (2.28)) becomes

—1 1] x —crx —z2
wlt) = G [ (Hpj)e "

_ %ﬁ)m'/Re( Cf;[ (HD )}e‘xQdI. (2.29)

r—1

wlt) = Sy —ay [ (M)

J=1

( n1+ Anp—1

(t—c.)m 2
- Ny n1+ Any—1 Re (HDJ dx

_ %QT (). (2.30)

By induction, one has

(t—c)™(t —cpq)™ 1
2nr2n,~—1 :

9o(t) = /6 e " dx—/erde:/e(x5>2+t2/4d$:€t2/4\/%‘
R R R

Finally, we obtain

gr(t) = / e Hy(z)e ™ da = 271/ (t — )™ ..(t — ¢,) et /4, (2.31)
R

. -go(t>

gr(t> =

where

and hence
/IkHﬁ<x)€_$2+cj(x)d$ =g®(c;)=0, k=0,1,...,n;—1for 1<j<r
R

and
/z”jHﬁ(x)e_x2+cj(x)dx = g"i(c;) = 2717/, H(cj — ¢;)es, (2.32)
R oy
i#]
Equation (2.32)) shows that H,, is a multiple Hermite polynomial. If we use (2.32) and by
using the Section [1.5] we compute the coefficients of the recurrence relations as follows

Jr 2" H()dp; ()

Qi = (233)
! Jow  Hig, () dpy (x)
_ e Ha(w)e® e g (2.3
Jo T g, (v)e~ " teida '
— M (2.35)

g(”j*l) (Cj)
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Thus some computation gives

27/ T (cs — ci)e™”! n;

mj = ——— =2 1<j<r (2.36)
T 2Sm(ny — D Ll - c)edt 2

And by comparing the coefficient of z!"! we find

¢
J
b = 2

; (2.37)

Using ([2.36) and (2.37)) in ([1.9), we conclude that multiple Hermite polynomials satisfy a
system of recurrence relations connecting the nearest neighbors given by

Cj

2Hz(x) = Hap(2) + 5 Ha Zn] aclx), 1<j<r (2.38)

2.7 Integral representations

2.7.1 Multiple Hermite polynomials of type II
Theorem 2.7.1. Multiple Hermite polynomials of type II have the integral representation

1 100 s—x)2 ! C] n
Hi(z) = ﬁ/ o s~ Dyas (2.39)
—100 =1

Proof. Denote the right hand side of (2.39) by H(z).
We are going to show that H is the multiple Hermite polynomial. After changing variables

s—x =1
one has

H(z) -7 / H (t+a— ”ldt (2.40)

Equation ([2.39)) shows that H is a polynomial of degree |fi| = ny +mns + ... +n, with leading

coefficient ,
1 100 t2
— e dt = 1.

This means that H is a monic polynomial.
We use (2.39) to compute for j =1,2,...,7 and k =0,...,n; — 1

/ H k et +cjxd \/_ / / e % +ng+t k H t—l- T — nldl’dt (241)
iy’
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Remark that ) )
c*

—a? e = —[la = FP =+ =~ (- D)+

Then ([2.41)) becomes

00 C2
/ H(x)xke—xl&-cjmdl, — / / [tQ (33_7)2]4_ k H t Lo — nl dxdt
—0oQ \/—Z l 1

T

_ / / 3 L+ — S ymdude.

=1

Switching to polar coordinates

— 2 =rcosf
t=arsinf, r>0, 0<6<27.
The Jacobian of this transformation is J(r,0) = irdrdf and then,

<
00 4 oo 2w Co r ) Co c
H k —1’2+0jacd — € / / -r2/ Y 0 k 16 &Y " drdf
/oo (x)z"e T N e (2+TCOS ) E(r@ +5 2) r
;

_ ed /Oo g = [/ZW(ﬁ + 7 cos @)Fe™m H(rew + 9_ ﬂ)"ldg]dr
\/7_T'l 0 0 2 2 2

I#j

where in the product, one separated the terms where [ = j and where [ # j. The #-integral

vanishes for k =0, . — 1, since the integrand can be written as a linear combination of
e’ with ineger p > n] — k.

Hence H is the multiple Hermite polynomials of type II and then follows. ]

We remark that evaluating the last equality for j = n; we find that the f-integral is

27?(%) H(ak —a)™

1k
and
h%k) = / Hy(x)a™ e % g
_ \/QW(nk)leci/‘lH(%’“—%)m. (2.42)

14k
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2.7.2 Multiple Hermite polynomials of type I

Theorem 2.7.2. Multiple Hermite polynomials of type I have the integral representation

T

_ . 1 (=2 Cl\
A i(z)e™F = —f e~ (t——) "dt (2.43)
7 ﬁ272 T, E 2

where I'; is a closed contour enc1rchng once in the positive direction but not enclosing
any of the other &,1 # j.
In addition, the type I function

has the integral representation

Q) = \/%12m' f H )"t (2.44)

where I' is now a closed contour encircling all Z, (1 <1 <) once in positive direction.

Proof. We first use the residue theorem

1 1 dn—l
(n — 1) 2—a dzn1

resf(a) = [(z —a)" f(2)]

where z = a is a pole with multiplicity n. For our case, t = %J is a pole with multiplicity
ng. Then

Our) = 2= b D e T O Sy
T memi (ng — 1)) detnrl o 27

In this product, one can separate the terms where n; = n; and also where n; # ny, then
one has

1 1 dri—t 2 C
S — — —(t—=) _ Hy-my .
Qale) = =5 o TR e g(t 5) "oy (2.45)

We see that (2.45) has the form Aj(x)e_f”2+cjx where A; is a polynomial of degree n; — 1.
Define the linear form

- ) 1 2 - ]
_ A —x2+cjw - - —(t—z) t— 2\
7) Z s(w)e NGLT ]fe [10-3)
J=1 =1

where I' encloses all points a, k = 1,...,7, once in the positive direction.
We are going to show that @) = Qz and A; = Az ; and the theorem will be proved. Then

/_Z d:c——%\/_/ xetxda;H )"t
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If we put y =t — x, we have

1 o 1 o
7 /OO ahe (=0 4y = N /Oo(y + eV dy = IT,,(t).

Note that ITx(t) is a polynomial of degree k in the variable t. One has

/_OO Q) = 5 ﬂé 04(t) lf{(z Syt

[e.9]

Deforming the contour I to infinity and then using the fact that the integrand is =17 4
O(s*1"1=1) and as s — oo,we find that

/ *Q(x)dr =1, k=1,.. || -1

o0

Therefore () = Q7 and A; = Ay ;.
We conclude that @7 are the multiple Hermite polynomials of type I and then (2.43]) and
(2.45) follow. O

2.7.3 Multiple Hermite kernel
The Brézin-Hikami kernel is defined by

r

1 ic0 2 2 S
K _ ds & drels—o?—(t-v)
(:9) = iy /m 7{ ¢ [16G-

k=1

Ck
2 oL (2.46)
T s—t

where I' is a closed contour encircling the points a4, ..., a, once in the positive direction,
and the path from —ioco to ioo does not intersect I'.

This kernel agrees with the multiple Hermite kernel defined by the Christoffel-Darboux
formula for the case of multiple Hermite polynomials:

T

(z —y)K(z,y) = Ha(2)Qn(y) = — Z ik iz, (1) Qive, (y) (2.47)

k=1

where a7, is given by (2.36) where €}, is the kth standard basis vector in R", Hz and Q5
are respectively the type Il and type I multiple Hermite polynomials.
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2.46[) in two ways:

—|— 8K for the kernel

We can then compute

First way
8K+8_K _ / dsfdte(s )2 (t— y)QH(S_ak e —Stax+t—y
\/_ 2m1)? J o t—ay s—1

ox dy
T Ck

512 2 8__71
/i dsfdte (t=y H(t_c;) k.

= (l’—y)K(CL’,y) - (\/§7TZ)2

By (2.40) and ([2.45)), the double integral is a product of Hz(z) and Q7(x).Then

oK 0K

o Dy (z —y)K(z,y) — Ha(z)Qs(z). (2.48)
For the second way, we first evaluate %i; by noting that 9,e(~%)° = —9,es=»* and inte-
grating by part the s—integral

/ d fdta (s—2)2(t—p)? 11[(3 - C?k)nk !
am (27i)? ° I s t—%" s—t
k=1 2
Then
/wo dsjf dtets=o7—(t=y)? H( — %)"k ! {i e _ 1 b (2.49)
83: 27rz t—%7 s—t kzls—%’“ s—1

) and apply integration by part to the t-integral to

Similarly, we use d,e (s=2)* = _9,els—2)

obtain
L s— % 1 oy 1
{-> - —} (250)

O a ) (=
; o — —
ay (27(@) —100 r k=1 t 2 s—1 k=1 t 2

We add (2.49) and (2.50) and obtain
' Cj . 1 T nk nk

oK oK _ %/ ds?{dte(s e T2y
Jxr Oy 211)? ) _iso Lt s—l&='s—F t—F

s — %)nj (S - ?)nkil

=5

" 1 i 2 2

_ - (s—z)*—(t—y)

= E nk(27r)2 /_ioo ds %F dte | |(t <
k=1 ik 2

For every k, the last double integral factors into a product of two single integrales,which

by (2.40) and (2.45) are given in terms of multiple Hermite polynomials

It leads to
6K 8K
8m anHn ek Qn+ek( )
which agrees with since
n
éﬂ = Qg k

because of (2.42)).



