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Abstract

This paper concerns the Pickup and Delivery Problem with Time
Windows and Scheduled Lines ”PDPTW-SL” by modeling it mathe-
matically on the one hand with the help of dynamic programming, on
the other hand, it presents two optimal predictive methods of com-
binatorial optimization intended to solve it and which must provide
stable and high accuracy solutions. The Pickup and Delivery Problem
with Time Windows and Scheduled lines aims at routing a given set of
vehicles to transport freight requests from their origins to their corre-
sponding destinations, where the requests can use scheduled passenger
transportation services during a stump of their journeys. We describe
the PDPTW-SL as a mixed-integer program. Computational results on
a set of small-size instances provide a clear understanding of the benefits
of preprocessing step and valid inequalities using scheduled line services
as a part of freights journey.

Keywords: Dynamic programming, Pickup and Delivery Problem, Rout-
ing and Scheduling, Transport Systems, Combinatorial optimization
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1 Introduction

Vehicle routing problems are complex combinatorial optimization problems
with important economic and environmental issues within the supply chain.
The problem of public transport (pickup and delivery) with time windows
and planned service lines (PDPTW- SL) consists in routing and programming
a set of vehicles in the grant to scheduled public transport lines, to meet a
set requests for goods in a timely manner on time windows. [4]. This paper
presents, on the one hand, a mathematical formulation of the problem of vehi-
cle routing built into the public transport with time windows and some existing
resolution approaches. On the other hand, it focuses on the possibilities to use
public transport available as part of the journey of goods from a route and a
schedule. It is assumed that each vehicle of public transit considered operating
according to routes and schedules predetermined, has a finite load capacity for
requests for goods other than those available spaces for passengers. Therefore,
the transfer of demand for goods to the available regular service lines (SLs)
can benefit the entire transportation system. With the possibility of using SLs
services, there can be two options for delivery to process transport requests.
These include direct deliveries and indirect deliveries via SLs. The first implies
that the origin and destination of points of an application are visited using a
single pickup and delivery (PD) vehicle. The second type of delivery, which
will be mentioned in this work, implies that a request is supported by a (PD)
vehicle and transported to a transfer node. From there, demand continues
course on regular lines. Then the request is resumed by another (PD) vehicle
and must be delivered at the destination point [3]. A schematic overview of
the example of this network is shown in Figure (1) showing three demands
that have their pickup and delivery point close to two different transfer nodes
[3].

Due to the fact that transport systems have a some rural or urban cov-
erage, some PD vehicle routes can overlap with SLs services. So, use the
transport public as a part of freight transport can entail costs and environ-
mental benefits for the entire transportation system. For example, because of
the reduced driving time of PD, logistic service providers may experience sav-
ings substantial operating costs. As a result, less travel time vehicles also leads
to less emissions of equivalent carbon dioxide (CO2e) worldwide for society as
a whole. In addition, the use of regular lines for freight transport provide cost
benefits for providers of public transport services as the use of the services
SLs increases [3]. So, we proposed to use the scheduled line service that con-
nects two transfer nodes instead of using a PD vehicle as in the systems of
conventional pickup and delivery because scheduled line service contributes to
improve travel time savings for vehicles with reduced mobility and we can ex-
pect reductions in operational costs with the system integrated presented. In
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Figure 1: An illustration of the integrated public transport system.

this work, we arrive at a triple contribution: (i) formulating the PDPTW-SL
as a mixed-integer program; (ii) describe the preprocessing step and present
a family of effective inequalities to the proposed formulation; (iii) analyze the
impact of preprocessing step and valid inequalities to the formulation with the
data of instances of PDPTW-SL and interpret the experimental results.