Chapter 3

Generating function for the multiple
Hermite polynomials

The main reference used in this chapter is [2].

A generating function for multiple Hermite polynomials has been obtained by Lee in [2]
Theorem 2.1] for ¢; — t;/2 and his proof used the Rodrigues formula and the Cauchy inte-
gral formula. In this chapter, we give two more proofs, one using the function g, () defined
in and the other using the explicit expression of the multiple Hermite polynomials
defined in (2.21)).

Some of Lee’s results in [2] contain errors, for example the Theorem 2.4 which talks about
the interesting recurrence relations, in this chapter we give the correct result in the Theo-
rem [3.0.3

Definition 3.0.1. The generating function G(z, 1,1, ..., t1) for multiple orthogonal poly-
nomials Pj(x) is defined by

Gt t) =3 33 #tft{...tf}r, (3.1)
n1=0mn2=0 n,=0 ’

where 77! = n;!ny!...n,! is the multi-index factorial function.
We also use by G(x;t) := G(x,ty,ta, ..., t,),

o oo oo oo
=0 n1=0mn2=0 ny,=0

£, (3.2)
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Theorem 3.0.2. Let Hz(x) be the multiple Hermite polynomials defined by the equation
(2.21)). Then the generating function is given by

T 1 r
Gla;t) = exp (o Zt HOA. 5D cits)- (3.3)
3=1 J=1
In particular, if r = 2 then
1, 9 1
G(l’, tl, tg) = exp |:$C<t1 —+ tg) — Z<t1 —+ 2t1t2 + t2> — 5(01151 + CQtQ)] . (34)

Proof. First method
We consider the function g,(¢) defined in (2.31]) as

a(t) = / e Ha(w)e ™ dz = 27T /m(t — e (t — ) et/ (3.5)
R

Then one has

/et” Hﬁ@)t’fl - -t?r ey = 2 frett/ [(ty —c)ta]™ [t — )t ™

nl' n,!

S S A W SLEC

n1=0 n,=0 n1=0 n,=0

so that
t tr
/ Gz t)e W de = re Mt exp((t — 01)51) .exp((t, — CT)E)
R
1 T
= et/ eXp(E Z(tj —¢j)t;)
j=1
1 T
2

= met/Aeth exp(—§ ; ¢;t;) (3.7)

where

For 7= (0,...,0), (3.5) becomes

Aetxex2dx = mel' /et (3.8)
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Multiplying the both sides hands of (3.8) by €4, one has
/ e—zQet(ac+A)dx _ ﬁet2/4etA.
R
After changing variable x + A = y and y — x, one has
/ e~ A etr gy = /ret /et (3.9)
R
Comparing (3.7) and (3.9)

r

a1 e
G(z;t)e exp(§chtj) = e @4

Jj=1

Gt = owl-(= 5 3 6P o33 on)

— exp[—xz—i—xitj—}l(itj ch (3.10)
j=1 j=1

Finally, the generating function of the multiple Hermite polynomials is given by
s 1 T
G( = exXp < t — (j:1 tj) — 5 < Cj'[ﬁj) . (311)

Second method

Now, we use the explicit expression of the multiple Hermite polynomials defined in (2.21).
The expression (2.21]) can be rewritten as

Z Z H( ) tnl g
= 'n ~ ny! ...,
0o o 1 |7| 1 ne (N1 oy - o .

=> ... ( 2|ﬁ)| > (TI;') (:;!)t?lcg“ e (1) H g ()

n1=0 n,=0 k1=0 kr=0

00 o (_1)|ﬁ| ni Ny t101 nlC (t CT)nTC_k R
:ZZ o] sz k'(nT—k) ( 1)‘k|H|E|([E)

n1=0 n,=0 k1=0 k=0

> —k . —k, . 0 0 (tlcl )m (trﬁ)nr

I
(]
HO
=
O
0
—
~—
=
=
—~
8
~—
0
—
~—
S
—~
S
—
I [\
=
—
=
—~
S
S
| [\
o
N
=
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If we put in the last sums ny — k; = j1,...,n, — k. = j, and j; — k1,..., 7, — k., one has
Sy A
=0 =0 1+ .. Nt
o0 o0 k1 » 0 S8 (tlcl )2]{:1 (trCr )2k3r
c c
= T (_1)lkl _qN\2k1 N2 1\2k-\ 2
- Z Z kil k) (=1) H\kl(x)zmz( 1) (kp)! (=1) (k,)!
k1=0 k=0 k1=0 k=0

S Hy(w) #h" r
> Zkl!...k! 2 eXp( 22%)
k=0 k‘:|E| T =
= o gt eXp<‘§chtj)
k=0 K= || o
0o Hk(l‘) k . . 1 r
=2 o 2 (kl,...,k)tll”'” exp (— 5D eity).
k=0 =] —

We use the multinomial theorem

and obtain

n1=0 n,=0
e’} Hk(x) T
= ok ] (tl + + tr)k exXp ( — 5 Z Cjt]>
k=0 j=1
= Hy(2) 1 < 1 <
= X (§th)k exp(— 52@@)
k=0 j= j=1
1 I
=G( ,§th)exp<—§ c]t]>
Jj=1 7j=1
I 1 < 1
= exp <2x(§ Zt]) - Z(Z ti)? — 3 c]t]>7
7=1 j=1 j=1

Finally, we have

G(z;t) = exp (ZL’th - i(z ti)? — % ' cjtj> (3.12)
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and ((3.4) is its special case for r = 2. ]
By this theorem, we obtain an interesting recurrence relation.

Theorem 3.0.3. For multiple Hermite polynomials, we have the following interesting
recurrence relation

Ho(2) = (0= S)Haw) = 23 nyHaro (), 1<i<r (3.13)

Proof. The derivative of the generating function G in (3.11]) with respect to x is given by
: o i Hy ()t
0,G(xit) = Y t;G(zt) => Y T (3.14)
j=1 =0 j=1

By the definition of the generating function in general and the the raising operator of the
multiple Hermite polynomials, one has

) — Hi(1) 5 =~ niHi g (x) 5
=0 =0 j=1
But
nj n; B 1
7l ny! n;l...n,! N (1 — €;)!
Thus
. - H-‘,g,(x) -
@0 =3 w ey, (3.16)
n=0 j=1
By comparing (3.14)) and (3.16]), one has
Hyx) o~ Hae, (2)
i 2 (e
It means that
’ " ﬁ!H",é’. X
1) = 30 e ()
But
7! n!l.oonglooon,!
- - = = ’n/]
(M—e) m!...(n; —1!...n,!

Then, one has

Hy(z) = njlHy_ (x) (3.17)
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On the one hand, the derivative of the generating function G in (3.11]) with respect to t;
is given by

1« 1 :
0, G(x;t) = (x — 5 jzltj - éci)G(a:;t), 1<i<r. (3.18)
On the other hand, one has
- = 2L Hy(x)ngth . 40t
0 G(w;t) = Z Z Z nyl...n;l..n,!
n1=0 n; =0 n,=0
B i 3 i Hy(x)th .t g
n1=0. ’ 'n,:oi ' 'm:O nil..(n; — Dlon.!
If we take n; — n; + 1, one has
> > > Hﬁ+g. (Z’)t?l U A A
0;,G(x;t) = . e : : L
L G@;t) Z:O X:O X:O nil...(ny)...n,!
ni= n;= Ny=

— i M (3.19)
Then (3.18) becomes

1 1 = Hz(x)t"

71=0 j=1 71=0 =0

By (15 and (15), one has
PO D L CCUEDY
=1 @ '

Then (3.20) becomes

=0 n=0 j=1
0, G(x;t) = f: <xHﬁ(x) — %iﬁ‘w — %c,Hﬁ(a:))g

<
1
|
S
—~
&
— | —
)

=0 J=1 (7 =)
. 1 1 Hi s (z)\t"

= — -¢)Hy(x) — - ﬁl%)?- 3.21
et <($ i) Ha(z) 2 p " (7 — e/ nl (3:21)

By comparing (3.19) and (3.21]), one has finally the following interesting recurrence rela-
tions

o) = (2= S)Halw) = 23 myHa o (2), 1<i<r (3.22)



Chapter 4

Riemann-Hilbert problem and
multiple orthogonal polynomials

In this Chapter we refer to the references [14], [11], [15], [16], [3], [4] and [9].

Multiple Hermite polynomials are useful for investigating random matrices with external
source and especially the Gaussian unitarly ensemble(GUE).In this chapter we show the
connection between the two notions.For the case of multiple Laguerre polyonomials we
have a relation with the Wishart ensemble of random matrices.