2 Mathematical Modeling of the problem

In this section, we give a formal description of the PDPTW-SL, that is, we
introduce the assumptions, definitions, and notations of the parameters, sets,
and decision variables used in the formulation of the problem. The informa-
tion about requests, travel time and slots hours are considered to be known in
advance, and a possible transport plan for the entire planning horizon must
be generated before carrying out transport activities. A solution problem is a
routing plan and schedules for requests and PD vehicles [1]-[2]-[3].
Sets of the model:
V: Set of PD vehicles and O: Set of depots, O ≡ [1, . . . , δ](i.e, ov ∈ O,v ∈ V).
P: Set of pickup nodes, P ≡ [δ + 1, . . . , δ + n] and D: Set of delivery nodes,
D ≡ [δ + n+ 1, . . . , δ + 2n].
T: Set of replicated transfer nodes, T ≡ [δ + 2n + 1, . . . , δ + 2n + τ ] and Tk:
Set of replicated transfer nodes that represent the same physical transfer node
as k.
N: Set of all nodes in graph G, N ≡ P∪D∪O∪ T, N1: Set of request nodes
(P∪D) and N2: Set of request and replicated transfer nodes and (P∪D∪T).
E: Set of physical fixed lines which is defined as (i, j) with associated Kij and
kij and Kij: Set of indices for the departure times from the physical transfer
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node i on fixed SL(i, j) ∈ E.
F: Set of replicated fixed lines which is defined as (i, j) with associated Kψiψj ,
Fr: Set of replicated fixed lines associated with request r and Fk: Set of
replicated fixed lines connected to the replicated transfer node k.
Fij: Set of replicated fixed lines associated with a physical fixed line SL(i, j) ∈
E, A: Set of arcs in G defined by N ×N and A1= N2 ×N2\F

Parameters:
δ: Number of depots (i.e |O|)
dr: demand associated with request r
tij: Travelling time from node i to node j
si: Service time at node i
kij: Package carrying capacity on the fixed line (i, j)
Qv: Freight carrying capacity of vehicle v
[li, ui]: Time window at node i
pwij: Departure time from node i, on the fixed line (i, j), indexed by w.
ψk: physical transfer node represented by replicated transfer node k
τ : The amount of replicated transfer nodes (i.e |T|)

f ri =


1 if node i is the origin of request r
0 if node i is an intermediate node ,∀i ∈ N2\{r, r + n}
−1 if i is the delivery node of r (i.e, r + n)

cv: The routing cost of one time unit for vehicle v
ηij: The cost of shipping one unit of parcel on the SL(i, j)
Decision variables:

xvij =

{
1 if arc (i, j) s traversed by PD vehicle v
0 otherwise

αv: A continuous variable that indicates the time vehicle v returns to its
depot, ∀v ∈ V

βi: A continuous variable that indicates the departure time of a PD vehicle

from node i, ∀i ∈ N yrij =

{
1 if arc (i, j) is traversed by request r
0 otherwise

γri : A continuous variable that indicates the departure time of request r from
node i, ∀i ∈ N2, r ∈ P

qrwij =

{
1 if replicated (i, j) is used by request r that departs from i at time pwij
0 otherwise,∀r ∈ P, (i, j) ∈ Fr, w ∈ Kψiψj

3 The Predictive Optimal PDPTW-SL Mod-

eling

After reviewing and ranking the quality of service criteria, The minimiza-
tion of all the expenditures is applied. The PDPTW-SL is expressed in follow-
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ing mixed integer variable program ”MIP”:

min
∑

(i,j)∈A

∑
v∈V

cvtijx
v
ij +

∑
r∈P

∑
(i,j)∈Fr

∑
w∈Kψ

iψj

ηijdrq
rw
ij ; (1)

∑
i∈N

∑
v∈V

xvij = 1 ∀j ∈ N1;
∑
i∈N2

xvov,i ≤ 1 ∀v ∈ V; (2)

∑
i∈N

∑
v∈V

xvik ≤ 1 ∀k ∈ T;
∑
j∈N

xvij −
∑
j∈N

xvji = 0 ∀i ∈ N, v ∈ V; (3)

∑
j∈N2

yrij −
∑
j∈N2

yrji = fri ∀r ∈ P, i ∈ N2;
∑
i∈N

∑
v∈V

xvik ≤
∑
r∈P

∑
(i,j)∈Fk

yrij ∀k ∈ T; (4)

∑
r∈P

dry
r
ij ≤

∑
v∈V

Qvx
v
ij ∀(i, j) ∈ A1; γ

r
j ≥ γri + tij + sj ∀r ∈ P, (i, j) ∈ N2; (5)

βj ≥ βi + tij + sj ∀i ∈ N, j ∈ N2; (6)

αv ≥ βi + ti,ov + sov ∀i ∈ N2, v ∈ V; (7)

βr+n ≥ βr + tr,r+n + sr+n ∀r ∈ P; li ≤ βi − si ≤ ui ∀i ∈ N1; (8)

lov ≤ αv ≤ uov ∀v ∈ V;
∑

w∈Kψ
iψj

qrwij = yrij ∀r ∈ P, (i, j) ∈ Fr; (9)

γri = prwij ∀r ∈ P, (i, j) ∈ Fr, w ∈ Kψ
iψj ;

∑
r∈P

∑
(a,b)∈Fij

drq
rw
ab ≤ kij ∀(i, j) ∈ E, w ∈ Kij ; (10)

γri = βi ∀r ∈ P, i ∈ T; γri = βi ∀r ∈ P, i ∈ N1; (11)

γrr+n = βr+n ∀r ∈ P; γrk = βk ∀r ∈ P, k ∈ T, j ∈ Tk; (12)

xvij ∈ {0, 1} ∀(i, j) ∈ A, v ∈ V; yrij ∈ {0, 1} ∀(i, j) ∈ N2, r ∈ P; (13)

αv ∈ R+ ∀v ∈ V; γri ∈ R+ ∀i ∈ N2, r ∈ P; (14)

βi ∈ R+ ∀i ∈ N; qrwij ∈ {0, 1} ∀r ∈ P, (i, j) ∈ Fr, w ∈ Kψ
iψj (15)

The equation (1) is the objective function to be minimized which encompasses
the total cost of transporting PD vehicles and the cost of using SLs for trans-
ferring requests. The relations (2) - (5) are routing and flow constraints, the
relations (6)-(10) are planning constraints. Relations (11) - (12) ensure syn-
chronization, that is, coordination and consolidation of transportation. The
coordination ensures the accuracy and timing of each branch of movement
while the consolidation implies that the amount of goods transferred to the
SLs matches the capabilities of the PDs and SLs vehicles and the relations (13)
- (15) are integrity constraints and form the domain of decision variables.

4 Preprocessing step

A preprocessing is set up to reduce the number of decision variables in
our model. As a result, some of the infeasible arcs of the graph shown in the
figure 1 are removed. We are considering the following techniques for removing
certain arcs[3].

• A vehicle can not leave and return to a depot other than its own.

• No vehicle may travel from the destination at the origin of the same
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request.

• No PD vehicle can travel between the i and j nodes, if (i, j) ∈ F.

• No request r can travel between the origin and destination of a fixed line
other than an arc (i, j) ∈ Fr.

• No request is allowed to travel to or from a depot.

• No flow is allowed between the nodes i and j if li + si + tij > uj.

• No request can travel from its delivery node to another node.

• No request can go to its pickup node from another node.

In addition, some removal rules related to the transfer nodes can be applied.
Arc (k1, k2) is infeasible if lr+sr+tr,k1 +sk1 +tk1,k2 +sk2 +tk2,r+n > ur+n, ∀r ∈
P, (k1, k2) ∈ Fr. The number of departure times on the SLs for each request
can be reduced by considering the time windows. For example, no request r can
leave earlier than (lr + sr + tr,k1 + sk1) on the SL(k1, k2), ∀r ∈ P, (k1, k2) ∈ Fr.
Similarly, no request r can leave later than ur+n−sr+n−tk1,r+n−sk1−tk2,k1−sk2
on the SL(k2, k1), ∀r ∈ P, (k2, k1) ∈ Fr

5 Tightening the model with valid cuts or in-

equalities [1]-[3]