4.1 Random matrices and Gaussian unitary ensem-

ble(GUE)

Let M be a random Hermitian matrix of order n with probability density

1
Z—ne_%Tr(M2)dM

Then
Mj’j:N(O,:[), 1§]§n

R(M;;) =N(0,3), I(M;;)=N(0,3), 1<i<j<n

and these matrix elements are all independent.
Then
Edet(M — z1I,,) = (—1)"H,(2)

where H,, is the probabilistic Hermite polynomial of order n.

o 12
/ *H,(x)e"7dr =0, 0<k<n-—1. (4.1)

o0

31
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4.2 Random matrices with external source and mul-
tiple orthogonal polynomials

We consider a random Hermitian matrix M with external source A

Zie—Tr(V(M)—AM)dM (4.2)
|7

defined on |7i|x|7i| Hermitian matrices M, where

7
dM =[JdMi; J] dRM,,;d3M;;

i=1 1<i< <]l

and
V:R—=R

is a function with enough increase at oo such that the integral
Z‘ﬁ‘ — /G_Tr(V(M)_AM)dM

converges.
The ensemble consists of a general unitary invariant part V(M) and an extra term
AM, where A is a fixed Hermitian matrix of order |7i| called the external source or the
external field.

Due to the external source, the ensemble is not unitarily invariant.

1
For the special Gaussian case V(z) = §x2,we write M in 1) as M = H + A, where

H is a random matrix from the Gaussian unitary ensemble and A is deterministic.

Let then M be a random matrix of order || and consider a multi-index 7 = (nq, na, ..., n,)
and its length |7i| = ny +ny + ... + n, and A a fixed Hermitian matrix.
The probability density for M is

1
_efTr(szAM)dM
Zi

If A has n; eigenvalues ¢;, (1 <i < j)
Bldet(M — 21)] = (1) 7 Ha(2) (43)

Hj; is a multiple Hermite polynomial and satisfies

/ Hﬁ(x)xke’m%rcjzdx =0, 0<k<n;—1, 1<j<r (4.4)
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Zinn-Justin showed in [I6] that the eigenvalue correlations of ensemble (4.2)) can be ex-
pressed in the determinental form

Rm()\ly ceey )\m) = det(Kﬁ()\l, /\j))iyjzl 77777 n (45)

and P.M.Bleher and A.B.J.Kuijlaars proved in [I5] that the joint probability density of
eigenvalues has the determinental form

.....

for some kernel Kj.
The average characteristic polynomial of ensemble (4.2) defined in (4.3|) can characterized
by the property that

/ Hy(z)zbe~ V@) gy = (4.6)

for every eigenvalue ¢; of A and for £k = 0,...,n; — 1 and where n; is the multiplicity of c;.
This means that Hz is a multiple Hermite polynomial of type II with multi-index
7 = (n1,...,n,) when A has r distinct eigenvalues ¢y, ..., ¢, respectively.

The kernel K5 has the form
|| -1

Ka(r,y) = VOV S 7 P(@)Quly), (4.7)
k=0

where the type I @ are certain functions (not polynomials in general).

Theorem 4.2.1. The Christoffel-Darboux kernel satisfies
/ Ka(w,y) Kaly, 2)du(y) = Ka(, 2) (4.8)

and

/ " Kale, o)dule) =it (4.9)

Proof. By the definition of the Christoffel-Darboux kernel, one has

00 . || —1
/ Ka(x,y)Ka(y, 2)duly) = / Pe(y)Qi(y)dp(y)e™ V@ VED N " P(2)Qu(2) (4.10)

Because of (|1.1)) and (4.7)),(4.8)) follows.
To prove (4.9)), one has

A-1 .
k=0 Y~

0o |7i
| Katwaau@) = 3" [ A@Q)du (a.11)
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By (1.1)) and the fact that

3
L

e
Il
o

then (4.9) follows. O

When A = 0 (no external source) the polynomials P, are usual monic orthogonal polyno-
mials with respect to the weight e~V ®) on R.

In that case, the function @ is a multiple of P, and the kernel (4.7) reduces to the
orthogonal polynomial kernel which is familiar in the theory of random matrices.
By the Christoffel-Darboux formula, we then have

) - e—V(ﬂi)—V(y)an Pn(m)Pn—l(y) - Pn(y)Pn—l(:E)

Kn(z,y pr—

(4.12)

where a,, = % and 7, is the leading coefficient of the orthonormal polynomial of degree

n.

4.3 Large n limit of Gaussian random matrices with
external source

4.3.1 Introduction

We consider the random matrix ensemble with external source

1 .
pi(dM) = ——e 1A (V) =AM) g7 p (4.13)

17|

defined on |7Z| x|ri| Hermitian matrices M.

The Gaussian case V(M) = $M? has been solved by Pastur in [9] and by Brézin-Hikami in
[3] and [4] by using spectral methods and contour integration formula for the determinental
kernel.

Bleher and Arno B.J.Kuijlaars in [I4] used an approach based on a Riemann-Hilbert (RH)
problem and it is applicable to general V.This approach is discussed in the the section
below for r = 2.

We assume that the external source A is a fixed diagonal matrix with n; eigenvalues a
and ny eigenvalues (—a) i.e

A =diag(a,...,a,—a,...,—a)
—— —

ni times no times
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such that ny + ny = |7].

For any m > 1, as seen in equation (4.5)), the m—point correlation functions of eigen-
values of M has the determinental form

Rm<)\1, cey )\m) = det(Kﬁ()\l, )\j))iyjzl 77777 m-

In [14], it is shown that the kernel Kj(z,y) can be expressed in terms of the solution of a
Riemann-Hilbert problem, which is studied in the following section.

4.3.2 Riemann-Hilbert problem

The Cauchy transform

A typical scalar and additive Riemann-Hilbert(RH) problem is to find a function f : C — C
such that

e f is analytic on C\ R

e for x € R,

Fole) = f-(@) + w(@) (114)
e as z — oo, f(2) = O(})

z

where w : R — R is a given function which describes the jump that f makes as it crosses
the real axis.

Suppose that w € L1(R) and w is Holder continuous on R, that is

lw(z) —w(y)| < clx —y|*, for all z,y € R

where ¢ > 0 is a constant and 0 < o < 1.

Then the unique solution of the RH problem is given by

() = L/R wls) 4 (4.15)

271 s —z

which is the Cauchy transform or Stieltjes transform of the function w.

The Fokas-Its-Kitaev boundary value problem

The basic idea of the RH problem approach to orthogonal polynomials is to characterize
the orthogonal polynomials corresponding to a weight function w on the real line via a
boundary value problem for matrix valued analytic functions. This was first formulated in
a ground-breaking paper of Fokas, Its and Kitaev in 1992.

The RH problem for orthogonal polynomials on the real line with a weight function w is to
find a matrix valued function Y : C — C?*? which satisfies the following three conditions:

e Y is analytic in C\ R
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e (jump condition) On the real line we have

Y, (z) = Y_(2) ([1) “’(1""‘)) ., zeR

e (normalization near infinity) Y has the following behavior near infinity

1 2" 0
Y(z) = (1 + 0(;)) ( ; Z_n) .
The boundary values Y, (x) and Y_(z) are defined as

Yi(z) = lim Y(z +ie).

e—0*

Suppose that 7w € L'(R) for every j € N and that w is Holder continuous on R. Then
for n > 1 the solution of that RH problem for Y is given by

p Pu(s)wls) 7o
Y<Z):< P.(2) b P )

2min? Paa(e) =1 Ji Dl

where P, is the monic orthogonal polynomial of degree n for the weight function w and
Yn_1 is the leading coefficient of the orthonormal polynomial p,_;.

Riemann—Hilbert problem for Hermite polynomials

Consider the RH problem for Hermite polynomials where Y : C — C?*? is a matrix valued
function with the following properties:

e Y is analytic in C\ R

e (jump condition) The boundary values Y, and Y_ exist on R and
1 e
Yi(z) =Y (x) o 1 ) reR

e (normalization near infinity) Y has the following behavior near infinity

Y(z) = (1+0(§)) (Zon an) |

5 hn(s)w(s) s
Y(Z) — ( hn( ) fR s—z d )

=212 _hno1(2) —2_1 Ja %iws)ds

where h, = 27" H,, are the monic Hermite polynomials.

Then
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Riemann-Hilbert problem for multiple orthogonal polynomials

We relate the Christoffel-Darboux formula to a RH problem.