As the proposed MIP formulation grows very quickly in size with the num-
ber of request, number of SLs and the number of start times on each line, some
additional constraints (valid inequalities or slices) can be added to improve it.
This section introduces three types of inequalities: tighter flow, tighter vehicle
maintenance, and repository reinforcement that are valid for the PDPTW-SL.∑

v∈V

xvij ≥ yrij ∀(i, j) ∈ A1, r ∈ P. (16)∑
i∈N

xvij −
∑
i∈N

xvr+n,i ≤
∑

(i,j)∈Fr
yrij ∀r ∈ P, v ∈ V. (17)

∑
i∈N

xvij −
∑
i∈N

xvr+n,i ≥ −
∑

(i,j)∈Fr
yrij ∀r ∈ P, v ∈ V. (18)

m
∑
j∈N2

xvov ,j −
∑
i∈N2

∑
j∈N2

xvij ≥ 0 ∀ v ∈ V. (19)
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6 Numerical results

This section presents the results obtained by solving the MIP formulation
of PDPTW-SL presented using the OPL Modeling Language combined with
the optimization software CPLEX. The model is implemented on Presario
CQ57, Intel (R) Pentium (R) (2.20GHz-2.20GHz, 6.00GB RAM,
64-bit) using the corresponding CPLEX 12.5 library. So we will show numer-
ically, the preprocessing impacts on the model and valid inequalities proposed
in previous section on operational costs. All of these instances gave optimal
results with optimal variability (GAP of 0.00%).
Instance description: We have used two sets of instances namely R and RC
each containing up to 12 requests, 4 heterogenous PD vehicles and 1 SL and dif-
fer in the distribution of the request nodes. In all cases, 2 depots are took into
consideration. These instance sets are available on www.smartlogisticslab.nl [1-
[3]. To simulate the model, we used 14 instances which are named in G n sl v
format, where G is the feature customer nodes, n is the number of requests
to be served, sl is the quantity of SLs available and v is the number of PD
vehicles available. We note that the cost driving time per unit time of all PD
vehicles is assumed to be 0.5 units. The cost of each package request shipped
on each SL is set at 1.5 unit, which includes the handling, storage and trans-
portation costs. Figure 2 shows the evolution of the value of the objective

Figure 2: effect of preprocessing on the solution

function (LP values) according to the number of constraints and decision vari-
ables. The corresponding values are calculated with (right figure) and without
the preprocessing (left figure) presented in the previous section. As shown at
the same Figure , the results show significant reductions in terms of number of
constraints and decision variables due to preprocessing. The average percent-
age of reductions for the number of constraints and variables is 13, 37% and
2% respectively. This result is consistent, the preprocessing is set up to reduce
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the number of constraints and decision variables of the model. It should also
be noted that the use of the valid inequalities described by relations (16), (17),
(18) and (19) does not modify or improve the value of the objective function.
All the three inequalities are valid inequalities to the proposed formulation of
the PDPTW-SL.

7 Conlusion

In this paper, the mathematical modelization of the problem of vehicle
routing integrated with public transport with time windows and the possibil-
ity of using regular public transport had been developped. A mixed integer
variables formulation was presented when programming the solving problem.
The goal here is to minimize the total cost of transport of PD vehicles and the
cost of using SLs for the transfer of requests, under routing and flow, planning,
synchronization and integrity constraints. Two types of approaches from the
existing literature are presented for the resolution of this problem. This is
mainly the preprocessing step used to reduce the number of decision variables
and constraints. The average percentages of reductions for the number of con-
straints and variables are 13, 37% and 2% respectively and the valid inequalities
used to constrain the model that have no influence on the solution of the math-
ematical formulation of the proposed model. The model presented is however
essential for further research. Future perceptives of this model concern the
pursuit of our research for the methodologies of resolution, the development of
specialized meta-heuristic algorithms that can generate good quality solutions
with large instances to compare the effectiveness of these approaches in terms
of quality of the optimal solution obtained and the computation time. The
compromises between the number of SLs, the number of SLs vehicles rectified,
the capacity and the frequency of SLs and their impact on the solution of the
problem must be taken in perspective research.
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