The RH problem for r = 2 consists of finding
Y:C\R— C*3
such that

e Y is analytic on C\ R.
A matrix function Y is analytic in z if each of its components is an analytic function
of z.

e the boundary values

Yi(z) = lim Y (x £ ie) exist and for x € R,

e—0*
we have
1 wi(z) we(z)
Yi(z)=Y_(z) {0 1 0 , xz€eR (4.16)
0 0 1
where
wi(z) = e MV@=02)  and  wy(z) = e 1MV @)+aw) (4.17)

e as z — 00, we have the asymptotic behavior

70 0
Y(i)=(I+0@)[ 0 =z 0 (4.18)
0 0 =z

where [ is the 3 x 3 identity matrix

e In addition one may need some condition near the endpoints of the supports of
measures [y, ..., (42

Denote
Pr’i = P(nl,nz)a
Pﬁ—é} = P(nlfl,ng)a
Pi_a, = Puine—1)-

The solution of RH problem exists when the mutli-index 7 = (ny,n9) is normal and it
contains the type II multiple orthogonal polynomial P; and its neighbors from below

Pr(2) ﬁ P(i—“;dx ﬁ me
. Pri_ i (@)wi () Pri_ e (z)wa ()
Y(Z) = _27TZ71P77,761 (Z —M f 1—d$lf -1 f Tdﬂf (419)

_27TZ")/2Pﬁ,e Z _,)/QI Pr_ 62 le( )dl’ _’}/QI Pﬁ,e—i(:p)wg(z)dx

—Zz
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where
1 1

v ()

is the leading coefficient of Pj;.

= /:E”j_lPﬁ_@(x)wj(a:)das, 1<j<2

There is a similar of RH problem for the type I multiple orthogonal polynomials:

The RH problem of the type I multiple orthogonal polynomials consists of finding
X:C\R — C**

such that

X is analytic on C\ R

the boundary values X, (z) = lim, o+ X (z &£ i€) exist and for x € R, we have

1 0 0
Xi(x)=X () | —wi(z) 1 0], zxz€R (4.20)
—wo(z) 0 1
where
wi(z) = e MV@=02)  and  wy(z) = e 1MV @)+aw) (4.21)
e as z — oo, we have the asymptotic behavior
zo 0
X(z)=(I+0@=)| 0 =2 0 (4.22)
0 0 2™

where [ is the 3 x 3 identity matrix

In addition one may need some condition near the endpoints of the supports of
measures [y, ..., [a.

Denote

Qﬁ = Q(m,nz)a
Qﬁ—i—% - Q(m—l—l,nz)a
Qﬁ+€2 = Q(nl,n2+1) .

The solution of RH problem is in terms of the type I multiple orthogonal polynomial
Az (1 < j < 2), the functions Qz(z) = Z?Zl Az j(x)w;(z) and all the neighbors from
above
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S Ddr  2midni(z)  2midn ()
X(2)= | & [ 250 o Ania, (2) (4.23)
(

21 T—z
z)

o [ Qe @)
e

z) e2Aiie

—~~

z) c2Aiie

where % = C]%—ﬁ) is the leading coefficient of Aj ¢ ;.

Remark 4.3.1. The two RH problems are related as follows:
X(x) =Y " (2),
where M7 is the transpose of the inverse of the matrix M.

The multiple kernel for r = 2 is

ni+ngs—1
K (@ 9) = Y P (2)Qusr (y).
k=0
Denote by
NnNg = (070),
Npyin, = (n1,m2) and

ng+1 = np+e;, je{l,2}
The functions Q)5 are defined for r = 2 by
Qn(x) = Ani1(z)wi(x) + Ajo(z)wa(x)

where Az ; is a polynomial of degree at most n; —1 (1 < j < 2).
For r =1, one has the classical Christoffel-Darboux formula of the form

Koo = 5 o)) =0, B Pims) = PP

where a,, = % and 7, is the leading coefficient of the orthonormal polynomial of degree
n.
For the multiple orthogonal polynomials, the Christoffel-Darboux formula is given for r = 2
by

ni+ngo—1 .
by Pa()Quly) = X, an5Pay, (2)Qs 6, ()
K(n1,n2)($7 y) = Z Pnk (J?)an_,_l(y) = J alj — ;
k=0

S

with az; = 3.



40

Then, the compact form for the kernel in terms of the solution of the RH problem in theory
of the random matrices is given by [14]

Ka(ey) — B0 Y T @)Y (@)l oY

2mi(x — y)

(4.24)

)
= : ) (0 el emliley) Y=l (y)Y (z)

o O =

Equations (4.19) and (4.23) show that the RH problem gives a unique solution in terms of
multiple orthogonal polynomials.

Let us mention that the (1,1) entry in (4.19) satisfies
Y11(2) = Pa(z) = Eldet(zI — M)] (4.25)

where E denotes the expectation with respect to measure (1, 1).So it is the average char-
acteristic polyonomial of a random matrix ensemble.

Bleher and Kuijlaars in [14] analysed the RH problem as |7i| — oo by using the method of
steepest descent /stationary phase of Deift and Zhou [I2]. They focused on the Gaussian
case : V(z) = 1z”

The approach used in [I4] based on RH problem proves simultaneously the asymptotic
behavior of the (1,1) entry of Y which by is equal to the average characteristic poly-
nomial and this polynomial is called multiple Hermite polynomial for the Gaussian

case.

4.3.3 Recurrence relations and differential equation

We discuss here the recurrence relations and differential equations that are satisfied by the

solution of the RH problem (4.20)-(4.18) in case of V(z) = {22

For the recurrence relations, we need to separate the indices n; and ns in the asymp-
totic behavior (4.18)) from the exponent |7i| in the weight functions w; and wy defined by
(4.17)):

~|il(32% ~az)

wi(x) =e Mz and  ws(z) = ¢ G2 +an) (4.26)

where |7] is fixed.
Let Y = Y(;, n,) be the solution of RH problem (4.20))-(4.18)), with V/(z) = 122 and w; and
wy given by (4.26]).

Let also Py, ,)(2) = /™l + ... be a monic polynomial of degree |i|= n; + n, such that for
k = 1,2, one has

/ Py (@) wp(z)de =0,  j=0,1,...,np — 1. (4.27)

o0
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The polynomial P, »,)(x) is unique and is called multiple Hermite polynomial

Denote that for £ = 1,2

h*) (4.28)

(n1,m2)

:/ Ploy oy (@) 2" wy(z)dz # 0.

o0

As in (4.19), we can rewrite the solution of the RH problem as

P(nl,m) C(P(nl,m)wl) C(P(nl,m)w?)
C1P(n1—1,n2) Clc(P(nl—l,nQ)wl) Clc(P(nl—l,nQ)wz) (4-29)

Y(nlvnz) =
CQP(nl,nz—l) C2C<P(n1,n2—1)w1) CQC<P(n1,n2—1)W2)
with constants o 9
T T
&= —— and ¢ = Ry E— (4.30)
h(nl—l,ng) (n1,m2—1)

and where C'f denotes the Cauchy transform of f

(s,

Cf(z) = syl Bl (4.31)

The recurrence relations and differential equations are formulated in terms of function

_%|ﬁ|22 C(P(nl7n2)w1)e—|ﬁ‘az C<P(n1,n2)w2)elﬁ|az

P(nl,n2)e 1121,2 = =
¢(n1,n2) — P(n1_17n2)€_?|f‘z2 C(P(nl_Ln?)wl)e_l"ij C(P(’nl—l,?'m)w2>e|7i‘az
P(nl,ng—l)e_aln‘z C(P(nl,ng—l)w1>e_|n|az C(P(nl,ng—l)(*)Q)eln‘az
1 0 0 ezl 0
=10 & 0| Yoy | 0 el 0 (4.32)
0 0 é 0 0 ellaz
The function ¢ = 1)y, n,) solves the following RH problem:
e ¢ is analytic on C \ R
e for x € R, we have
1 11
Gila) = (2) [0 1 0 (4.33)
0 01
e as z — oo, we have the asymptotic behavior
27l 17z 0 0
_ 1 1 _—n; —|flaz
Y(z) = (I+0(2)) 0 Sz e 17 0 (4.34)
0 0 éz_me'”'az
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Property 4.3.2. We have the recurrence relations

S
w(m-ﬁ-l,m)(z) = 1 0 0 wnl,m (2) (435)
1 0 —2a
zta - —E
¢(n1,n2+1)(2) = 1 2a 0 Yy np (2) (4.36)
1 0 0
and the differential equation
Vimamz)(2) = 11| =1 —a 0 ) ¥nyny(2). (4.37)
-1 0 a

The proof of this proposition is given after Section because it needs some preparations.

Recurrence equations of multiple Hermite polynomials

Recall that (k =1, 2)

[ ]
k > n
qEn)l,ng) = / P(n1,n2)(z>z k+1wk<z>d’2
then ®
> P(nlmz)(z)wk(z) dy — 9(n1,n2)
o z 22
hd o
(k) _ P ng d
(nl,nz) (”47”2)(2;)2 CUk(Z) <
o)
then “
P(nl,nz)(z)wk(z)d _ (n1,n2)
~ z T gmetl
[ ]
1 1 o= U, 1w u?
T A A=t
From the orthogonality equation (4.27]) we obtain as z — oo
1 [ Py g (0w (w) 1 [ 1w u?
— - du = —— Poin -+ =+—=+...
27i /Oo u—z “ 27 J o (na, 2)(u)wk(u)(z * 22 * 23 o)
1 (k) q(k)
= o (Pmma) | Tlmma) (4.38)

2mg > et Zut2
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This implies that

\Il(l) —|itlaz  |fi|az
— (n1,n2) . 7l L2 € e
Viim(2) = ([ + ———=+...)diag(z'"e 2 , , 4.39
(n1, 2)( ) ( + > ) g( 2™ ey ( )
with constants o 5
%) i
= BT and ¢y = — 0 (4.40)
(n1—1,n2) (n1,m2—1)
and where
Pamz) S O
(n1—1,n3) (n1,mp—1)
(1) qgi)hnz) h(i1*11n2)
Vin) = 1 ) el (4.41)
(n1—1,n3) (n1,mp—1)
xe oo
1 (ny,mp—1) (n1,np—1)
e &)
(n1—1,n3) (n1,mp—1)
and
Plnyno) (2) = 217l —I—p(mm)(z)zl”‘_l + ...
Set
U(m,nz)(z) - \Ij(n1+1,n2)(Z)\Ij(m,nz)(z)_l? (442)
then by (4.34)) there is no jump on the real line and we have
U(nl,n2)+ (l’) = U(n17n2)7($)
and as z — 00
z 0 0
o) hin ng) (1) 1
v 0 ——(ma) 0 v _
U(n177’b2)(z) = (] + (nlJZrl,nz_) + .. ) hgvlm)lfl,r@fl) " <_[ + % + .. )
h _
0 O ;L'n(é)«l»l,ng 1)
(n1,mp—1)
— P \11(1) P P \I’(I) héi)1+1,n271)P O(L 4.43
=z + (n1+1,n2) 141 (n1,n2) + hEQ) b 3 + (;) ( . )
ni,mg—
where
P, = diag(1,0,0), P, =diag(0,1,0), P, = diag(0,0,1). (4.44)

Since Uy, ny)(2) is analytic in the complex plane, equation (4.43) implies by the Liouville
theorem, that

12
+ g,
h("l’"Z_l)

U(Tblﬂlz)('z) =zP + \Ij(l) P — Pl\I/(l)

(n1+1,n2) (n1,n2

Z = b(m,nz) —C(n1,n2) _d(m,nz)
= 1 0 0 , (4.45)
1 0 €(n1,n2)
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where
h(l) h(2) h(2)
(TL 5TV ) (7’L )T ) (TL +1,’I’L _1)
C(n1,n2) - (1)# 3& O) d(nl,ng) - W 7é 0; e(nl,ng) - h(12)—2 7é O (446)
(n1—1,n2) (n1,m2—1) (n1,n2—1)

Thus, we obtain the matrix recurrence equation
\Ij(n1+1,n2)(z) = U(n17n2)<z)\p(n1,n2)(2)' (447)
By restricting it to the (1,1) entry we obtain that

P(n1+1,n2)(z> =(z— b(m,nz)P(m,nz)(Z) - C(m,nz)P(m—an)(z) - d(nl,nz)P(nl,nz—l)(z) (4'48)
and by restricting it to (3, 1) entry we obtain that

P(n1+1,n2—1)<z) = P(m,m)(Z) - e(nl,m)P(m,nQ)(Z) (4'49>
We have another recurrence equation similar to (4.47))
\Ij(nl,n2+1)(z) - U(m,m)(’z)qj(m,m)(z) (450)
where -
- Z = b(nl,m) _~C(n1,n2) _d(m,m)
U(nlm)(z) = 1 €(n17n2) 0 (451)
1 0 0
and
Btz
~ ni1—1,n2+
€(n1,n2) = (i)—2 7& 0 (452)
(n1—1,n2)

By restricting (4.50]) to (1,1) and (2, 1) entry we obtain respectively the equations

P(nl,m-i—l)(z) - (Z - 6(n17n2)P(n1,n2)(Z) - C(m,m)P(nl—l,nz)(z) - d(m,m)P(nl,nz—l)(z) (453>

and
P(n1—1,n2+1)(2) = P(m,nz)(z) - é(m,nz)P(nl—l,nQ)(z) (4'54)

Differential equation for multiple Hermite polynomials

From (4.37) we have
1 _
A(m,nz)('z) = ﬁ\ll(m’ng)(z)\y(m’m)(z) ! (455)

It follows from (4.34) that A, »,)(2) has no jump on the real axis, so that it is analytic
on the complex plane.
By differentiating (4.39)) we obtain as z — oo,

(1) —z 0 0 1)
\Ij(n1+1 n2) \Il(nl n2) -1 1
Ap(z) = (T4 =222 Y [0 —a o) (14 =224 )7 4 0(-)(4.56)
. 0 0 a z z
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Since A, n,)(2) is analytic, we obtain that

\I/(l) z O \\} —1
A(nl,n2)<z):_[<l+(n+l’n2>+...> 0 0 <I+%+,,,> }
0 0 pol

0
0
0
) (4.57)

where [f(z)]p0 means the polynomial part of f(z) at infinity.
From (4.55)) we get the differential equation

!/

\Il(m,ng)(z) :’ﬁ|A(n1,n2)(Z)q!(nlmz)('z) (458>
and (4.57) reduces to

=2 Clning)  Ainyna)
Apman(2)= -1 =2 0 |. (4.59)
—1 0 a
We can then prove Propostion
Proof of proposition [4.3.2

Proof. From equation (4.47)),we have by appling the derivative of a product
U(nl,n2)<z> = \Il(n1+17n2)(z)\11(_n11 ,ng) (Z) + \p(nl+17n2)(2)\11/(;3’n2) (Z) (460)
Using (4.58) in (4.60) and applying the derivative of a ratio we have
U(nl,ng)(z> :|ﬁ|A(n1+1,n2)(Z)\Ij(nl-l—l,nz)(z)\ll(::l?nﬂ(Z)_|ﬁ|\11(n1+1,n2)(Z)\Ij(;lll’nQ)(z)A(nl,ng)(z)
which by (4.47) gives

1
WU(TH’M)(Z/) = A(n1+1,n2)(Z)U(n17n2)<z) - U(nl,nz)(Z)A(nl,nz)(Z>‘
In the same way, (4.50) and (4.58)) give
1 -,

WU(nl,ng)(z) = A(m,nz-&-l)(z)U(m,nz)(Z) - [7(”1,712)(2)‘4(711,”2)(2)' (4'61)



Both equations give

b(nl,nz) =a,
b(nl,nz) = —a,

1
Clma+1,n5) = Clning) T Gk
C(ni,na+1) = C(ny1,n2)s
d(n1+17N2) = d(m,m)a

1

d(nl,n2+l) = d(n1,n2) + ﬁ?

e(mm) = —2a,

e(mm) = 2(1.

Since ¢(,n,) = dn,,0) = 0, we obtain that

ny

Clning) = ﬁ

and -
e(mm) = ﬁ

Equations (4.63)) and (4.64) prove the equation (4.35)) and (4.37]).

Similarly we obtain that

€(n1,n2) = 2a

and this proves the equation (4.36)).
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(4.62)

(4.63)

(4.64)

(4.65)



Chapter 5

Steepest Descent method of
Deift-Zhou

The main references used in this chapter are [14] and [10].

The aim of this chapter is to analyze the RH problem as z — oo by using the steepest
descent method of Deift and Zhou. This method consists of transforming the initial RH
problem Y in a few steps to another equivalent RH problem for a matrix valued function
R.This matrix R is analytic in C \ R and normalized at infinity, the jumps on each the
contours I' in R are uniformly close to the identity matrix.

One can then conclude that the solution R of this model RH problem will be close to the
identity matrix. By reversing the steps we can then go back from R to the original matrix
Y.

5.1 Riemann surface

We look for a solution of the differential equation (4.37)) of the form

—

Y nz) (2) = W (2)e 1T (5.1)
where A is a diagonal matrix.

Then
¢En1,n2)(z) — W’e—ln‘/l(z) o |ﬁ|WA/6_‘n|A(Z)

47
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Then equation (4.37)) becomes successively

W e lilAGR) _ ’ﬁ’WA’e—\ﬁIA(Z) = |A|AW (2)e”TAE)
W —|@WA = |dAW
W wa = aw
7]

W —waw = 4
I 1 /
~WAW = A- ﬂW w-! (5.2)
n
where A is the matrix of coefficients in (4.37]).
By dropping the last term in ([5.2)), we reduce it to the eigenvalue problem

WAW™ = —A (5.3)
The characteric polynomial is

§—2 h to
det(éI+A)=| -1 &—a 0 |=& 28+t +ta—a*)l+ (t —ta+za)a
-1 0 ¢+a

(5.4)
where t; = % and ty = %
The spectral cubic equation
E -2+t +t—ad)+(t—ta+2a)a=0
defines a Riemann surface, which in the case of ny = ny = @ reduces to
€ — 26— (a> - 1)6+ 2a> = 0. (5.5)
This define the Riemann surface which is given by
€ — 262 — (a®> = 1)E + za*> = 0. (5.6)
If we solve for z, one has , ,
z= f;f‘_—;l)g (5.7)

One needs the three solutions &;(2),&2(2),&3(2) of the cubic equation(.6) numbered ac-
cording to their asymptotic behavior as z — oo

f1() =2~ - +0()
blz) =a+ 5= +0() (5:)

1 1
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The critical points of £(z) satisfy the equation

- (1+20)2 + (> - 1)a*=0 (5.9)
which is biquadratic.
Its roots are ] 1
£, = §+a2i§\/1+8a2. (5.10)

Consider the case a > 1,all roots are real.

1 1
p,q=\/§+a2$§\/1+8a2 0<p<yq. (5.11)

The critical points are then & = +p, +¢q. The branch points on the z-plane are +2z; and

+25, where substiting (5.11)) in (5.7
Vv1+8a?+3

P 5.12

TR 41 (5.12)
1 2

vit8a -3 0< 2 <2 (5.13)

29 = ,
2T s 1

Figure 5.1: The lenses with vertices —z1, —2z9 and z9, 21

We have a proposition proved in [14].

Property 5.1.1. We have p(z) > 0 for € (=21, —22) U (21, 22) and

/_ 7 @)de = / " (@) — % (5.14)

21 Z1

Moreover, the are py, po > 0 such that
plx) = %|x — zj|é(1 +O0(x—2;)) as x— z;, € (2,21)

plx) = %|m+zj|%(1+0(x+zj)) as v — —z;, ¢ € (—z1,—22). (5.15)
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We need the integral of the {—functions
Ai(2) = /Z &k(s)ds = /22 &(s)ds, k=1,2,3 (5.16)
Using in (5.16)), it follows respectively that as z — oo
Ai(z) = /Z &1(s)ds
_ / [Z_§+0(i) ds

>3
22 1
Similarly
1 1
/\2(2) =az + 517’1,2 + l2 + O(;) (518)
and ] 1
A3(z) = —az + ilnz +134+0O(-) (5.19)
z

where 1,5 and [3 are some constants. From the Riemann surface we obtain the functions
& and \;, j =1,2,,3 that are necessary for the transformations of the RH problem.

5.2 Tranformations of the RH problem

One of the main advantages of the RH approach for multiple orthogonal polynomials is that
this is a very useful setting to obtain uniform asymptotics valid in the whole complex plane.
The idea is to transform the initial RH problem Y in a few steps to another equivalent
RH problem for a matrix valued function R which is analytic in C \ R. This new RH is
normalized at infinity, so that R(z) = I + O(1/z) as z — oo, and the jumps on each the
contours I' in R are uniformly close to the identity matrix.

One can then conclude that the solution R of this model RH problem will be close to the
identity matrix .

7]

R(z) =1+ 0(-—=), |i| = o

uniformly for z € C. By reversing the steps we can then go back from R to the original
matrix Y and read of the required asymptotic behavior as |7i| — oco. The transformation
from Y to R goes as follows:

1. Transform Y to T such that T satisfies a RH problem with a simple jump on R and
such that T is normalized at infinity:

T(z)=1+ O(%), as z — 00.
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This step requires detailed knowledge of the asymptotic zero distribution of the or-
thogonal polynomials and uses relevant properties of the logarithmic potential of this
zero distribution. The jump matrix on R will contain oscillatory terms on the interval
where the zeros are dense,

2. Transform T to S such that S is still normalized at infinity but we deform the contour
R to a collection of contours such that the jumps of S on each contour in those con-
tours are no longer oscillatory. This deformation is similar to a contour deformation
in the steepest descent method for obtaining asymptotics of an oscillatory integral
and hence this is known as a steepest descent method for RH problems. It was first
developed by Deift and Zhou in 1993,

3. Some of the jumps for S are close to the identity matrix. Ignoring these jumps, one
arrives at a normalized RH problem for P. This P is expected to be close to S as
|7]| — oo and it will be called the parametrix for the outer region,

4. At the endpoints and at the intersection points of the contours the jumps for S will
usually not be close to the identity matrix. Around these points z; we need to make
a local analysis of the RH. Around each endpoint or intersection point z, we need to
construct a local parametrix Py , which is the solution of a RH problem with jumps
on the contours in the neighborhood of the point z, under investigation and such
that this P, matches the parametrix P on a contour I'j encircling z; up to terms of
order O(2),

5. Transform S to R by setting R = SP~! away from the points z; , and R = SP, ' in
the neighborhood of 2z . This R will then be normalized at co and it will have jumps
on a collection of contours which contains parts of the contours and the contours '
encircling the endpoints/intersection points z; . All these jumps are uniformly close
to the identity matrix.

5.2.1 First transformation of the RH problem: Y — T

Using the functions ); and the constants ¢;, j = 1,2, 3 defined in the previous section, we
define

T(z) = diag(e“ﬁ“l, e—\ﬁ\b, e‘lml?’)Y(z)diag(e‘m(’\1(2)_%22), elﬁ\(/\z(Z)—aZ)7 e\fi\(/\s(Z)JraZ)). (5.20)

Then by (4.16) and (5.20) we have

T. () = T_(a)jT(x) (5.21)
where
el (@) =2 (@) olfil(A2t (@) =M (2))  olfl(A3+ (@) =M1 (2))
JT () = 0 elil(A2+(z)=A2—(2)) 0 . (5.22)
0 0 ell(As+ (@) =A3- ()

We simplify the jump matrix j7" on the different parts on the real axis:



1. on [z9, 1], (5.22) reduces to

elil(A1=X2)+ 1 elil(Ast—A1-)
JT(z) = 0 elfil(A1—X2) - 0
0 0 1

2. on [—z1, —29], (5.22)) reduces to

el A1=23)+  olfil(A2+—A1-) 1
JT(z) = 0 1 o7l =Xs)
0 0 1

3. on (—o0, —z1] U [—22, 29] U [21, 00], (5.22]) reduces to

1 ellGe+=2-)  olil(As—A1-)
jT(x) =10 1 0
0 0 1

The asymptotic behaviors of T" are:
1
T(z)=1+0(-), as z — 0.
z

Thus T solves the following RH problem:
e T is analytic on C\ R

® as 2 — 00
1

Loading ([5.20]) in (4.24)), the kernel is expressed in terms of T" as follows

ol (@)

e 7 s (@) Qs @)) T—1 ()T

1=
o Litl(@2—y?)

Ki(z,y) =

52

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)
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5.2.2 Second transformation of the RH problem: 7' — S

Consider a lens with vertices zo, 21 (see fig .
The lens is contained in the neighbordhood of (z3, 21).

We have the factorisation

ell(A1—=A2)+ 1 ell(As+—=A1-) 1 0 0 0 10
0 ell(A1—=A2)~ 0 — | elila=A2)- 1 _p=lil(Az—A2)- -1 0 0
0 0 1 0 0 1 0 01
1 0 0
elllMi=22)+ 1 _e—lil(As=A2)+
0 0 1
(5.30)
Set
( 1 0 0
T(z) [ —ella)=22()) 1 _elil(As(z)=22(2)) | ip the upper lens region
0 0 1
S(z) = (5.31)
1 0 0
T(z) [ eluE=rez) 1 _elil(s(z)=22(2)) | in the lower lens region
0 0 1
Then (5.27) and (5.31)) imply that
0 10
Si(x) =S (2)jS(x); jS(@)=|—-1 0 0, x € [22,2] (5.32)
0 01
Similarly, consider a lens with vertices —z;, —z, and set
( 1 0 0
T(z) 0 1 0 | in the upper lens region
i) _plla()-Aaz) |
S(z) = (5.33)
1 0 0
T(z) 0 1 0 ] in the lower lens region.
\ A As(2) () -2s(2) 1
Then (5.27) and (5.33) imply that
0 0 1
Si(#) =5 (@)jS@); jS@ =0 10|, vela-= (539

-1 0 0
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Set
S(z) = T(z) outside the lens regions. (5.35)

Then we have jumps on the boundary of lenses
Si(x) = 5 (x)jS(x) (5.36)

where the contours are oriented from left to right(that is from —z; to —z3 or from 23 to z7)
and where S (S_) denote the limiting value of S from left(right) if we traverse the contour
according to its orientation.

The jump matrix 7.5 in (5.36) has the form

1 0 0
jS(z) = elflM(z)=220)) 1 lil(As()=22(2)) | on the upper boundary of the [2y; z;] — lens
0 0 1
1 0 0
jS(z) = elMli@=22(2) 1 _elil(As(z)=%2(2)) | on the lower boundary of the [2y; z;] — lens
0 0 1
1 0 0
jS(z) = 0 1 0 | on the upper boundary of the [—z;; —z5] — lens
(=) -2a(2)  lillOa(z)Aa(2) |
1 0 0
jS(z) = 0 1 0 | on the lower boundary of the [—z1; —z5| — lens

() As(2)  _lila(2)As(2) 1
(5.37)

On (—o0, —z1] U [—22, 20] U [21,00), S has the same jump as T, so that
Si(z) =8_(x)jS(x), jS(x)=jT(z), = € (—00, —z1] U [—2a, 20 U [21, 0). (5.38)
Thus S solves the following RH problem

e Sis analytic on C\ (RUT"), where I' is the boundary of lenses,

Si(z) =85-(2)jS(z), ze RUT (5.39)

® as z — 00,
S(z) =1+ 0(2). (5.40)

Consider the function h defined on (—z1, —29) U (29, 21):

1
h(z) = —§x2 + Relii(x), x € (=21, —22) U (29, 21) (5.41)
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with Ay (z f 14 (s)ds, where & is defined in

The kernel. K5 is then expressed in terms of S as follows, see (5.29)), (5.31]) and (/5.33)).

For z and y in (29, z1) we have

e~ 4l —y?) e~ AL+ (@)
Kal,y) — ) (el dhes) 0) §71()8,4 (2) e—|ﬁ|gz+<x> (5.42)
while for z and y in (—z;, —2z2) we have
Ki(z,y) = m —eliA+(y) 17| A3+(y) e
Y = ST (e 0 e ) S () S, (x) e_|ﬁ|93+(x) (5.43)

since A\; and Ay are conjugates on (zg, 21).
We can rewrite ((5.42)) for z,y € (22, 21) as
e~ lliImAL @)

_Jlimas @) o= lliImAL @) §1(y) S i T (9)

el (h(y)—h(z))

Kﬁ(x7 y) =

(5.44)
where h is defined by (j5.41)).
Similarly we have for z,y € (=21, —22)
e\ﬁ|(h(y)—h($)) . - » e—|ﬁ\ilm>\1+(y)
) (_elnll mA4(y)  o=lAliImAiL(y) 0) ST (y) S+ (x) 0

e\ﬁ\ilm)\1+(y)

(5.45)

Kﬁ ) = .
(z,9) 2mi(x —y

5.2.3 Model RH problem

From - for z on the boundary of the lenses, and from ) and - for z on the
real intervals (—oo, —21), (—22, 22) and (21, 00), it follows that

as || — oo, the jump matrix jS(z) is exponentially close to identity matrix at every z
outside of [z, —2z2] U [22, 21].

In this sub-section we solve the following model RH problem,where we ignore the expo-
nentially jumps:

find M : C\ ([~21, —22] U [22, z1]) — C>*3 such that
e M is analytic on C\ ([—z1, —22] U [29, 21])
e forz e C \ (—Zl, —Zg) U (22,21),

M, () = M_(x)jS(x) (5.46)
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® as z — 00,
M(z) =1+ 0(2). (5.47)

We rift the model RH problem to the Riemann surface of (5.6)). We consider the range of
the functions & on the complex plane

21 = &(C\ ([~21, —22] U [22, 21])),
02 = §2((C\[22,21]), (5'48)
25 = &(C\ [—21,—2)).

such that a € (2, and —a € (25.
We denote by I'y the boundary of 2,k = 2,3. Then (2, {25 and {23 give a partition of the

SR Y | A

Figure 5.2: Contours I'p for R

complex plane into three regions(see [14]).

We look for a solution M in the following form:

Mi(&(2)) Mi(&a(2)) Mi(&(2))
M(z) = | Ma(&1(2)) Ma(&2(2)) Ma(&s(2))
M3(&1(2)) Ms(&a(2)) Ms(&3(2))

Since & (00) = 00, £3(00) = a, £3(00) = —a, then to satisfy((5.47) we demand [14]

(5.49)

1 0, M,
Ms(00) =0, My(a) =1, Ms(—a)=0 (5.50)
0 0, M

Then we have the following solution:

52 _ a2
M (€) = , My3(§) = co3
O= e me—g =

Eta
V(E@-p)(E@-¢)

(5.51)




We have
E-)E-) =" -+ P+
where ] 1
p2:§+a2—§v1+8a2
and ] ]
¢ = §—|—a2+§\/1+8a2
0<p<yqg.

It is easy to see that p? + ¢> = 1 + 2a? and p*¢® = (a® — 1)a®.

Then by (5.9) we have

(& =P =) =& = (1 +2a*)€ + (a® — 1)a’

Hence
2a

*/—2a2'

By taking into account the cuts of My(§) we obtain

Ms(a) = ¢y

MQ(—CL) = CQi\/§

hence ,
)

Cy = _ﬁ

Similary,
2a .
M;s(a) = c;;m = c3iV2
hence .
1
C3 = Cy = —E

Thus, the solution to the model RH problem is given by

£ (2)—a’ £(2)—a®

£3(2)—a®

V(& (2)-p?)(E3(2)-4?) V(8 E)-p)(E(:)-a?)

V(€ (2)-p?)(E(2)-¢?)

&3(2)+a

I §1(2)+a i §2(2)+a
ME) = | " mEe-mao-o  Vrae-m@eo-o

§1(2)—a — &2(2)—a

V28 E) - (EE)—a)

£3(z)—a

V2(3(2)-p?) (€ (2)—a?) V2 () -p*)(E3(2)—a?)

with cuts on [z9, 2] and [—27, —23].

V2E()-p?)(E3(2)—a?)

57

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

The model solution M (z) will be used to construct a parametriz for the RH problem for

S outside of a neighborhood of the edge points.
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5.2.4 Parametrix at edge points

We consider small disks D(+z;,7) with radius » > 0 and centered at the edge points, and
look for a local parametrix P defined on the union of the four disks such that

e P is analytic on D(%z;,r) \ (RUT),

P (z) =P_(2)jS(z), z€ (RUTL) N D(£z;,r), (5.61)
e as |ii| — oo,
P(z) = <] + O(%))M(z) uniformly for z € 0D(£z;, 7). (5.62)

We consider here the edge point z; in detail.

We note by (5.15)) and (5.16]) we have as z — oo,

AM(z) = q(z—21)+?l(z—zl):s/z—i-O(z—zl)Q,
Xo(2) = qlz—2z1) — %(z — 2324+ 0(z — »)? (5.63)
so that 1
M(2) = Ao(2) = %(2 — )32+ 0(z — 2)* (5.64)
as z — 21.
The it follows that 3
B2) = [T ((2) = Xa())? (5.65)

is analytic at 2.
We take I" near z; such that

B(I'N D(z,1)) C {z\arg(z) = i%}

Then I' and R divide the disk D(zy,r) into four regions numbered I,ITIIT and IV such that
1. 0 < argB(z) < 2m/3, for z in region I
2. 2r/3 < argf(z) < m, for z in region II
3. —m < argf(z) < —2n/3, for z in region III

4. —=27/3 < argB(z) < 0, for z in region IV.
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Recall that the jumps ;7S near z; are given by ((5.32), (5.40]) and (5.24]):

0 10
jS(z) = | -1 0 O0]on[z —r 2],
0 01
1 0 0
jS(z) = |elflta=22) 1 elfil(s=%2) | on the upper boundary of the lens in D(z;,7),
0 0 1
1 0 0
jiS(z) = [elfla=2r2) 1 _elilds=22) ) on the lower boundary of the lens in D(zy, 1),
0 0 1
1 ellGe=A1)  olif(As—A1)
jS(z) = |0 1 0 on [z1, 21 + 7. (5.66)
0 0 1
We write
10 0
- —elfil(As=A2) | j ‘
P PO 1 —e in regions I and IV (5.67)
0 0 1
P in regions II and III.
Then the jumps for P are P, = P_j B, Where
0 10
jp = [—1 0 0]on[zn —r 2],
0 01
1 00
jp = |72 1 0| on the upper side of the lens in D(zy,7),
0 0 1
1 00
jp = |72 1 0| on the lower side of the lens in D(z,7),
0 01
1 ell2=A1)
jp = |0 1 0] on[z,2 +7] (5.68)
0 0 1
We still have the matching condition
~ 1
P(z) = (I + O(ﬁ)>M(z) uniformly for z € 9D(z, 7). (5.69)
n

The RH problem for P is essentally a 2 x 2 problem, since the jumps |} are non-trivial
only in the upper 2 x 2 block.
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Its solution can be constructed in a standard way out of Airy functions.
The Airy function Ai(z) solves the equation

y// _ Zy

and for any € > 0, in the sector m + ¢ < argz < m — ¢, it has the asymptotics as z — oo,
see [14]

3.,3/2

Ai(z) —32 (1 + 0(2—3/2)). (5.70)

1
- 2\/mzt/ i€
The functions Ai(wz), Ai(w?z), where w = e, also solve the equation y” = zy and we the

linear relation
Ai(2) + whi(wz) + w? Ai(w?z) = 0. (5.71)
Write
yo(2) = Ai(2), y1(2) = wAi(wz), y2(z) = W Ai(w’z) = 0 (5.72)
and we use these functions to define

;

y9(2) —yg(z) 0
Yo(2) —ys(2z) 0] for 0 <argz <2m/3
0 0 1

0
—y,(2) —ys(z) 0] for27/3 <argz<m
1

0 0
®(z) = (5.73)
—yg(z) y}(z) 0
—ys(2z) y(2) O] for —m <argz < —2m/3
0 1
?/9(2) y}(z) 0
Yo(2) wyi(2) 0] for —2n/3 <argz <0
L 0 0 1
Then
P(2) = Ex(2)0(|7238(2))diag (eémumz)—w», ¢~ sl () =22(2) 1>’ (5.74)

where Ej is an analytic prefactor that takes care of the matching condition ([5.69)).
Explicitly, E5 is given by

1 -1 0\ [|a|/ept/ 0 0
Ey=+rM|—i —i 0 0 73|~/ p=14 0 (5.75)
0 0 1 0 0 1

This approach allows one to do similar constructions works for a parametrix P around the
other edge points.
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5.2.5 Third transformation of the RH problem: S — R
We put
R(2) = S(2)M(z)"" for 2 outside the disks D(%z2;,7), j = 1,2
R(z) = S(2)P(z)"! for z inside the disks (5.76)

Then R is analytic on C\I'g, where I'g consists of four circles 0D(=%z;,7), j = 1,2, the parts
of T outside the four disks and the real intervals (—oo, —z1—71), (—22+7, 20—7), (2147, +00).
There are jump relations

R, =R_jR (5.77)
where
jR = MP™! on the circles, oriented counterclockwise
jJR = MjSM™" on the remaining parts of I's. (5.78)
From (j5.62) it follows that
JR=1+ O(%) uniformly on the circle (5.79)

and from (5.37)), (5.38) and ([5.23)) it follows that
jR=1+ O<e’c|ﬁ|> for some ¢ > 0 as |7i| — oo, uniformly on the remaining parts of I'g.
So we can conclude that

1
JR(z) =1+ O<ﬁ> as |7i| — oo uniformly on I'g (5.80)
As z — 00, we have
1
R(z) =1+ O(;) (5.81)

From ((5.77)),(5.80),(5.81) and the fact that we can deform the contours in any disired
direction, it follows that

R(z)=1+ O( as |7i| — oo uniformly for C\ I'g. (5.82)

1
D)

By Cauchy’s theorem

%)= ()

R W)R() =1+ B () (R@) = R)) = 1+ 0(==F) (5.53)

and thus

This approch proves simultaneously large |7i| asyptotics of the (1,1) entry of Y which is
equal to the average characteristic polynomial and this polynomial is called a multiple
Hermite polynomial for the case of V(x) = %332 on which we are going to discuss in the
chapter [6] below.



Chapter 6

Asymptotic behavior of the multiple
Hermite polynomials

In this chapter, we use the reference [14].

We have that the (1,1) entry of the solution Y of the RH problem (4.16)-(4.17) is a
monic polynomial Py of degree |71| satisying (for r = 2)

/ Pi(z)z*wi(z)dr =0, k=0,1,...,n; — 1, j=1,2.

[e.9]

For wy(z) = e 1MGe*=a2) and wy(z) = e 1(z2"+a2)  this polynomial is called a multiple

Hermite polynomial.
The asymptotic analysis of RH problem yields the strong asymptotics of the multiple
Hermite polynomials (|77] — oo with |7i| even and n; = ng) in every part of the complex

plane.
Recall that Pj; is the average characteristic polynomial of the random matrix ensemble

/Ilfﬁ(dM) = ZLGﬁITT(V(M)AM)dM.

n

Let us mention that the (1, 1) entry to Y ; satisfies

Pﬁ(Z) = Yl,l = Edet(z[ — M)

62
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Partitioning of the complex plane and derivation of the
corresponding multiple Hermite polynomials
We partition the complex plane into 3 regions:

e outside of the lenses and of the disks D(£z;,r) j =1,2

e inside of the lenses but outside of the disks

e inside of the disks

We derive the large |7i| asymptotics of the multiple Hermite polynomials in these 3 regions

(see fig (5-2)).

6.1 Region outside of the lenses and of the disks

In this region, we obtain the large |7i| asymptotics of the multiple Hermite polynomials of
the form

L & —a? — ANz 1
P = e e o)) e

6.2 Region inside of the lenses but outside of the disks

In upper lens region on [2,, 21] we derive the asymptotics of the multiple Hermite polyno-
mials of the form

7] 2

Pi(z)e 27 =

<\/(§%(2) - )& (2) — &) [7]
§(2) —a N O(i>)e|ﬁ|/\2(z)+|ﬁl1 (6.2)

—

(Tan e O

§i(z) —a? Lo )) el

where

Melz) = / Eu(s)ds

Similarly in the lower region on [z9, 21| we derive the multiple Hermite polynomials of the
form

7] 2

Pi(z)e" 2% =

§iz) —a” O L g tn @)+l
(¢<5%<z> e e )
_ &(2) — a? O( 1) oI+l 6.3
<¢<53<z> e (|ﬁ|)> (6.3)
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For z =z real, x € [z5 + 1,z — ], both (6.2)) and (6.3) can be written in the form

Patw)e 52 = Aw)eos{[lTmdns ) = o(@)] + O( e A (6.

where ) )
) =2 w»:a(zfli(;)x_&;@) — (0:2)
e i) - 66)

p(r) = arg 7
By equation (5.16) we have

(67:(2) = p*)(€14.(2) — %)

T

/w Imé&i,(s)ds = ImA(z) = 7T/ p(s)ds. (6.7)

21 21

By using this equation (6.7)) we can rewrite (6.3)) in terms of the eigenvalue density function
p(x) as follows
7] .2

Pi(x)e” 2" = A(z)cos||fi|m /x p(s)ds — ¢(x)] + O(

21

1

| _}l )e—|ﬁ\Re)\1+(x)+\ﬁ\l1. (68)
n

Clearly, equation displays the oscillating behavior of Py on the interval [zo+7, 21 —7].
It also shows that the zeros of Py are asymptotically distributed like p(x)dz, he limiting
probability distribution of eigenvalues.

Similar formula can be derived on the interval [—z; + 7, —z2 — 1| as well.

6.3 Region inside of the disks

Consider the disk D(zy,r). In this region, we derive multiple Hermite polynomials in the
four regions.

6.3.1 In region I and IV
In this region, we obtain the asymptotics of the multiple Hermite polynomials of the form
Pa(2)e™' 3 = /7O B(2) Ai(|i[* 8(2)) (1 + 0(iy) ) + |7~ 6C(2)
A (BB (1 + O( k) ) | e e (6.9)

where

(6.10)

&(2) = a? y &(2) = a? )

B(z) = B(2)"*
D=0 e s VE - AET P
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and

ge) - . 8-
VEG-MED -  VEE -MEE - )

The following results in region II and III are an other contribution in this work.

C(z) = Bz) (- ) (611)

6.3.2 In region II

In this region, we find the asymptotics of the multiple Hermite polynomials of the form

Pa(2)e™' 3 = /| = wll]VoB(2) Ai(wlP25(2) (1 + 0(%) ) — w2l /o0 (2)

|7

Ai (W]APRB(2)) (1 + O(ﬁ))} e~ Ila(z) Hill (6.12)

where B(z) and C(z) are defined by (6.10) and (6.11]) respectively.

6.3.3 In region III

Similarly in this region, we find the asymptotics of the multiple Hermite polynomials of
the form

Pa(2)e™' 3 = /| = wl]Vo B(2) Ai(w? 729 8()) (1 + () ) — wlit]/°C(2)

|7

|7

AP (D273 B(2)) (1 + O(A))] e IlaCz) il (6.13)

where B(z) and C(z) are again defined by (6.10]) and (6.11)) respectively.
It can be verified that the functions B(z) and C(z) are analytic in D(zy, 7).

This approach allows one to derive the forms of the multiple Hermite polyonomials in all
other disks D(+z;,7) j = 1,2 as well.



Conclusion and outlooks

To conclude, let us revisit the main results we can across in this thesis. Recall that the main
focus of our study was to investigate the multiple Hermite polynomials by their properties,
to show the relationship with the random matrices with external source and to analyze
those polynomials by using the steepest descent method of Deif and Zhou based on the
RH problem as z — oo.

We first recall the classical orthogonal polynomials, introduce the multiple orthogonal poly-
nomials in general and prove some properties of the multiple Hermite polynomials which
allowed us to correct the Theorem 2.4 of D.W. Lee in Theorem concerning the recur-
rence relation by the generating function of the multiple Hermite polynomials .

We show the relationship between the multiple Hermite polynomials with the random ma-
trices with external source for the Gaussian case.

We analyze the RH problem by the steepest descent method of Deif and Zhou based on
the RH problem by using some transformations.

Lastly, we relate those transformations to characterize the asymptotic behavior of the mul-
tiple Hermite polynomials.

While we hope this analysis is complete, it would be unfair to label it fully conclusive.
There are some open questions that the author feels are left unanswered and therefore
deserve further researching. In particular, we would like to mention the two of them:

e It would be a great step to find the asymptotic behavior of the multiple Hermite
polynomials in all other disks such as D(zy,7), D(—z1,7) and D(—z,7)) of the
complex plane

e [t would also be important to analyze the asymptotic behavior of the multiple La-
guerre and the multiple Jacobi polynomials by using the steepest descent method of
Deif and Zhou based on the RH problem.
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